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Sound propagation from the vehicles moving on the city roundabout, with taking
into account the wind is investigated. Solution of the problem for one moving sound
source is found by means of the integral Fourier transforms extended over space
variables and time. Inverse transforms are calculated approximately, using a sta-
tionary phase method and iterative technique. The solution for a general problem
is obtained as a superposition of many partial solutions. The numerical analysis of
noise characteristics is performed for the three-way Korfanty roundabout case in
Łódź.
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1. Introduction

The city roundabout becomes the most expanded project decision for traffic
intersection of several roads (Brilon, 1988; Stuwe, 1992). Now the tendency
appears to build the small roundabouts with radii 26–40 m for decreasing of
vehicle average velocities and, respectively, for reduction of the car noise level (1).
At the same time, theoretical investigations of the noise emitted by these road
elements are developed.

The structure of roadway noise, as it was shown in earlier author’s publica-
tion (Piddubniak et al., 2007), strongly depends on the transport facilities type,
velocities of motion and frequencies of sound generation by single sources. In real
situation many natural factors such as inhomogeneity, temperature and moisture

(1) Modern roundabouts: An informational guide – http://www.tfhrc.gov/safety/00068.htm
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of air, or the roadbed state, have influence on this structure formation. Recently,
velocity and direction of wind were taken into consideration in the mathemati-
cal modeling of noise generated from the elements of city roadway as a part of
multilane road (Piddubniak et al., 2009b) and traffic cross-road (Piddubniak
et al., 2009a).

In this paper, the velocity and direction of wind are also taken into account
in studying of the city roundabout noise generation. Blokhintzev (1981) was
the first who described the sound radiation from a moving source in a moving
medium.Wells,Han (1995) developed this theory for the case of propeller noise.
A simple engineering model of noise propagation above a flat ground surface for
stationary and moving point sources was proposed by Gołębiewski (2008). The
model includes air absorption and ground effect in presence of the turbulence.
Grigor’eva (1991), Chang, Ho Bong (1995) and Godin (1997) investigated
the energy balance when an acoustic wave propagated through a moving medium.
In addition, influence of thermal diffusion, particle collision and medium drift was
analyzed (Chang, Ho Bong, 1995). Antes, Baaran (2001) used the boundary
element method for determination of radiation, reflection and diffraction of sound
around several independent moving bodies, with surfaces producing sound. In
these and some other papers it was shown that problem of sound generation by
the moving bodies for different moving media types should be considered.

The main goal of this paper is to obtain the analitycal algorithm for deter-
mination of acoustic pressure and noise power characteristics, caused by many
vehicles moving along the three-way roundabout in presence of wind.

2. Mathematical formulation of problem and its analytical solution

Let us consider the problem of sound emission from motor vehicles moving
on a roundabout with the radius ξ = a. The two types of vehicles are involved in
investigations, namely, the automobiles (L) and trucks (C). Each of them moves
with constant velocities, vL and vC . The intervals between discrete vehicles are,
respectively, ∆L and ∆C . The roundabout is three-way, with one-directional,
counter-clockwise direction of motion for automobiles and trucks on circles, where
ξ = ξL1, ξ = ξL2 and ξ = ξC respectively. The vehicles, as carriers of noise, are
determined by the point sources with the intensities FL and FC located at the
heights of z = hL and z = hC (hL < hC). We also assume that acoustical
medium (air) moves parallel to the road plane with constant velocity vector vw

in direction θw to axis 0x: vw = (vwx, vwy, 0); vwx = vw cos θw, vwy = vw sin θw,
vw = |vw|.

The basic relations for linear acoustics of moving media are the Euler equa-
tion (equation of motion) and the mass balance equation (Brekhovskikh, Go-
din, 1989):

ρ
dv(x, t)

dt
= −∇p(x, t) + F(x, t), (1)
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∇ · v(x, t) = − 1
ρc2

dp(x, t)
dt

, (2)

where p(x, t) is the acoustic pressure, v(x, t) is the velocity vector of particles,
ρ is the acoustic density, c is the sound velocity, t is the time, ∇ is the Hamilton
operator, ∇ = ∇⊥ + iz∂/∂z, where ∇⊥ = ix∂/∂x + iy∂/∂y. The derivative with
respect to time is determined as d/ dt ≡ ∂/∂t + vw · ∇⊥. Also it must be noted
that particle velocity vector is connected with particle displacement vector in
moving acoustical medium:

v(x, t) =
du(x, t)

dt
=

∂u(x, t)
∂t

+ vw · ∇⊥u(x, t). (3)

In Eq. (1) F(x, t) is the complex mass load vector, determining the moving
point source power, F(x, t) = F0G(ξ, t)δ(z − z0), where F0 = (F0x, F0y, F0z) is
the vector of constant mass load real amplitudes, δ(z) is the Dirac’s function,
G(ξ, t) is the function characterizing complex mass load distribution in plane
0xy; x = ξ + izz, ξ = ixx + iyy are radius-vectors in space 0xyz and in plane
0xy, respectively.

On the wayside interface z = 0, between the acoustic and solid elastic half-
spaces, the following conditions must be satisfied:

σz + ptot = 0, τxz = 0, τyz = 0, usz = utot,z, (4)

where ptot = prad +pref, utot,z = urad,z +uref,z are, respectively, the total acoustic
pressure and the total normal component of particle displacement vector in
acoustic medium, σz, τxz, τyz are the stress tensor components in solid, usz is
the component of elastic displacement vector. The indices “rad” and “ref” denote
the waves radiated by sound source and those reflected from a plane z = 0 in
the acoustic medium. The source term in Eq. (1) for a reflected wave may be
neglected.

For an elastic half-space −∞ < z < 0 we have the following wave equations
(Achenbach, 1973):

∇2ϕ− 1
c2
L

∂2ϕ

∂t2
= 0, (5)

∇2ψ− 1
c2
T

∂2ψ

∂t2
= 0, (6)

∇ ·ψ = 0
(∇2 ≡ ∇ · ∇)

, (7)

where cL =
√

(λ + 2µ)/ρs and cT =
√

µ/ρs are the velocities of longitudinal
and transversal waves, λ and µ are the elastic Lamé parameters, ρs is the ma-
terial density of solid. The relations between the elastic stresses tensor σ(x, t),
displacement vector us(x, t) and wave potentials ϕ and ψ are well-known in the
literature (see, e.g. Achenbach, 1973):
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σz(x, t) = λ∇2ϕ(x, t) + 2µ
{

∂2ϕ(x, t)
∂z2

+
∂

∂z

[
∂ψy(x, t)

∂x
− ∂ψx(x, t)

∂y

]}
, (8)

τxz(x, t) = µ

[
2
∂2ϕ(x, t)

∂x∂z
− 2

∂2ψx(x, t)
∂x∂y

+
(

∂2

∂x2
− ∂2

∂y2
− ∂2

∂z2

)
ψy(x, t)

]
, (9)

τyz(x, t) = µ

[
2
∂2ϕ(x, t)

∂y∂z
+

(
∂2

∂x2
− ∂2

∂y2
+

∂2

∂z2

)
ψx(x, t) + 2

∂2ψy(x, t)
∂x∂y

]
, (10)

usz(x, t) =
∂ϕ(x, t)

∂z
+

∂ψy(x, t)
∂x

− ∂ψx(x, t)
∂y

. (11)

It should be noted that in these relations, the condition (7) is taken into account.
To solve the problem we apply the complex integral Fourier transforms over

space variables x, y and time t (Felsen, Markuvitz, 1973):

fF (κ, z, ω) =
∫ ∞∫

−∞

∫
f(x, t)ei(ωt−κ·ξ) dξ dt, (12)

f(x, t) =
1

(2π)3

∫ ∞∫

−∞

∫
f(x, t)e−i(ωt−κ·ξ) dκ dω, (13)

where κ = (kx, ky), dκ = dkx dky, dξ = dx dy.
Then in the Fourier transforms, the differential equations for the acoustical

pressure in the radiation and reflection sound fields are expressed as:
(

∂2

∂z2
+ k2

zw

)
pF
rad(κ, z, ω) = F0 ·

(
iκ + iz

∂

∂z

)
GF (κ, ω)δ(z − z0), (14)

(
∂2

∂z2
+ k2

zw

)
pF
ref(κ, z, ω) = 0, (15)

for 0 < z < ∞, where

kzw =
√

k2
w − κ2, Imkzw ≥ 0,

kw = k −Mw · κ, k = ω/c,

Mw = vw/c, κ = |κ|.

(16)

Here k is the wave number in the acoustical medium, Mw is the Mach number
vector for the wind.
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For the elastic wave potentials ϕ(x, t) and ψ(x, t), the differential equations
of motion (5) and (6) in the Fourier transforms take the forms:

(
∂2

∂z2
+ k2

zL

)
ϕF (κ, z, ω) = 0, (17)

(
∂2

∂z2
+ kzT

)
ψF (κ, z, ω) = 0, (18)

for −∞ < z < 0, where

kzA =
√

k2
A − κ2, ImkzA ≥ 0, kA = ω/cA (A = L, T ). (19)

Here kL and kT are the wave numbers for an elastic material.
The solutions of Eqs. (14) and (15) are obtained with the assumption that

pF
rad(κ, z, ω) and pF

ref(κ, z, ω) are bounded as z →∞:

pF
rad(κ, z, ω) = iF0 · [κ + izkzwsgn(z − z0)]GF (κ, ω)g(κ, z, ω), (20)

pF
ref(κ, z, ω) = pF

ref(κ, ω)eikzwz, (21)

for 0 ≤ z < ∞, where

g(κ, z, ω) =
1

2ikzw
eikzw|z−z0|. (22)

Similarly, the solutions of Eqs. (17) and (18), bounded for z → −∞, are
obtained in the form

ϕF (κ, z, ω) = ϕF (κ, ω)e−ikzLz, (23)

ψF (κ, z, ω) = ψF (κ, ω)e−ikzT z, (24)

for −∞ < z ≤ 0.
The functions pF

ref(κ, ω), ϕF (κ, ω) and ψF (κ, ω) are unknown and must be
found.

Substituting the solutions (20)–(24) in the Fourier transformed Eqs. (1), (3),
(8)–(11), we obtain the Fourier transforms for the particle displacement and
velocity vectors in an acoustical medium and for the components of stress tensor
and displacement vector in an elastic solid:

uF
rad(κ, z, ω) = − 1

ρc2k2
w

F0 · {[κ + izkzwsgn(z − z0)][κ + izkzwsgn(z − z0)]

× g(κ, z, ω) + (ixix + iyiy)δ(z − z0)}GF (κ, ω), (25)

uF
ref(κ, z, ω) =

i

ρc2k2
w

pF
ref(κ, ω)(κ + izkzw)eikzwz, (26)
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vF
j (κ, z, ω) = −ickwuF

j (κ, z, ω), (27)

for 0 ≤ z < ∞; j = rad, ref,

σF
z (κ, z, ω) = −(λk2

L + 2µk2
zL)ϕF (κ, ω)e−ikzLz

+ 2µkzT [kxψF
y (κ, ω)− kyψ

F
x (κ, ω)]e−ikzT z, (28)

τF
xz(κ, z, ω) = µ{2kxkzT ϕF (κ, ω)e−ikzLz + [2kxkyψ

F
x (κ, ω)

+ (−k2
x + k2

y + k2
zT )ψF

y (κ, ω)]e−ikzT z}, (29)

τF
yz(κ, z, ω) = µ{2kykzT ϕF (κ, ω)e−ikzLz + [(−k2

x + k2
y − k2

zT )ψF
x (κ, ω)

− 2kxkyψ
F
y (κ, ω)]e−ikzT z}, (30)

uF
sz(κ, z, ω) = −ikzLϕF (κ, ω)e−ikzLz + i[kxψF

x (κ, ω)− kyψ
F
y (κ, ω)]e−ikzT z, (31)

for −∞ < z ≤ 0.
Satisfying the boundary conditions (40) in the Fourier transforms we ob-

tain the following system of four algebraic equations for the unknown functions
pF
ref(κ, ω), ϕF (κ, ω), ψF

x (κ, ω) and ψF
y (κ, ω):




−λk2
L − 2µk2

zL 2µkxkzT 2µkykzT 1

2kxkzT 2kxky −k2
x + k2

y + k2
zT 0

2kykzT −k2
x + k2

y − k2
zT 2kxky 0

−kzL −ky kx − kzw

ρc2k2
w







ϕF (κ, ω)

ψF
x (κ, ω)

ψF
y (κ, ω)

pF
ref(κ, ω)




= −pF
rad(κ, ω)




1

0

0

kzw

ρc2k2
w




, (32)

where

pF
rad(κ, ω) = F0 · (κ− izkzw)GF (κ, ω)

e−ikzwz0

2kzw
. (33)

Solving this system of equations for the function pF
ref(κ, ω), we find

pF
ref(κ, ω) = R(κ, ω)pF

rad(κ, ω), (34)

where R(κ, ω) is the spectral coefficient of sound wave reflection from the surface
of an elastic half-space:
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R(κ, ω) = W−(κ, ω)/W+(κ, ω) (35)

and

W±(κ, ω) = (k2
T − 2κ2)2 + 4κ2kzLkzT ±Nsk

2
T k2

w(c/cT )2kzL/kzw,

Ns = ρ/ρs.
(36)

Using the inverse integral Fourier transforms (14) and their properties, we
obtain

prad(x, t) = F0 · ∇Prad(x, t), (37)

pref(x, t) = F0 · ∇̃Pref(x, t), (38)

where ∇̃ = ∇⊥ − i∂/∂z and

Prad(x, t) = − 1
8π2

∫ ∞∫

−∞

∫
G(ξ− ξ′, t− t′)Φrad(ξ′, |z − z0|) dξ′ dt′, (39)

Pref(x, t) = − 1
8π2

∫ ∞∫

−∞

∫
G(ξ− ξ′, t− t′)Φref(ξ′, z + z0) dξ′ dt′, (40)

Φj(x, t) =
1
2π

∞∫

−∞
ΦF

j (x, ω)e−iωt dω (j = rad, ref), (41)

ΦF
rad(x, ω) =

∞∫

−∞

∞∫

−∞
ei(κ·ξ+kzwz) dκ

kzw
, (42)

ΦF
ref(x, ω) =

∞∫

−∞

∞∫

−∞
R(κ, ω)ei(κ·ξ+kzwz) dκ

kzw
. (43)

In the Eqs. (39) and (40), ξ′ = (x′, y′), dξ′ = dx′ dy′.
Note that the Eq. (42) may be expressed by the standard integral representa-

tion for the spherical wave as a superposition of the plane waves (Brekhovskikh,
Godin, 1989), by changing the variables of integration. This means that inte-
grals (42) are calculated exactly:

ΦF
rad(x, ω) = − 2πi

Rw(x)
ei(k/α)[Rw(x)−Mw·ξ], (44)
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where
Rw(x) =

√
αyx2 + αxy2 + βxy + αz2,

αx = 1−M2
wx,

αy = 1−M2
wy,

α = 1−M2
w,

β = 2MwxMwy.

(45)

For calculation of integrals (43) we apply the stationary phase approximation
(Felsen,Markuvitz, 1973), without taking into account the small contribution
of the Rayleigh surface wave (Überall, 1973). After some operations we finally
obtain the main term of asymptotic

ΦF
ref(x, ω) = −2πiR(x)

Rw(x)
ei(k/α)[Rw(x)−Mw·ξ], (46)

where
R(x) = V −(x)/V +(x),

V ±(x) = [S2
T − 2S2(x)]2 + 4S2(x)SzL(x)SzT (x)

±NsS
2
T (c/cT )2[1−Mw · ξ/Rw(x)]2SzL(x)/Sz(x),

S(x) = |S(x)|,

S(x) = r(ξ)/Rw(x)−Mw,

r(ξ) = (αyx + βy, βx + αxy),

SzA(x) =
√

S2
A − S2(x),

SA = αc/cA (A = L, T ),

Sz(x) = αz/Rw(x).

(47)

Here the new form of the reflection coefficient R(x) is caused by contributions
of the stationary phase point values. In fact, R(x) is the function of spherical
angle coordinates and physical-mechanical parameters of the acoustic and elastic
media.

Substituting the expressions (44) and (46) into Eqs. (41), we obtain the po-
tential functions for acoustic medium in the following form:

Φrad(x, t) = − 2πi

Rw(x)
δ

{
t− 1

cα
[Rw(x)−Mw · ξ]

}
, (48)
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Φref(x, t) = −2πiR(x)
Rw(x)

δ

{
t− 1

cα
[Rw(x)−Mw · ξ]

}
. (49)

Similarly, by substituting these last functions into Eqs. (39), (40) and using
the Dirac function property (Kecs, Teodorescu, 1978)

∞∫

0

δ(t− t′)f(t′) dt′ = f(t) (0 < t < ∞), (50)

we obtain the following results:

Prad(x, t) = − 1
4π

∞∫

−∞

∞∫

−∞
G

{
ξ− ξ′, t− 1

cα

[
Rw(ξ′, z − z0)−Mw · ξ′

]}

× dξ′

Rw(ξ′, z − z0)
, (51)

Pref(x, t) = − 1
4π

∞∫

−∞

∞∫

−∞
G

{
ξ− ξ′, t− 1

cα

[
Rw(ξ′, z + z0)−Mw · ξ′

]}

× R(ξ′, z + z0)dξ′

Rw(ξ′, z + z0)
. (52)

Consider now the motion of a point source along circle ξ = ξ0, 0 ≤ θ ≤ 2π.
Then function G(ξ, t) may be represented as

G(ξ, t) = δ(ξ − ξ0)δ(ξ0θ − v0t)e−iΩ0t (0 ≤ θ ≤ 2π), (53)

where v0 is the velocity of source motion in positive direction of angular variable
θ (for positive time t) at the height of z = z0, Ω0 is the circular frequency of
sound radiation.

Calculating the integrals in Eqs. (51) and (52) we use the polar coordinates
ξ, θ and ξ′, θ′: x = ξ cos θ, y = ξ sin θ, x′ = ξ′ cos θ′, y′ = ξ′ sin θ′ (0 ≤ ξ < ∞,
0 ≤ θ ≤ 2π, 0 ≤ ξ′ < ∞, 0 ≤ θ′ ≤ 2π). Then, using the Dirac’s function
properties (50) and δ(ξ0θ−v0t) = ξ−1

0 δ (θ − v0t/ξ0) (Kecs, Teodorescu, 1978)
in the Eqs. (51) and (52), we obtain:

Prad(x, t) = − 1
4π

e−iΩ0t

2π∫

0

exp
{
iKw0

[
Rw

(
ξ− ξ′, z − z0

)−Mw ·
(
ξ− ξ′

)]}

× δ

〈
θ′ − v0

ξ0

{
t− 1

cα

[
Rw

(
ξ− ξ′, z − z0

)−Mw ·
(
ξ− ξ′

)]}〉

× dθ′

Rw

(
ξ− ξ′, z − z0

)
∣∣∣∣∣
ξ′=ξ0

, (54)
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Pref(x, t) = − 1
4π

e−iΩ0t

2π∫

0

exp
{
iKw0

[
Rw

(
ξ− ξ′, z + z0

)−Mw ·
(
ξ− ξ′

)]}

× δ

〈
θ′ − v0

ξ0

{
t− 1

cα

[
Rw

(
ξ− ξ′, z + z0

)−Mw ·
(
ξ− ξ′

)]}〉

× R
(
ξ− ξ′, z + z0

)

Rw

(
ξ− ξ′, z + z0

) dθ′
∣∣∣∣∣
ξ′=ξ0

, (55)

where Kw0 = K0/α, K0 = Ω0/c.
Here the following property of δ-function must be used (Kecs, Teodorescu,

1978):

δ[f(θ′)] =
∑

j

δ(θ′ − θj)
|f ′(θj)| , (56)

where θj (j = 1, 2, 3, ...) are the zeros of function f(θ′).
In our case,

f(θ′) = θ′ − v0

ξ0

{
t− 1

cα

[
Rw

(
ξ− ξ′, z

)−Mw ·
(
ξ− ξ′

)]
ξ′=ξ0

}
, (57)

f ′(θj) = 1−Mw0

〈
Mw sin(θj − θw) +

1
Rw(ξ− ξ0j , z)

{ξ sin(θ − θj)

+ M2
w cos(θj − θw) [ξ sin(θ − θw)− ξ0 sin(θj − θw)]

}〉
,

ξ0j = ξ0(ix cos θj + iy sin θj) (j = 1, 2, 3, ...),

Mw0 = M0/α,

M0 = v0/c,

(58)

where M0 is the Mach number for a moving source.
The transcendental equation f(θ′) = 0 is solved approximately under the

conditions: Rw(ξ − ξ′, z) > 0 for ξ′ = ξ0 and 0 ≤ θj ≤ 2π (j = 1, 2, 3, ...). The
roots θj are obtained by the method of successive approximations, assuming the
Mach numbers Mw and Mw0 to be small values. Then from this procedure, the
following iterative algorithm is found:

θ(n) =
v0t

ξ0
− Mw0

ξ0
{R(n−1)

w (x, t)−Mw[ξ cos(θ − θw)− ξ0 cos(θ(n−1) − θw)]}

(n = 1, 2, 3, ...), (59)

where R
(n−1)
w (x, t) = Rw(ξ− ξ′, z) for ξ′ = ξ0, θ′ = θ(n)(x, t), 0 ≤ θ(n)(x, t) ≤ 2π

(n = 0, 1, 2, ...) and θ(0) = v0t/ξ0, i.e. 0 ≤ t ≤ 2πξ0/v0. In particular, for j = 1
we obtain θ1 = θ(n)(x, t) (n = 0, 1, 2, ...).
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By eliminating the first-order approximation (n = 1) in Eq. (59), we obtain
the far-field asymptotic expressions for integrals (54) and (55):

Prad(x, t) =
−1

4πRw0(ξ− ξ−0 , z − z0)

× exp
{
iKw0

[
Rw(ξ− ξ−0 , z − z0)−Mw · (ξ− ξ−0 )

]}
, (60)

Pref(x, t) = − R(ξ− ξ+
0 , z + z0)

4πRw0(ξ− ξ+
0 , z + z0)

× exp
{
iKw0

[
Rw(ξ− ξ+

0 , z + z0)−Mw · (ξ− ξ+
0 )

]}
, (61)

where

Rw0[ξ− ξ±0 (x, t), z ± z0] = Rw[ξ− ξ±0 (x, t), z ± z0]

× {1 + Mw0ξ
−1
0 [x±0 (x, t)Mwy − y±0 (x, t)Mwx]}

+ Mw0ξ
−1
0 {y±0 (x, t)rx[ξ− ξ±0 (x, t)]

− x±0 (x, t)ry[ξ− ξ±0 (x, t)]},

ξ±0 (x, t) = (x±0 (x, t), y±0 (x, t)),

x±0 (x, t) = ξ0 cos[θ±0 (x, t)],

y±0 (x, t) = ξ0 sin[θ±0 (x, t)],

θ±0 (x, t) = θ0(t)−Mw0ξ
−1
0 {Rw[ξ− ξ0(t), z ± z0]

−Mw · [ξ− ξ0(t)]},

ξ0(t) = (x0(t), y0(t)),

x0(t) = ξ0 cos[θ0(t)],

y0(t) = ξ0 sin[θ0(t)],

θ0(t) = v0tξ
−1
0 ,

0 ≤ θ0(t) ≤ 2π,

0 ≤ θ±0 (x, t) ≤ 2π.

(62)

Now by substitution of the functions Prad(x, t) and Pref(x, t) in Eqs. (37)
and (38), the solutions for acoustical pressure in waves, radiated by a single



448 O. Piddubniak, N. Piddubniak

moving source and reflected from the surface of elastic half-space, are obtained
in forms:

prad(x, t, Ω0) = K0F0 ·B−(x, t)Prad(x, t)e−iΩ0t, (63)

pref(x, t, Ω0) = K0F0 ·B+(x, t)Pref(x, t)e−iΩ0t, (64)

where

B±(x, t) =
i

α

{
I[ξ− ξ±0 (x, t), z ± z0]− J[ξ− ξ±0 (x, t), z ± z0]

iKw0Rw0[ξ− ξ±0 (x, t), z ± z0]

}
,

I[ξ− ξ±0 (x, t), z ± z0]

=
S±[ξ− ξ±0 (x, t), z ± z0]

1 + Mw0ξ
−1
0 {y±0 (x, t)Sx[ξ− ξ±0 (x, t)]− x±0 (x, t)Sy[ξ− ξ±0 (x, t)]} ,

J[ξ− ξ±0 (x, t), z ± z0] = Mw + Mw0ξ
−1
0 [ixy±0 (x, t)− iyx±0 (x, t)]

+ I[ξ− ξ±0 (x, t), z ± z0]
〈
1− 2Mw0ξ

−1
0 [Mwxy±0 (x, t)−Mwyx

±
0 (x, t)]

− (Mw0ξ
−1
0 )2{αξ2

0 + x±0 (x, t)Sx[ξ− ξ±0 (x, t)]

+ y±0 (x, t)Sy[ξ− ξ±0 (x, t)])Rw[ξ− ξ±0 (x, t), z ± z0]}
〉
,

S±(x) = S(x)∓ izSz(x).

(65)

In the case of a single sound source localized at the initial moment t = 0
in point θ = θj 6= 0, θ must be replaced by θ − θj in the above formulae.
When such sources are more than one and their distribution is uniform along
the circle ξ = ξ0, then the interval from point to point is ∆θ = θj+1 − θj , i.e.
θj+1 = θj + ∆θ. Choosing ∆θ = 2π/N , we have N sound sources placed along
the circle with radius ξ = ξ0. Then θj = j∆θ (j = 0, 1, 2, ...N−1). Therefore, the
function G(ξ, t) (53) may be described in the form

G(ξ, t) = δ(ξ − ξ0)
N−1∑

j=0

δ[ξ0(θ − j∆θ)− v0t]e−iΩ0t, (66)

for 0 ≤ θ ≤ 2π.
If each source makes 2M+1 rotations in positive direction of angle θ for

positive and negative values of time, then coordinate θ must be replaced with
θ + 2πm (m = 0,±1,±2, ...,±M):

G(ξ, t) = δ(ξ − ξ0)
M∑

m=−M

N−1∑

j=0

δ[ξ0(θ − j∆θ + 2πm)− v0t]e−iΩ0t, (67)

for 0 ≤ θ ≤ 2π.
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This leads to replacement of θ → θ−j∆θ+2πm or t → t+(ξ0/v0)(j∆θ−2πm)
in Eqs. (63)–(65) and to summation of the j-th and m-th terms, similarly to
Eq. (67).

If the circles, along which the sound sources move, are more than one, then
we perform the replacement of ξ0 → ξn, ∆θ → ∆θn, v0 → vn, Ω0 → Ωn,
and summation of the final n-th expressions. Furthermore, the amplitudes of
vibrations of each source, i.e. their vectors F0 may be taken into attention. In the
case of a three-way roundabout (n = 1, 2, 3), the final formula for the acoustical
pressure becomes:

ptot (x, t) =
3∑

n=1

∑

A=L,C

MAn∑

m=−MAn

NAn∑

j=0

ptot,Aj(ξ−ξn, θ−j∆θAn+2πm, z, t, hA, ΩAn)

× [H(θ)−H(θ − j∆θAn + 2πm− vAt/ξAn)], (68)

where the type of vehicle was taken into account; H(t) is the Heaviside’s step
function. Subscript at ptot under the summation sign indicates the amplitude
values of waves radiated by sources FAj .

3. Numerical analysis of acoustic characteristics

The calculations of acoustic pressure are performed by means of Eqs. (63)–
(65), (68). We admit that components of the load vectors FAj are the same in all
directions for all transport facilities, i.e. FAjx = FAjy = FAjz = FA (A = L,C)
for each j. The product FAKA, appearing in the formulae, may be calculated
from relation

FAKA = 8π · 100.05(IA−100) (A = L,C), (69)

where IA is the average intensity measured at the one-metre distance from indi-
vidual A-type sound source (A = L,C). We put in this expression IL = 75 dB
and IC = 85 dB (Engel, 2001). The vehicles move in air, with density ρ =
1.293 kg/m3 and sound velocity c = 331 m/s (Artobolevski, 1976), along the
road coated by asphalt, with material density ρs = 2000 kg/m3 and velocities of
longitudinal and transversal waves cL = 3468 m/c and cT = 1667 m/c (Kettil
et al., 2005). The frequencies of vibrations are ΩL = 300 Hz and ΩC = 250 Hz
(Engel, 2001), the source heights are hL = 1 m and hC = 2 m. We con-
sider the roundabout with two inner ways, ξL1 = 25 m, ξL2 = 28 m, for au-
tomobiles and one outer way, ξC = 32 m, for trucks moving with the same
velocity vL1 = vL2 = vC = 30 km/h (i.e. n = 1, 2 for A = L and n = 3
for A = C). This simulates the situation on the Korfanty roundabout, at an
uncontrolled intersection of Textile Workers Avenue and Limanowski Street in
Łódź. From observations made between 10–11 AM, 8.XI.2008, were calculated
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5040 automobiles and 600 trucks moving on this roundabout(2). The periods be-
tween car appearances at a fixed point in certain circle are, respectively, such
as ∆tL1 = 3600/NL1, ∆tL2 = 3600/NL2, ∆tC = 3600/NC (in seconds), where
NL1 = NL2 = 2520, NC = 600. Then the arc intervals between consecutive vehi-
cles are ∆sL1 = vL∆tL1, ∆sL2 = vL∆tL2, ∆sC = vC∆tC (in metres), and angle
intervals are ∆θL1 = ∆sL1/ξL1, ∆θL2 = ∆sL2/ξL2, ∆θC = ∆sC/ξC (in radians).
From calculations it follows that at the same time, on the roundabout may be
13 vehicles in the inside circle, 15 – in the middle circle and 4 – in the outer
circle. It means that transport facilities perform 193, 168 and 150 rotations per
hour, respectively.

The structure of total acoustical pressure p(t) = Re(ptot) (in Pascals), cal-
culated in centre of roundabout x = y = 0 at the height of z = 3 m, after
41 rotations of all vehicles (ML1 = ML2 = MC = 20) in windless conditions,
is presented in Fig. 1. The number of transport units in the circles for arbitrary
time instants is invariable. The signal is subjected to an amplitude modulation as
a result of sources symmetry with respect to the roundabout centre and superpo-
sition of waves, radiated by sources and reflected from the elastic solid half-space.
The signal cardinally changes its structure, if point of observation will be replaced
from the centre of roundabout to periphery. This case is shown in Fig. 2. Here,
the observation point is located at coordinates ξ = 40 m, θ = 0◦ (at a distance
of 8 m from roundabout in radial direction). The vehicles perform 11 rotations.
The influence of wind was not taken into consideration. The small and large am-
plitudes on this figure correspond, respectively, to noise emitted by automobiles
and trucks.

Fig. 1. Acoustical pressure p(t) = Re(ptot) in the centre of roundabout ξ = 0 after
41 rotations of all cars in windless conditions (vw = 0).

(2) The observations were done by students of the Technical University of Łódź: Tomasz
Adamczak and Łukasz Kurek.
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Fig. 2. Acoustical pressure p(t) = Re(ptot) on distance of ξ = 40 m, θ = 0◦ from the
centre of roundabout after 11 rotations of all cars in windless conditions (vw = 0).

Figures 3 demonstrate the influence of wind velocity (vw = 20 km/h and
vw = 40 km/h; θw = 0◦) on the structure of acoustical pressure, calculated in the
same point. It is shown that with increasing wind velocity signal “wash upon” in
time, increasing thus amplitude of acoustical pressure generated by automobiles.

a) b)

Fig. 3. Acoustical pressure p(t) = Re(ptot) on distance of ξ = 40 m, θ = 0◦ from the centre
of roundabout after 11 rotations of all cars in windy conditions (θw = 0◦): a) vw = 20 km/h;

b) vw = 40 km/h.

Figure 4 illustrates the distribution of instantaneous sound intensity I(x, y) =
20 log[|ptot(x, t)/p0|] (in decibels) at time t = 10 s and at the height of z = 3 m
with vw = 40 km/h, θw = 45◦, where p0 = 2 · 10−5 Pa is the threshold pressure.
The radiation is characterized by a high level of acoustical pressure (near 80 dB)
on the roundabout, where noise concentration is displayed as a ring, and by



452 O. Piddubniak, N. Piddubniak

insignificant decreasing to 60–70 dB at a far distance from the roundabout. More
details of numerical calculations for different values of wind velocity and direction
are presented in Figs. 5 for the same space intensity distribution, in the form of
isolines (isophones) for moment t = 10 s and at the height of z = 3 m. In windless
conditions (Fig. 5a), the isolines are non-symmetrical with respect to roundabout
centre, because at this moment the space symmetry of sources localization is
absent. The introduction of wind parameters causes considerable changes of this
distribution on the roundabout periphery.

Fig. 4. Space distribution of instantaneous sound intensity I(x, y) in moment t = 10 s
at the height of z = 3 m in windy conditions (vw = 40 km/h, θw = 45◦).

a) b)

[Fig. 5 a, b]
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c) d)

e)

Fig. 5. Isolines of sound intensity I(x, y) (in dB) in moment t = 10 s: a) vw = 0, θw = 0◦;
b) vw = 20 km/h, θw = 0◦; c) vw = 40 km/h, θw = 0◦; d) vw = 20 km/h, θw = 90◦;

e) vw = 20 km/h, θw = 180◦.

Figure 6 presents the space distribution of acoustical pressure level

Iav(x) = 10 log





1
T

T∫

0

[ |ptot(x, t)|
p0

]2

dt



 (70)

averaged over time T = 25 s in plane 0xy at the height of z = 3 m in windless
conditions (in windy conditions, the figures are similar). Figures 7 concern the
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same characteristic in isophones both as in windless state (Fig. 7a) and in windy
situation (Fig. 7b), when acoustic medium moves in direction θw = 45◦ to the
axis 0x with velocity vw = 40 km/h. It is shown that the great concentration
of noise level occurs on roundabout during a short time-period. The wind helps
some “erosion” of this concentration on side of the road.

Fig. 6. Space distribution of average sound intensity Iav(x, y) at the height of
z = 3 m for period T = 25 s in windless outer conditions.

a) b)

Fig. 7. Isolines of average sound intensity Iav(x, y) (in dB) at the height of z = 3 m
for period T = 25 s: a) motion in windless conditions; b) motion in windy conditions

(vw = 40 km/h, θw = 45◦).
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4. Conclusions

The mathematical model of noise radiated from the city uncontrolled round-
about, with taking into account a wind in general case, is proposed in this paper.
The solution of problem is obtained as a superposition of a discrete number of
point sources moving with constant velocities in closed concentric circles.

The numerical analysis of noise action in the vicinity of roundabout shows that:
1. The acoustical signal structure of a group of vehicles moving on this ele-

ment of road is very inhomogeneous; the exception is the roundabout enter,
where acoustical signal is more or less well-regulated; the signals, registered
near the road-side, have the form of quasi-regular impulses with average
amplitudes approximately equal to 0.1 Pa for automobiles and 0.2 Pa for
trucks; the wind more sufficiently influences the inner structure of acousti-
cal pressure, than its amplitude.

2. The noise, as a function of distance from the roundabout center in radial
direction, is characterized by considerably increasing values of sound in-
tensity above way-roads (to 80 dB) and by gradual general decreasing of
its level with distance from the roundabout; e.g. at the distance of three
roundabout radii, the noise intensity decreases only by 10–15 dB.

3. The numerical calculations show that influence of wind velocity and direc-
tion is a very appreciable quality and quantity on sound intensity character-
istics both as instantaneous and averaged for some period; in particular, in
windless conditions, the average sound intensity is most concentrated near
the roundabout; the sharp wind changes space structure of these charac-
teristics, decreasing its level in direction of blowing and increasing in the
opposite direction.

4. This study also permits to affirm that the roundabout as element of roads
may be treated as an acoustic antenna of ring-rotational type, radiating
high-intensive sound.
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