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NONLINEARITY OF THE FREQUENCY-TEMPERATURE CHARACTERISTICS
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On the basis of the classical theory of thickness vibrations, the formulas for the
temperature coefficients and their angular derivatives of the frequency-temperature charac-
teristics of quartz resonators with LC-cut are derived. Approximation of these characteristics
by straight lines enables the evaluation of nonlinearity effects in a given range of temperature.
A practical example is given.

1. Introduction

Accurate temperature measurement represent an important branch of modern
metrology. For these purposes many kinds of temperature sensors are used, for
instance the quartz resonators of appropriate e.g. Y, LC or NL angle cuts. The best
linearity of the frequency-temperature characteristic is obtained in the case of a LC-cut.

2. Fundamental formulae

From the classical theory of thickness vibrations of a thin ideal crystal plate we
obtain two well-known formulae [17]: for the resonance frequency
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where h — thickness of the plate, ™ — effective striffness, ¢ — quartz density and the
secular relation for the effective stiffness

Ic;_,-umjm;‘—&,f("')l =0 i,j, ks I = 19 < 3) (2)
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where ¢;;, — piezoelectrically-stiffened elastic constants, m,, m; — components of

a unit normal vector perpendicular to the plane of the plate, 3, — Kronecker’s delta.
From these two relations the values of the temperature coefficients and their

angular derivatives of the frequency-temperature characteristics may be obtained.

3. Nonlinearity of the frequency-temperature characteristic

The most important parameter of temperature sensors is the frequency-tem-
perature characteristic which is almost a straight line. Therefore, in the analysis we
consider a new parameter, the nonlinearity of this characteristic, which gives more
interesting results.

The real characteristic is given by the known relation

A
Y — aT =T +bT T 47T ®
0
while the approximate equation for the characteristic is assumed in the linear form
Af
T =a(T—Tg)+b,. (4)
i

In the case when b, = 0, the optimum value of g, derived by the method of least squares
can be obtained from the condition

08*
—=0
da,
If b, # 0, then a, and b, are obtained from
d6% il
—=0, —/—=0
da, b,

where

Xg

6% = | (y,—y)dx,

Xd

Af (Af)
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T,;, T, — lower and upper operating temperature, T, reference temperature.
Then the nonlinearity effect of the characteristic is defincd as the differences y;,—y

N = by +{a—a)(T — Tg)—b(T.=Ti)* = e(T—Ts°)%

where b, and (a,— a) are functions of b and c. The values of a (T"), b (T?’) and c(T?)
and their angular derivatives will now be calculated.
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4. Frequency-temperature coefficients and their derivatives
From Eq. (1), after differentiations with respect to the temperature, we obtain the

following functional relation between the temperature coefficients of frequency and the
temperature coefficients of ¢, ¢ and h:

1
F(TY) = SF(T0)—F(TY)~F(IP) n=1,2,3

where
n—l(ldY)
¥drt
n)
F(TY) s
and
1LdY
P = e Y=f¢ 3
TY YdTa fa c, Qa h (7)
Hence, we obtain
1 1
TV = G,, Tj‘f’=(}2+§Gz, T‘3’=G3+GIGZ+EG? (8)
where
1 1
G, = E(FP)—-F(TP~F(TP), ©)

The value of T can be calculated on the basis of the formula (2). Further we can easily
find that

TO = — (2o +0a), (10)

where a,, &, — linear thermal expansion coefficients of quartz. To obtain T{" we write
the plate thickness in the form of a vector

h = ih +jh,+kh,. (11)
Then for thickness vibrations
h = hm = h(im,+jm +km.) (12)
where
h* = h*x +h%y+h?z. (13)

After calculations we obtain

P =P+ ~aP)ni, o =al (14)
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The values of the angular derivatives are calculated by the assuming that the actual
values of the cut angles ¢ and 0 are close to the optimal values ¢, and 0, (at which the
theoretical temperature characteristic is a straight line) then

b = by + by A+ by A0 +0.5bj A®? +0.5b740% + birdp A0 (15)
c = c0+c}Ad)+c}AB+O.SC}A¢2+0.SC}A82+C;TA¢A0 (16)

where A¢p = ¢p— 40 = 0—0, and b, = ¢, = 0 for the LC-cut. Since the nonlinearity
given by Eq(5) is a function of b and ¢ and b and ¢ are functions of A¢ and A0 (the
coefficients at A¢ and A0 are constant for a given material), the nonlinearity effect is
also a function of 4¢ and 40 only.

From the definitions it is known that

oy i Ll o S b el ok
i = s b — 3 T - S ————_—— =——f = f
S T e i et a0 (17
B L R I
Crp = Ws Cy= “6—0_5 Cp = a('bz 5 O agf (18)
P2TP

C"it:-mg— f0r8=00,¢f¢0
These derivatives were calculated using the formulae (8) to (14) and the material

constants given in [2]

5. Example

At first it must be said that, in practice, instead of nonlinearity in frequency,
nonlinearity in temperature is used. Then from the relation (3), by assuming that b, = 0
and T, = 0 we obtain )

AT = %(ﬁT—sz;c']ﬁ)
where f, — frequency for T= 0,5 — mean value of sensor sensitivity in the temperature
range.

Figure 1 presents the results of calculations concerning the temperature non-
linearity in a practical example. From Fig. 1 or analytically we can obtain the tolerance
map of cut angles ¢ and 0, as shown in Fig. 2.

For the values A¢ and 40, given by the line A T,,;, we obtain the minimum value of
nonlinearity (for a given value of 4¢ or A0).
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