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Bone loss is one of the serious health issues in bedridden patients or young generation due to lack
of physical activities. Mechanical forces are exerted on the bones through ground reaction forces, liquid
loadings and by other contraction activities of the muscles. We are assuming an isotropic half-space with
mechanical properties equivalent to that of bone exhibiting microstructures. Consistent couple stress
theory introduces an additional material parameter called characteristic length which accounts for inner
microstructure of the material. Dispersion relations for leaky Rayleigh waves are derived by considering
a model consisting of couple stress half space under the effects of gravity and loaded with inviscid liquid
layer of finite thickness or a liquid half space. Impact of the gravity, liquid loadings and microstructures
of the material are investigated on propagation of leaky Rayleigh type waves. Phase velocity of leaky
Rayleigh waves is studied for five different values of characteristic length parameter which are of the
order of internal cell size of the considered material. Variations in phase velocity of leaky Rayleigh waves
are also studied under the effect of gravity parameter and thickness of liquid loadings.
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1. Introduction

Ultrasonic wave propagation in cortical bone is one
of the viable means to study the properties of bones
(Vavva et al., 2014). These methods employ classical
theory of elasticity and cannot explain the dispersive
nature of Rayleigh, guided waves because they lack
length scale parameters to incorporate the microstruc-
tural effects. Classical theory was based on the as-
sumptions that all materials are homogeneous and are
continuously distributed over its volume without any
kind of defects, so that even the smallest particle of
the material possesses same physical properties as the
whole material. It is also assumed that a point parti-
cle is represented by a geometrical point which is in-
finitesimal in size without any internal structure. There
are many materials like particulate composites, poly-
mers, cellular solids and cortical bones which do not
satisfy above said assumptions. These short comings
of classical theory has led to the development of new

micromechanical theories of solids which accounts for
microstructure of the material and are called microcon-
tinuum theories (Voigt, 1887; Cosserat, Cosserat,
1909; Toupin, 1962; Mindlin, Tiersten, 1962; Koi-
ter, 1964; Eringen, 1968; Nowacki, 1974, Yang
et al., 2002).

One common characteristic of these microcontin-
uum theories was the introduction of couple stresses
in addition to force stress tensor. In these theories, the
concept of couple stress was introduced by defining
the deformation of the material through displacement
and an independent rotation vector, which were asso-
ciated with stresses and couple stresses through consti-
tutive relations. Due to rotation, couple stress theory
was able to explain the dispersive nature of the waves,
which was not captured by classical theory of elasticity.
Hadjesfandiari and Dargush (2011) have proposed
a consistent couple stress theory involving one length
scale parameter η called couple stress coefficient and
two Lame parameters λ, µ. Here the parameter η fur-
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ther depends upon characteristic length parameter (l),
which was absent in classical theory of elasticity. It was
pointed out by Lakes (1991) that this length scale
parameter is of the order of average cell size of the
material in cellular solids.

Many researchers have used couple stress theory
to study the problems of wave propagation in elastic
media under different conditions (Sengupta, Ghosh,
1974a; 1974b; Sengupta, Benerji, 1978; Das et al.,
1991; Georgiadis, Velgaki, 2003; Kocaturk, Ak-
bas, 2013). Sharma and Kumar (2014) have studied
the role of characteristic length in velocity dispersion
in an elastic plate using consistent couple stress theory.

The effects of gravity on wave propagation were
firstly studied by Bromwich (1898) by treating grav-
itational force as a body force. Love (1911) studied the
effects of gravity on various problems of wave propa-
gation. He concluded that Rayleigh wave velocity gets
significantly affected due to the presence of gravita-
tional field, when the wavelength of waves is large.
Plona et al. (1975) studied Rayleigh and Lamb waves
at liquid-solid boundaries. Bhattacharyya and De
(1977) studied surface waves in a viscoelastic me-
dia under the effect of gravity. They briefly inves-
tigated various surface waves and showed that re-
sults are in agreement with classical theory, when ef-
fects of gravity and viscosity are neglected. Qi (1994)
studied the influence of viscous fluid loading on the
propagation of leaky Rayleigh wave in the presence
of heat conduction effects. Zhu et al. (2004) stud-
ied the propagation of leaky Rayleigh and Scholte
waves at the fluid-solid interface subjected to tran-
sient point loading by using integral transform tech-
nique. Georgiadis et al. (2004) applied theory of
dipolar gradient elasticity to analyze Rayleigh type
waves propagating along the surface of a half-space
and they showed that these waves are indeed disper-
sive at high frequencies. Sharma et al. (2008) stud-
ied the propagation of Rayleigh surface waves in mi-
crostretch thermoelastic continua under inviscid fluid
loadings in context of classical and non- classical the-
ories of elasticity. Danicki (2010) studied Rayleigh
waves in an isotropic body with deep periodic grooves
and he showed that surface wave existence and re-
flection depends on both groove depth and their pe-
riod. Kumar et al. (2014) studied Rayleigh waves in
isotropic microstretch thermoelastic diffusion solid half
space. They observed the effects of relaxation times
on the phase velocity, attenuation coefficient, nor-
mal stress, tangential stress, couple stress, microstress,
temperature change, and mass concentration. Vinh
et al. (2014) studied Rayleigh waves in an isotropic
elastic half space coated by a thin isotropic elastic
layer with smooth contact. By using effective bound-
ary condition method they derived secular equation
of fourth-order in terms of dimensionless thickness of
the layer. Kakar and Kakar (2014) studied propaga-

tion of surface waves in electro-magneto thermoelastic
orthotropic granular non-homogeneous medium sub-
jected to gravity and initial compression. They con-
cluded that phase velocity of Stoneley and Rayleigh
waves not only depends on gravity field but also on
non-homogeneity, magnetic field, electric field, temper-
ature, initial stress and granular notations of the mate-
rial. Vavva et al. (2014) have applied Mindlin’s Form
II gradient elasticity to determine Rayleigh wave dis-
persion in bone mimicking half-space. Tanuma et al.
(2015) studied dispersion of Rayleigh waves in weakly
anisotropic media with vertically-inhomogeneous ini-
tial stress. They derived high-frequency asymptotic
formula for dispersion relations of Rayleigh waves that
propagate in various directions along the free sur-
face of a vertically-inhomogeneous, prestressed and
anisotropic half-space. Kaur et al. (2016) studied ef-
fects of reinforcement, gravity and liquid loadings on
propagation of Rayleigh type waves. They derived sec-
ular equation in closed form for the propagation of
Rayleigh waves and made comparisons of the effects
of various parameters involved in the problem on the
propagation of Rayleigh waves. Recently, Sharma and
Kumar (2017) have applied consistent couple stress
theory and studied the effects of liquid loading on the
propagation of leaky Rayleigh waves.

The purpose of this article is to study the effect
of gravity on the propagation of Rayleigh waves in a
couple stress solid half-space loaded with liquid layer.
Elastic constants of cortical bone which exhibits mi-
crostructures are used for numerical calculations. Bone
is a composite material exhibiting different microstruc-
tures at different length scales. Consistent couple stress
theory (Hadjesfandiari, Dargush, 2011) and the
model of gravity given in Bhattacharyya and De
(1977) is used to study the impact of characteristic
length parameter, gravity and liquid loadings on ve-
locity dispersion of leaky Rayleigh waves propagating
in a couple stress half space under the effects of gravity
and loaded with homogeneous inviscid liquid layer of
finite thickness (H) or a liquid half space.

2. Formulation and solution of the problem

Consider a layer of inviscid liquid of finite thick-
ness (H) or a liquid half space lying over a couple
stress half space under the effects of gravity (g). It
is assumed that there is no reflection from the inner
layers of the liquid medium. The origin of the coor-
dinate system O(x, y, z) lies on the interfacial surface
joining solid half space and liquid medium. It is as-
sumed that z-axis of the coordinate system is pointing
vertically downwards into solid half space and wave is
assumed to propagate in the direction of x-axis. All the
particles along a line parallel to y-axis are assumed to
be equally displaced, thus there is no variation of the
fields in either media in the direction of y-axis.
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Fig. 1. Geometry of the problem.

2.1. Couple stress substrate under gravity

The basic governing equations of motion of couple
stress theory (Hadjesfandiari, Dargush, 2011) fol-
lowing Bhattacharyya and De (1977) for the effects
of gravity, are given by
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where (u, v, w) are the displacement components, g is
gravity, l is characteristic length parameter, ρ is the
density, λ and µ are Lame parameters. We confine
our discussion to two dimensional medium so, we take
u = (u, 0, w) and ∂

∂y ≡ 0, in this case Eq. (2) will be
identically satisfied.

The constitutive relations for couple stress half
space are given by

σji = λuk,kδij + µ (ui,j + uj,i)− η∇2 (ui,j − uj,i), (4)

µji = 4η (ωi,j − ωj,i), where ωi =
1

2
εijkuk,j . (5)

Here, σji is the non-symmetric force-stress tensor,
µji is skew symmetric couple-stress tensor, δij is Kro-
necker’s delta, η = µl2 is couple-stress coefficient, εijk
is permutation tensor.

Now we introduce potential functions φ and ψ =
(0, ψ, 0) in the solid such that u = ∇φ+∇×ψ, so we
get

u =
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and w =
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, (6)

where φ and ψ are potential function of longitudinal
and shear waves in the solid half space. Using these
values of potential functions in Eqs. (1) and (3), we
get
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where
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ρ
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µ

ρ
.

From Eqs. (7) and (8), we get following two partial
differential equations
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Now, we consider solutions as

φ = f(z)eiξ(x−ct), (11)

ψ = h(z)eiξ(x−ct). (12)

Using above mentioned solutions, Eqs. (9) and (10)
reduce to following two differential equations
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By solving Eqs. (13) and (14), we get following differ-
ential equation
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By solving Eq. (15), we get

f(z) = m1e
−t11z +m2e

−t22z +m3e
−t33z, (16)

φ =
(
m1e

−t11z +m2e
−t22z

+m3e
−t33z

)
eiξ(x−ct), (17)

where m1, m2 and m3 are unknown constants and

t11 =
√

2a− a1, t22 =

√
−a− b

√
3− a1,

t33 =

√
−a+ b

√
3− a1, 2a− a1 > 0,

−a− b
√

3− a1 > 0, −a+ b
√

3− a1 > 0,

a = r
1
3 cos

(
θ

3

)
, b = r

1
3 sin

(
θ

3

)
,

r =
√
−H3

1 , tan θ =
−
√
−G2

1 − 4H3
1

G1
,

G1 = a3 − 3a1a2 + 2a3
1, H1 = a2 − a2

1,

G2
1 + 4H3

1 < 0, a1 =
− (P1 + P2)

3
,

a2 =
P1P2 + P3

3
, a3 = P4 − P1P3.

Using Eq. (16) in Eq. (13), we get
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2.2. Inviscid liquid layer

Equation of motion for inviscid liquid layer is

∇ (∇ · uL) =
1

C2
L

∂2uL
∂t2

, (21)

where uL = (uL, vL, wL) is displacement components
in liquid layer, C2

L = λL

ρL
, CL is the velocity of sound

in the liquid, λL is the bulk modulus, ρL is the density
of the liquid.

In the liquid medium, we have

uL =
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∂z

+
∂ψL
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. (22)

Here φL and ψL are the scalar and vector poten-
tials. Inviscid liquid does not support shear motion,
so shear modulus of liquid vanishes that is µL = 0 or
ψL = 0.

Using this condition in Eq. (21), equation of motion
for inviscid liquid layer becomes
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and stresses σLij in case of liquid medium are given by
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We take the solution of Eq. (23) as

φL = k(z)eiξ(x−ct). (25)

By putting above solution in Eqs. (23), we get
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where

t244 = ξ2

(
1− c2

C2
L

)
.

For propagation of Rayleigh waves in the half space
z ≥ 0 underlying a liquid layer of finite thickness (H)
or a liquid half-space, we choose the solution as

φL =


m4 sinh {t44 (z +H)} eiξ(x−ct),

for the liquid layer,−H ≤ z ≤ 0,

m4et44zeiξ(x−ct),
for the liquid half-space.

(27)

3. Boundary conditions

The boundary conditions to be satisfied at the so-
lid-liquid interface are:

(i) σzz = σLzz, at the interfacial surface z = 0 which
leads to
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4. Derivation of secular equation

4.1. Rayleigh waves in a couple stress half space
loaded with inviscid liquid half space

under gravity

Using above mentioned boundary conditions to-
gether with Eqs. (17), (20) and (27), we get following
four equations
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For non-trivial solution of the above four homoge-
neous linear equations, determinant of four unknown
coefficients m1, m2, m3, m4 must be zero. By imposing
this condition we get following determinant∣∣∣∣∣∣∣∣∣∣∣∣
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By solving the determinant we get following dis-
persion equation for Rayleigh waves in a couple stress
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substrate loaded with liquid half space under the effect
of gravity
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4.2. Rayleigh waves in a couple stress half space
loaded with inviscid liquid layer of finite

thickness under gravity

Using above mentioned boundary conditions to-
gether with Eqs. (17), (20) and (27), we get following
four equations
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(β1iξ − t11)m1 + (β2iξ − t22)m2

+ (β3iξ − t33)m3 − t44 cosh (t44H)m4 = 0, (35)(
β1t11ξ

2 − β1t
3
11

)
m1

+
(
β2t22ξ

2 − β2t
3
22

)
m2

+
(
β3t33ξ

2 − β3t
3
33

)
m3 = 0, (36)

{
l2
(
ξ4 + t411 − 2t211ξ

2
)
β1 − 2t11iξ

−β1ξ
2 − β1t

2
11

}
m1

+
{
l2
(
ξ4 + t422 − 2t222ξ

2
)
β2

−2t22iξ − β2ξ
2 − β2t

2
22

}
m2

+
{
l2
(
ξ4 + t433 − 2t233ξ

2
)
β3 − 2t33iξ

−β3ξ
2 − β3t

2
33

}
m3 = 0. (37)

For non-trivial solution of the above four homoge-
neous linear equations, determinant of four unknown

coefficients m1, m2, m3, m4 must be zero. By imposing
this condition we get following determinant∣∣∣∣∣∣∣∣

E1 E2 E3 E44

H1 H2 H3 H4

G1 G2 G3 0
F1 F2 F3 0

∣∣∣∣∣∣∣∣ = 0, (38)

where

E44 = −λL
(
t244 − ξ2

)
sinh (t44H),

H1 = β1iξ − t11,

H2 = β2iξ − t22,

H3 = β3iξ − t33,

H4 = −t44 cosh (t44H),

G1 = β1t11ξ
2 − β1t

3
11,

G2 = β2t22ξ
2 − β2t

3
22,

G3 = β3t33ξ
2 − β3t

3
33.

By solving the determinant, we get following dis-
persion equation for Rayleigh waves in a couple stress
substrate loaded with inviscid liquid layer of finite
thickness under the effect of gravity

λL
(
t244−ξ2

)
tanh(t44H) {(−t11+β11ξ)(U1+V11)

+ (t22−β22ξ)(U2+V22)+(−t33+ξβ33)(U3+V33)}

−t44µ

{(
C2

1

C2
2

(
t211−ξ2

)
+2ξ2−2β11t11ξ

)
(U1+V11)

−
(
C2

1

C2
2

(
t222−ξ2

)
+2ξ2−2β22t22ξ

)
(U2+V22)

+

(
C2

1

C2
2

(
t233−ξ2

)
+2ξ2−2β33t33ξ

)
(U3+V33)

}
= 0. (39)

In Eq. (39), if H →∞, that is liquid layer changes to
liquid half space, then tanh(t44H) → 1, and Eq. (39)
reduces to Eq. (33) for leaky Rayleigh waves in a couple
stress half space under the loading of liquid half space
with effects of gravity.

5. Numerical results and discussion

Here to investigate the effects of inner microstruc-
ture of half space in terms of characteristic length on
the propagation of leaky Rayleigh waves the material
of solid elastic half space is assumed to have properties
similar to cortical bone. Following Vavva et al. (2009),
the material properties of couple stress substrate are

E = Young’s modulus =
µ(3λ+ 2µ)

(λ+ µ)
14 GPa

ν = Poisson ratio =
λ

2(λ+ µ)
0.37

Density = ρ 1500 kg/m3
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The values of bulk longitudinal and shear velocities
are C1 = 4063 m/s, C2 = 1846 m/s, respectively. Mi-
crostructure of bone ranges from 10 to 500 µm (Vavva
et al., 2009), so five different values of characteris-
tic length (l), lying in the above mentioned range
viz., l = 0.00009 m, 0.0001 m, 0.0002 m, 0.0003 m,
0.0005 m are considered. The liquid medium used is
inviscid liquid with CL = 1.5 · 103 m/s and density
ρL = 1000 kg/m3.

5.1. Effects of gravity

Figure 2 shows the general trend for dispersion
curve of Rayleigh waves in the considered model. Here,
non-dimensional phase velocity (c/C2) of Rayleigh
waves is plotted against non- dimensional wave num-
ber (ξH) by taking characteristic length parameter
l = 0.0001 m under the combined effects of gravity
(g = 9.8 m/s2) and liquid loadings with thickness of
liquid layer as H = 0.002 m. Rayleigh waves are ob-
served to be dispersive in the considered model. It is
observed that Rayleigh wave velocity is higher for small
wave number range and then it decreases down with
the increasing values of the wave number and for the
higher values of wave number it becomes almost con-
stant.

Fig. 2. Phase velocity profile of Rayleigh waves in a cou-
ple stress substrate with wave number under the effect of

gravity and liquid loadings.

Figures 3a and 3b show the effects of gravity on
Rayleigh wave velocity in a couple stress half space
loaded with liquid layer of finite thickness. In Fig. 3a
wave number (ξ) is normalized using thickness (H) of
the layer, whereas for Fig. 3b characteristic length (l)
is used for the same. Here, the value of characteristic
length parameter is l = 0.0002 m and the thickness of
liquid layer is H = 0.002 m. Comparison is made by
taking gravity parameter g = 9.8 m/s2 for G1 curve
and g = 0.0 m/s2 (without gravity) for G2 curve. It
is observed that Rayleigh waves propagate with lower

a)

b)

Fig. 3. Phase velocity profile of Rayleigh waves against wave
number showing effects of gravity: a) normalised using H,

b) normalised using l.

phase velocity under the effects of gravity. This trend
is observed only for lower values of wave number, no
such difference is observed for the higher values of wave
number. This finding is quite similar to the one ob-
served by Love (1911).

5.2. Effects of thickness of liquid layer

Effects of thickness of liquid layer on phase velocity
of Rayleigh waves are shown in Fig. 4a and 4b. For
the curves in Fig. 4a and 4b the value of gravity is
g = 9.8 m/s2, characteristic length parameter is l =
0.0001 m and the value of thickness of liquid layer is
H = 0.001 m, 0.002 m, 0.004 m for H1, H2 and H3
curves respectively. From the figures it is clear that the
thickness of liquid layer has a prominent effect on phase
velocity of Rayleigh waves and it is seen that increasing
value of thickness of liquid layer has an adverse effect
on phase velocity of Rayleigh waves. Phase velocity
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a)

b)

Fig. 4. Phase velocity profile of Rayleigh waves under grav-
ity against wave number showing effects of thickness of liq-
uid layer: a) normalised using H, b) normalised using l.

is found to be decreasing with the increasing value of
thickness of liquid layer. Again, thickness (H) of the
layer is used for normalizing the wave number (ξ) in
Fig. 4a and characteristic length (l) is used for the
same in Fig. 4b.

5.3. Effects of characteristic length
of couple stress half space

Figures 5a and 5b show the effects of microstruc-
tural parameter characteristic length (l) of the un-
derlying couple stress substrate on phase velocity of
Rayleigh waves in the presence of both gravity and liq-
uid loadings. The values of the various parameters are
H = 0.002 m, g = 9.8 m/s2 and five values of charac-
teristic length parameter are l = 0.00009 m, 0.0001 m,
0.0002 m, 0.0003 m, 0.0005 m for the curves L1, L2,
L3, L4, L5 respectively. From the figures it can be

a)

b)

Fig. 5. Phase velocity profile of Rayleigh waves under grav-
ity against wave number showing effects of characteristic

length: a) normalised using H, b) normalised using l.

concluded that increasing value of characteristic length
favours phase velocity of Rayleigh waves. For a same
wave number the value of phase velocity is higher with
the increasing value of characteristic length parame-
ter (l).

6. Conclusion

The behaviour of Rayleigh waves propagating in
a couple stress half space under the effects of gravity
and loaded with homogeneous inviscid liquid layer of
finite thickness or a liquid half space has been studied
in this paper. The properties of Rayleigh waves get
affected by thickness of loaded liquid and properties of
underlying solid half space. Following observations can
be made from the present analysis:

1) Rayleigh waves are found to be dispersive in na-
ture, under the model considered in the problem.
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It can be observed that for the small values of
wave number the phase velocity of Rayleigh waves
is high, which decreases with the increase in wave
number and then becomes almost constant for the
higher values of wave numbers.

2) It is found that gravity has minor effect on the
propagation of Rayleigh wave velocity and these
are visible only for the lower values wave number.
Phase velocity of Rayleigh waves decreases due to
the presence of gravity.

3) The effect of liquid loading is observed by tak-
ing three different values of thickness of liquid
layer and it is found that thickness of liquid
layer has notable effects on phase velocity of
Rayleigh waves. It is observed that phase veloc-
ity of Rayleigh waves decreases with the increase
in the thickness of liquid layer.

4) Effects of characteristic length parameter involved
in couple stress theory which measures internal
microstructures of the material are also studied on
the propagation of Rayleigh waves and it is found
that characteristic length parameter has profound
effects on Rayleigh wave velocity. Study has been
made by considering five different values of char-
acteristic length parameter and it is observed that
for a same wave number the value of phase velocity
is higher with the increasing value of characteristic
length parameter.

Dispersion characteristics of Rayleigh waves ob-
tained in the article may be used to estimate the fre-
quency of excited waves employed to scan the bodies
of bedridden patients or other bones related problems.
In addition, Rayleigh waves have large number of ap-
plications in various engineering and scientific fields
like seismology, geophysics and non-destructive test-
ing of structures. A structure surrounded by liquid is
a natural occurring phenomenon in the fields like oil
exploration at oceanic bed or under water NDT appli-
cations.

As the proposed model incorporates microstruc-
tural and gravitational effects so, it may provide
some modifications to existing methods of the non-
destructive techniques which are based on classical the-
ory. This model may also find some possible applica-
tions in the fields of biomedical sciences, seismology
and geophysics.
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