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The paper is another step in discussion concerning the method of determining the distributions of
pulses forcing vibrations of a system. Solving a stochastic problem for systems subjected to random
series of pulses requires determining the distribution for a linear oscillator with damping. The goal of the
study is to minimize the error issuing from the finite time interval. The applied model of investigations is
supposed to answer the question how to select the parameters of a vibrating system so that the difference
between the actual distribution of random pulses and that determined from the waveform is as small as

possible.
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1. Introduction

The problems of theoretical and applied mechanics
in the broad sense are the subject of numerous stud-
ies carried out currently at the Faculty of Mechani-
cal Engineering and Robotics of the AGH University
of Science and Technology in Cracow. The Faculty
develops the most up-to-date domains of mechanics
including vibroacoustics which combine the problems
of the theory of linear vibrations (KAsPRzZYK, 2011;
WicIAk, TROJANOWSKI, 2014), engineering dynam-
ics, theoretitical acoustics (SNAKOWSKA, JURKIEWICZ,
2010; RDZANEK et al., 2011), and technical acous-
tics (PIECHOWICZ, 2011; BARANSKI, WSZOLEK, 2013).
Research is carried out in the areas connected with
the problems of propagation of the noise produced
by road traffic, wind power plants (KASPRZAK et al.,
2014; WSZOLEK et al., 2014), and industry, especially
ducted systems with flow (JURKIEWICZ et al., 2012).
These studies are aimed at reducing vibroacoustic
noise to a minimum and application of vibroacous-
tic signals in assessment and control of technologi-
cal processes (RACZKA et al., 2013; SIBIELAK et al.,
2013; KONIECZNY et al., 2013). Vibroacoustic diag-
nostics also includes studies regarding the theory of
vibration processes occurring in vibrating systems as
well as studies concerning semi-active and active meth-
ods of reduction of vibrations (WIcIAK, 2007; TRO-
JANOWSKI, WICIAK, 2010). The study presented in this

paper is a continuation of the aforementioned tradition
of combining science and technology, since the devel-
opment of a mathematical model was inspired by an
attempt to construct a measuring device that would
be able to detect a sequence of both large and small
dust particles hitting a sensor in the transported dust
stream. The model of investigations connected with
analysis of vibrations forced by stochastic pulses can be
placed between the studies directed at solving technical
problems and those carried out in other academic cen-
tres, namely, the analyses closely connected with math-
ematics, using probabilistic and statistical methods in
the theory of vibrations (ROBERTS 1972; TYLIKOWSKI,
MARKOWSKI, 1986; IWANKIEWICZ, NIELSEN, 1992;
KOYLUOGLU et al., 1994; DiPAOLA, VASTA, 1997; So-
BIECHOWSKI, SOCHA, 2000; HUANG et al., 2000). In
the present paper we deal with application of prob-
lems of the linear vibrations theory to vibroacoustic
diagnostics, where the vibration signal, that is, the de-
flection of the system from its balance position, will
be used for assessment and execution of technological
processes.

2. Distribution of random pulses acting
on a vibrating system as a function of its motion

Let us consider a one-dimensional of damped oscil-
lator (JABLOKNSKI, OZGA, 2006) given by the equation
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Fig. 1. Vibrations of four systems with parameters b and ¢ given in the diagram forced
by a pulse of the value 1, = 845 778.47 s~ 1.

d%z dz 9

W‘FQ()E-F@ x = f(t), (1)
with the following initial coditions:

z(0)=0 and 2/(0)=0. (2)

In the mathematical model (JABLONSKI, OZzGA,
2008; 2009) used for determination of distributions of
random pulses forcing vibrations of a one-dimensional
physical system (JABLONSKI, OzGA, 2010; JABLONSKI
et al., 2011), the force f(¢) is defined by two stochas-
tically independent variables, random amplitudes 7;,
and random instants of time ¢; at which the pulses

occur:
) =3 ot —ta), 3)

ti<t
where 0(t — t;) are Dirac distributions at the time ¢;.
The time intervals (¢; — ¢;—1) between the subsequent
pulses with the exponential distribution F'(7), namely:

{ 1 —exp(=Ar) if 7 >0,

F(r) = (4)

0 it 7 <0.
The constant A is the pulse rate (JABLONSKI, OZGA,
2012), n; is a sequence of independent identically dis-
tributed random variables with finite expectation and
it assumes a finite number of values {n1,m2.,..., 7}
with probabilities p; = p(n;).

With the assumptions defined above the function
of vibrations (JABELONsSKI, OzGA, 2013) for a one-
dimensional physical system influenced by f(¢) has the
form

o)== 32 mesp(~b(t — ) sin(elt ~ 1), (5)

o<t; <t

where the damping coefficient b [s~!] and the frequency
¢ =+/a? — b2 [s71] are parameters of the vibrating sys-
tem.

In earlier studies (OzcA, 2014), while analyzing
a finite time interval, the differences between the distri-
bution P, (t) determined from the function of vibrations
and the distribution imposed in the simulation p; are
the smaller, the stronger is the damping coefficient 0. In
this work the problem of seeking the optimum param-
eters of a system was complemented with an analysis
of the influence of a modified frequency of vibrations
c on the errors in the determined distributions. Sim-
ulations were conducted for four harmonic oscillators
with three different values of the quotient b/c (Fig. 1)
labeled with A, B, C, and D.

The parameters ¢, b, and 7; from the case A applied
in the simulations discussed in this paper correspond,
within the framework of electro-mechanical analogies
to a system consisting of an RLC circuit with induc-
tivity L = 5 mH, capacity C' = 0.2 nF, and a voltage
source (OzGA, 2013). The parameters of oscillators B,
C, and D were selected according to the needs of the
simulation.

3. Computer simulations

In simulations conducted in MATLAB environ-
ment, in the first step we generate pseudo random ex-
citations f(t). The intervals between subsequent pulses
A; = (t; — t;—1) are randomized according to the for-
mula

A; = —% In(1 — rand). (6)
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The pseudorandom variable rand reaches values
drawn from the standard uniform distribution on the
open interval (0,1). In all simulations which are con-
sidered in this paper, the pseudorandom variable n;
assumes three values: 71 = 845778.47s7 L, ny = m1 /2,
and 73 = 11/10. Due to the stochastic character of
the phenomenon these pulses are randomized in the
form of two distributions @; which were chosen in such
a way that all pulses should occur and in both cases
E(n) should have the same value 447416.8 s~1. These
distributions are:

®1: pr = 0.33, po = 0.33, p3 = 0.34;
@2: pP1 = 025, P2 = 051, p3 = 0.24.

Due to the fact that on the basis of observation it
is not possible to foresee z(t) at any time instant, all
the considerations below compare the systems A, B,
C, and D, which vibrate under the influence of pulses
generated in MATLAB environment occurring at the
same time ¢; and having the same amplitude 7;. In
this way we analyze the signals received in identical
conditions and on the same time interval. However,
the differences are significant — under the influence of
a pulse 7;, depending on parameters ¢ and b of the
system, some vibrations of the system expire decay
faster than others (Fig. 2).

Describing roughly the method of determining the
distributions, one should first determine the stochastic
moments m;(t), i = 1,2,3, from the waveform z(t) of

where z is the deflection of the system from the bal-
ance position, m;(t) is the i-th stochastic moment of
the random variable z, and h is the interval of time
between successive measurements equal to 1076 s.

The determined values of stochastic moments m,,
are put in the Egs. (8) in order to determine the dis-
tributions p; (Fig. 3, Fig. 4)

k

> P l(mi (B)ma(t) = mia(t))m:

i=1

+;(?>m<nj)(t)ml(t)m(m)% o @)

where k is the number of the sought values of random
amplitudes n; for i = 1,2,...,k—1. We obtain an ad-
ditional equation using (9)

Zﬁi =1 9)

and for j > 1 and for even j

CU) = 75 L jﬁb (10)
l;[o ((j0/c)?* + (2r)?)

whereas for odd j > 0,

s o . 5!
the harmonic oscillator C(j) = Ty ] (11)
~ 1 : [T (Gb/c)*+ (2r+1)2)
mi(t) = 0D > a'(kh), (7) R
kh<t
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Fig. 2. Vibrations obtained as a result of simulation of four harmonic oscillators labeled A, B, C, and D forced
by pulses of the values 71, 172, and 73 corresponding to A = 10® s™! and &;.
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Fig. 3. Probabilities p; and estimators P, (t) corresponding to A = 10% 57! and @;.
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Fig. 4. Probabilities p; and estimators P, (t) corresponding to A = 102 57! and &s.

Analyzing the distributions presented in Figs. 3
and 4 for two samples received in simulation, we can
compare the distances between the curves — the im-
posed distribution p; and the distributions determined
from the waveform x(t), labeled respectively Py, (t),
Dpi(t), Dci(t), and Pp,(t). The differences between
Pi—DPai(t), pi—DPg;(t), Pi—DPc;(t), i —Pp;(t) depend on
time in which we conduct the analysis, the pulse rate,
and the amplitude of the pulse for which we determine
the distributions. For the strongest pulse 7;, the differ-
ences between the imposed distribution and the calcu-
lated one, no matter which oscillator is taken into con-
sideration, are the smallest, and for the weakest pulse
13 the differences are the largest. These conclusions are
confirmed by statistical investigations discussed in the
next section of the paper.

4. Statistical investigations

In this chapter we discuss a part of the investiga-
tions consisting in performing 100 simulations in both

distributions @; and @, for four different values of the
pulse rate A equal to 10, 102, 102, and 10* s~', in or-
der to draw the reader’s attention to the classification
of signals from the point of view of their statistical
properties. In the study we analyze the measures of
central tendency describing the location of the differ-
ences p; — P,;(t) as well as the measures of dispersion
describing the dispersion of the results for each of the
simulations on the time interval from 0 to 900 seconds
with a step of 6 seconds. The results of analyses show
that regardless of the distribution @; or the pulse rate
A, while analyzing the mean value, median, standard
deviation, kurtosis, and skewness for the histograms
from the differences p; — P;(t) which follow from the
simulation, we come to conclusions presented below.

1. The strongest pulses 77; are determined with the
least error, while the weakest 13 are determined
with the largest error (Fig. 5, Fig. 6, Table 1, Ta-
ble 2).

2. The smallest differences p; — P,;(t) of all pulses »;
were registered for the system with strong damp-
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ing, short pulse response, and high values of the may not decrease with the passage of time as one
modified frequency of vibrations ¢ — oscillator B could expect, for instance:
Fig. 5, Fig. 6). = =
(Fig. 5, Fig. 6). . | o (par — Pai(1809)) > 0 (pa1 — Pa;(1205))
3. At low intensities A (Fig. 7), the impact of a single q
pulse or a series of subsequent pulses is so high that an
the standard deviation ¢ read from the histograms o (pB2 — Dp2(8405)) > o (p2 — Pp2(780s)) .
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Fig. 5. Histograms of p; —5,;(600 s), where p; = p(n;), corresponding to A = 10 s™*, 5. Consecutive columns of the panels
correspond to cases A, B, C, and D, respectively.
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Additionally, for low intensities for the pulse

mo (p1 — Pp1(t)) > o (pp1 — Ppi (1)),

but for weaker pulses 72 and 73 the relationships
are reversed

o (pB2 — Pp2(t)) < 0 (P2 — Ppa(t))

and

o (pB3 — P3(t)) < o (pps — Pps(t))-

This means that although the strongest pulse is de-
termined more precisely, the remaining ones are bi-
ased with a larger error.

Table 1. Basic statistics corresponding to histograms of p; — p,;(600 s), A = 102 s71, &,.

Statistics 7 Case
A B C D

1 5.1190 x 107° | —2.2000 x 1077 | —1.1620 x 1075 | —4.5500 x 10~
Mean 2 5.9253 x 107* 1.1933 x 107* 9.7761 x 10~* 6.0732 x 107*
3| —6.4375 x 107" | —1.1909 x 107* | —9.6592 x 10™* | —6.0273 x 10~*
1 7.4935 x 107* 1.5673 x 107* 5.0549 x 107* 1.7824 x 1074
Standard deviation | 9 | 38564 x 1073 1.4565 x 107 |  4.8441 x 1073 | 2.8022 x 10~?
3 4.4298 x 1073 1.5428 x 1073 5.0882 x 1073 2.8696 x 1073
1 9.3000 x 10~° | —1.5000 x 10~° 4.6500 x 107° 8.5000 x 10~°
Median 2 6.6900 x 10~* 3.8250 x 10~* 1.3300 x 1073 5.0750 x 10~*
3 | —6.0650 x 107* | —2.8650 x 10~* | —1.4450 x 1072 | —5.6950 x 10~*
1| —4.2739 x 107* 2.7144 x 1072 | —6.1966 x 107! | —3.1756 x 107!
Skewness 2 | —1.8468 x 107 | —5.6804 x 10~* 2.4805 x 107 | —2.5130 x 107!
3 1.7856 x 1071 4.9931 x 1071 | —2.2059 x 10~* 2.9918 x 10~*

1 3.1574 3.0928 3.3301 3.0170

Kurtosis 2 3.1598 2.9591 2.9311 3.4330

3 3.1631 3.0240 2.8883 3.4532

Table 2. Basic statistics corresponding to histograms of p; — p,;(900 s), A = 10* s71, &,.

Statistics 7 Case
A B C D

1 2.6827 x 107* 5.6990 x 107° | —2.0349 x 10~* 9.3290 x 10~°
Mean 2 1.1186 x 1073 1.5275 x 107% | —3.4724 x 1074 3.3904 x 10~*
3| —1.3868 x 107% | —2.0977 x 107* 5.5085 x 107* | —4.3229 x 107*
1 1.0841 x 1073 3.0540 x 10~* 1.1843 x 1073 4.9184 x 1074
Standard deviation | 9 | 39104 x 1073 1.4346 x 107 | 5.3374x 1072 | 3.0309 x 10~°
3 4.9081 x 1073 1.6926 x 1073 6.3831 x 1073 3.4921 x 1073
1 1.6750 x 10~* 1.2350 x 107* | —3.6250 x 10~* 4.3000 x 107°
Median 2 | 57300 x 107* | —1.1500 x 10~° | —2.1400 x 10~* | —1.3050 x 10~*
3 | —5.6750 x 107* | —1.5850 x 10~* 2.2500 x 10~* 2.4500 x 10~*
1] —1.1069 x 10~ | —3.2801 x 107! 2.9302 x 10~* 2.3606 x 10~*
Skewness 2 1.9344 x 1071 1.3264 x 107! 1.7494 x 1071 2.9513 x 10~*
3| —1.4594 x 107! | —5.2782 x 1072 | —1.9689 x 10~ ' | —3.0584 x 10~*

1 2.6717 2.6814 2.9406 2.4178

Kurtosis 2 2.7303 2.3847 3.1724 2.7182

3 2.8337 2.3998 3.2121 2.6865
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5. Conclusions

The applied model of investigations was supposed
to provide an answer to the question about how to se-
lect parameters of a vibrating system so that to elim-
inate the difference between the actual distribution of
random pulses and that determined from the wave-
form as much as possible. Statistical investigations per-
formed for 100 simulations for each of the two distri-
butions @ and ®- for four different values of the pulse
rate A equal to 10, 102, 102, and 10* s~!, over the time
interval from 0 to 900 seconds with the step of 6 sec-
onds proved that regardless of the distribution @; or
the pulse rate A, the smallest differences p; — p,(¢) of
all pulses 7); were registered for the system with strong
damping, short pulse response, and high value of the
modified frequency of vibrations ¢ represented by os-
cillator B (Fig. 5, Fig. 6).

References

1. BARAKNSKI R., WszoreEk G. (2013), Educational Im-
plementation of a Sound Level Meter in the LabVIEW
Environment, Archives of Acoustics, 38, 1, 19-26.

2. DipaoLAa M., Vasta M. (1997), Stochastic integro-
differential and differential equations of non-linear sys-
tems excited by parametric Poisson pulses, Interna-
tional Journal of Non-Linear Mechanics, 32, 855-862.

3. Huanc Z., Zuu W., Suzukl Y. (2000), Stochastic av-
eraging of strongly non-linear oscillators under com-

540
time, s

— P, (t) corresponding to A = 10 s™*

10.

. IwaNkiEwICZ R., NIELSEN S.

. JABLONSKI M., OzcA A.

. JABLONSKI

840

600 660 720 780 900

and ;.

bined harmonic and white-noise excitations, Journal of
Sound and Vibration, 238, 233-256.

(1992), Dynamic re-
sponse of hysteretic systems to Poisson-distributed
pulse trains, Probabilistic Engineering Mechanics, 7,
135-148.

(2006), On statistical pa-
rameters characterizing vibrations of damped oscilla-
tor forced by stochastic tmpulses, Archives of Acoustics,
31, 4 Supplement, 65—73.

. JABLONSKI M., OzGa A. (2008), Statistical charac-

teristics of wibrations of a string forced by stochas-
tic forces, Mechanics/AGH University of Science and
Technology, 27, 1-7.

. JABLONSKI M., OzaGA A. (2009), Statistical Character-

istics of the Damped Vibrations of a String Exzcited by
Stochastic Forces, Archives of Acoustics, 34, 4, 601
612.

M., Ozca A. (2010), Distribution of
stochastic impulses acting on an oscillator as a func-
tion of its motion, Acta Phys. Pol. A, 118, 1, 74-77.

JABLONSKI M., OzGa A., KOrBIEL T., PAWLIK P.
(2011), Determining the distribution of stochastic im-
pulses acting on a high frequency system through an
analysis of its vibrations, Acta Phys. Pol. A, 119, 6-A,
977-980.

JABLOKSKI M., Ozaca A. (2012), Determining the dis-
tribution of wvalues of stochastic impulses acting on

a discrete system in relation to their intensity, Acta
Phys. Pol. A, 121, 1-A, 175A-179A.



652

Archives of Acoustics — Volume 89, Number 4, 201}

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

JABLONSKI M., OzcA A. (2013), Distribution of ran-
dom pulses acting on a vibrating system as a function
of its motion, AGH University of Science and Technol-
ogy Press, Krakéw.

JURKIEWICZ J., SNAKOWSKA A., GORAzD L. (2012),
Ezxperimental wverification of the theoretical model of
sound radiation from an unflanged duct with low mean
flow, Archives of Acoustics, 37, 2, 227-236.

KasPrzAK C., SKRODZKA E., WicIAK J. (2014), The
Effect of Wind Turbine Infrasound Emission on Sub-
jectively Rated Activation Level, Acta Phys. Pol. A,
125, 4-A, A-45.

KASPRZYK S. (2011), Applicability of the Fourier ex-
pansion method of separation of variables in the linear
discrete-continuous systems with distributional coeffi-
cients, Acta Phys. Pol. A, 119, 6-A, 981-985.

KonNiEczNy J., KowAL J., RAczkA W., SIBIELAK M.
(2013), Bench Tests of Slow and Full Active Suspen-
stons in Terms of Energy Consumption, Journal of Low
Frequency Noise, Vibration and Active Control, 32,
81-98.

KoyLuoGLu H., NIELSEN S., IWANKIEWICZ R. (1994),
Reliability Of Nonlinear Oscillators Subject To Poisson
Driven Impulses, Journal of Sound and Vibration, 176,
19-33.

OzGA A. (2013), Determining Parameters of an RLC
Circuit Response to a Single Pulse, Acta Phys. Pol. A,
123, 6, 1034-1039.

Ozaa A. (2014), Distribution of random pulses forcing
a damped oscillator determined in a finite time inter-
val, Acta Phys. Pol. A, 125, 4-A, A-159-A-163.

PiecHowicz J. (2011), Estimating Surface Acous-
tic Impedance With the Inverse Method, International
Journal of Occupational Safety and Ergonomics, 17, 3,
271-276.

Raczka W., SiBIELAK M., KowAL J., KONIECZNY J.
(2013), Application of an SMA Spring for Vibration
Screen. Control, Journal of Low Frequency Noise Vi-
bration and Active Control, 32, 117-132.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

RDZANEK WJ., RDZANEK WP., ENGEL Z. (2011),
Asymptotic formulae for the acoustic power output
of a simply-supported circular plate, ACUSTICA, 87,
206-214.

ROBERTS J.B. (1972) System response to random im-
pulse, Journal of Sound and Vibration, 24, 23-34.

SIBIELAK M., KONIECZNY J., KOWAL J., RACZKA W.,
MARsSzZALIK D. (2013), Optimal Control of Slow-Active
Vehicle Suspension — Results of Ezrperimental Data,
Journal of Low Frequency Noise, Vibration and Active
Control, 32, 99-116.

SNAKOWSKA A., JURKIEWICZ J. (2010), Efficiency of
energy radiatiofrom an unflanged cylindrical duct in
case of multimode excitation, Acta Acustica/Acustica,
96, 416-424.

SOBIECHOWSKI C., SOCHA L. (2000), Statistical lin-
earization of the duffing oscillator under non-Gaussian
external excitation, Journal of Sound and Vibration,
231, 19-35.

TROJANOWSKI R., WicCIAK J. (2010), Preliminary Re-
sults of Laboratory Tested System for Active Control
of Plates VIA LabVIEW and Piezoelectric Elements,
Acta Phys. Pol. A, 118, 1, 168-171.

TYLIKOWSKI A., MAROWSKI W. (1986), Vibration of
a non-linear single degree of freedom system due to
Poissonian impulse excitation, International Journal of
Non-linear Mechanics, 21, 229-238.

WiciAK J. (2007), Modelling of vibration and noise
control of a submerged circular plate, Archives of
Acoustics, 32, 4, 265-270.

WiciAKk M., TroJaNOwskl R. (2014), Numerical
Analysis of the Effectiveness of Two-part Piezoactua-
tors in Vibration Reduction of Plates, Acta Phys. Pol.
A, 125, A183-A189.

WszorEk T., KraczyNskl M., MLECzZKO D.,
OzacA A. (2014), On Certain Problems Concerning En-
vironmental Impact Assessment of Wind Turbines in
Scope of Acoustic Effects, Acta Phys. Pol. A, 125, 4-
A, A-38-A-44.



