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Optimal Design for Multi-Diffuser Mufflers
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In this paper, a four-pole system matrix for evaluating acoustic performance (STL) is derived using a de-
coupled numerical method. During the optimization process, a simulated annealing (SA) method, which is
a robust scheme utilized to search for the global optimum by imitating a physical annealing process, is used.
Prior to dealing with a broadband noise, to recheck the SA method’s reliability, the STL’s maximization relative
to a one-tone noise (400 Hz) is performed. To assure the accuracy of muffler’s mathematical model, a theoretical
analysis of one-diffuser muffler is also confirmed by an experimental data. Subsequently, the optimal results of
three kinds of mufflers (muffler A: one diffuser; muffler B: two diffusers; muffler C: three diffusers) have also
been compared. Results reveal that the acoustical performance of mufflers will increase when the number of
diffusers installed at the muffler inlet increases.
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Nomenclature

This paper is constructed on the basis of the fol-
lowing notations:

T∗
ij – components of a four-pole transfer system matrix,
T0 – initial temperature [○C],
Si – section area at the i-th node [m2],
T – temperature [○C],
c0 – sound speed [m/s],

dHi – the diameter of the i-th diffuser’s perforated hole [m],
Di – diameter of the i-th tubes [m],
Do – diameter of the outer tube [m],
f – frequency [Hz],

iter – maximum number of iteration,
j – imaginary unit (=

√

−1),
k – wave number (= ω

c0
),

kk – cooling rate,
LAi, LBi – lengths of non-perforated part for the i-th diffu-

ser [m],
LCi – lengths of perforate part for the i-th perforated plug

ducts [m],
Lo – total length of the muffler [m],
Mi – mean flow Mach number at the i-th node,

OBJ – objective function [dB],
pb(T ) – transition probability,

pi – acoustic pressure at the i-th node [Pa],
Q – volume flow rate of a venting gas [m3/s],

RT∗∗
1 −RT∗∗

15 – design parameter for muffler C,
RT∗

1 −RT∗
11 – design parameter for muffler B,

RT1 −RT7 – design parameter for muffler A,
STL – sound transmission loss [dB],

SWLI – unsilenced sound power level inside the muf-
fler’s inlet [dB],

SWLO – overall sound power level inside the muffler’s
output [dB],

TCij – components of a four-pole transfer matrix for
an acoustical mechanism with a contracted per-
forated intruding tube,

TEij – components of a four-pole transfer matrix for
an acoustical mechanism with an expanded per-
forated intruding tube,

ti – the thickness of the i-th inner perforated tu-
be [m],

TPij – components of a four-pole transfer matrix for
an acoustical mechanism with a diffuser,

TSij – components of a four-pole transfer matrix for
an acoustical mechanism with straight ducts,

ui – acoustic particle velocity at the i-th node [m/s],
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uij – acoustical particle velocity passing through a perfo-
rated hole from the i-th node to the j-th node [m/s],

V – mean flow velocity at the inner perforated tube
[m/s],

ρi – acoustical density at the i-th node [m3/s],
ξ – specific acoustical impedance of the inner perforated

tube,
σi – a porosity of the i-th diffuser,
γi – i-th eigen value of [H],
γγi – i-th eigen value of [HH],

[Ω]4×4 – model matrix formed by four sets of eigen vectors
Ω4×1 of [H]4×4,

[ΩΩ]4×4 – model matrix formed by four sets of eigen vectors
ΩΩ4×1 of [HH]4×4.

1. Introduction

Enormous effort has been applied to the research
of mufflers hybridized with perforated tubes. In deal-
ing with high noise emitted from venting, a perforated
plug tube installed at the muffler inlet is often used in
today’s factories. However, the acoustical performance
of mufflers equipped with a one-ayer diffuser is still in-
sufficient. In order to promote acoustic performance,
a design and theoretical assessment on multiple perfo-
rated diffusers is then proposed. To overcome an ex-
haust noise emitted from a venting system, the assess-
ment of perforated elements used in mufflers was ini-
tiated by Sullivan and Crocker (1978). They pre-
sented a series of theories and numerical techniques in
decoupling the acoustical problems; however, the re-
strictions of non-flow and the problems’ unstable solu-
tions still existed. To overcome this drawback, Munjal
(1987) and Peat (1988), then promulgated the gen-
eralized and numerical decoupling methods. Yet, the
need to investigate the optimal muffler design within
a constrained space was rarely tackled. In previous
work (Yeh et al., 2004; 2006; Chang et al., 2004;
2005), the studies of optimal shape design in improv-
ing the performance of STL for various non-perforated
mufflers were discussed. And, to depress the noise wave
emitted from the machine casing, an optimally shaped
one-layer close-fitting acoustical hood around the noise
source was also presented (Chiu, 2014a). In addition,
in order to eliminate pure tones that occurred in in-
dustrial plant, a hybrid model of broadband muffler
conjugated with Helmholtz resonators was then estab-
lished (Chiu, 2012); however, because of the draw-
back of dust accumulation inside the Helmholtz reso-
nator, a new muffler design using side branch resona-
tors that can easily remove the dust was adopted
(Chiu, 2014b). Moreover, considering the high-order-
wave effect, the acoustic performance of a one-chamber
expansion muffler was explored using an eigen-function
method (Chiu, Chang, 2014). In order to efficiently
improve the performance of the noise control device,
Chiu (2009a) analyzed a muffler equipped with a one-
layer perforated diffuser using a SA method. Here, the
reactive part designed in above muffler researches was

one diffuser only. For a high noise emitted from a vent-
ing process, the acoustical performance of a one dif-
fuser muffler is insufficient. Therefore, in order to in-
crease the noise reduction of the mufflers, a new as-
sessment of mufflers equipped with multi-layer perfo-
rated diffusers is presented. Here, three kinds of muf-
flers (muffler A; a one-diffuser muffler; muffler B; a two-
diffuser muffler; muffler C; a three-diffuser muffler) are
introduced. Also note: the numerical decoupling me-
thods used in forming a four-pole matrix are in line
with the simulated annealing method.

2. Mathematical model of the mufflers

Three kinds of multi-diffuser mufflers have been
adopted for noise elimination in the diesel engine room
shown in Fig. 1. Before the acoustical fields are ana-
lyzed, the acoustical fields and related outline di-
mensions of the mufflers are shown in Figs 2–4. As
derived in previous work (Chiu, 2009a; 2013) and
shown in Appendix, individual transfer matrices with
respect to straight ducts, diffusers, and sudden ex-
panded/contracted ducts are described below.

Fig. 1. Noise elimination for a space-constrained diesel en-
gine.

Fig. 2. The outline dimension of muffler A equipped with
a one-layer diffuser.

Fig. 3. The outline dimension of muffler B equipped with
two layers of diffusers.
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Fig. 4. The outline dimension of muffler C equipped with
three layers of diffusers.

2.1. Muffler A (a one-diffuser muffler)

As seen in previous work (Chiu, 2009a; 2013), the
four-pole matrix of the straight ducts (as shown in
Fig. 2) between nodes 1 and 2 is

(
p1

ρoc0u1

) = f1(Li,Di,Mi)

⋅ [
TS11,1 TS11,2

TS12,1 TS12,2

](
p2

ρoc0u2

). (1)

The four-pole matrix between nodes 2 and 3 is

[
p2

ρoc0u2

] = [
TP11,1 TP11,2

TP12,1 TP12,2

] [
p3

ρoc0u3

]. (2)

Similarly, the four-pole matrix between nodes 3 and
4 is

[
p3

ρoc0u3

] = [
TE11,1 TE11,2

TE12,1 TE12,2

] [
p4

ρoc0u4

]. (3)

The four-pole matrix between nodes 4 and 5 is

(
p4

ρoc0u4

) = f2(Li,Di,Mi)

⋅ [
TS21,1 TS21,2

TS22,1 TS22,2

](
p5

ρoc0u5

). (4)

In addition, the four-pole matrix between nodes 5 and
6 is

[
p5

ρoc0u5

] = [
TC11,1 TC11,2

TC12,1 TC12,2

] [
p6

ρoc0u6

]. (5)

And, the four-pole matrix between nodes 6 and 7 is

(
p6

ρoc0u6

) = f3(Li,Di,Mi)

⋅ [
TS31,1 TS31,2

TS32,1 TS32,2

](
p7

ρoc0u7

). (6)

The total transfer matrix assembled by multiplica-
tion is

(
p1

ρoc0u1
)=f1(Li,Di,Mi)f2(Li,Di,Mi)f3(Li,Di,Mi)

⋅ [
TS11,1 TS11,2

TS12,1 TS12,2
][
TP11,1 TP11,2

TP12,1 TP12,2
][
TE21,1 TE21,2

TE22,1 TE22,2
]

⋅ [
TS21,1 TS21,2

TS22,1 TS22,2
][
TC11,1 TC11,2

TC12,1 TC12,2
][
TS31,1 TS31,2

TS32,1 TS32,2
]

⋅(
p7

ρoc0u7
). (7)

A simplified form is expressed in a matrix as

(
p1

ρoc0u1
) = [

T ∗11 T
∗

12

T ∗21 T
∗

22

](
p7

ρoc0u7
). (8)

The sound transmission loss (STL) of muffler A is
defined as (Munjal, 1987)

STL1(Q,f,X1) = 20 log(
∣T ∗11 + T

∗

12 + T
∗

21 + T
∗

22∣

2
)

+ 10 log (
S1

S7
), (9)1

X1 = (RT1,RT2,RT3,RT4,RT5,RT6,RT7) , (9)2

RT1 = L3/Lo, RT2 = LZ/L3,

RT3 = LC1/LZ , RT4 = σ1,

RT5 = dH1, RT6 =D1/Do,

RT7 =D2/Do.

(9)3

2.2. Muffler B (a two-diffuser muffler)

Similarly, as shown in Fig. 3, the acoustical four-
pole matrices of straight elements between nodes 1–2
and nodes 6–7, and nodes 8–9 are the same as those
shown in Eqs (1), (4), and (6). The acoustical four-pole
matrices of expansion ducts between nodes 3–4 and
nodes 5–6 are the same as those in Eq. (3). And, the
four-pole matrix of a contraction duct between nodes
7–8 is the same as those illustrated in Eq. (5). As de-
rived in Appendix, the four-pole matrices of two dif-
fusers between nodes 2–3 and nodes 4–5 can be derived.

Consequently, the total transfer matrix assembled
by multiplication is

(
p1

ρocou1
)=f1(Li,Di,Mi)f2(Li,Di,Mi)f3(Li,Di,Mi)

⋅ [
TS11,1 TS11,2

TS12,1 TS12,2
][
TP11,1 TP11,2

TP12,1 TP12,2
][
TE11,1 TE11,2

TE12,1 TE12,2
]

⋅ [
TP21,1 TP21,2

TP22,1 TP22,2
][
TE21,1 TE21,2

TE22,1 TE22,2
][
TS21,1 TS21,2

TS22,1 TS22,2
]

⋅ [
TC11,1 TC11,2

TC12,1 TC12,2
][
TS31,1 TS31,2

TS32,1 TS32,2
](

p9

ρocou9
). (10)
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The sound transmission loss (STL) of muffler B is
defined as (Munjal, 1987)

STL2(Q,f,X2) = 20 log(
∣T ∗11 + T

∗

12 + T
∗

21 + T
∗

22∣

2
)

+ 10 log (
S1

S9
), (11)1

X2 = (RT ∗1 ,RT
∗

2 ,RT
∗

3 ,RT
∗

4 ,RT
∗

5 ,RT
∗

6 ,RT
∗

7 ,

RT ∗8 ,RT
∗

9 ,RT
∗

10,RT
∗

11) , (11)2

RT ∗1 = L3/Lo, RT ∗2 = LZ/L3

RT ∗3 = LA2/LZ , RT ∗4 = LC1/LA2,

RT ∗5 = σ1, RT ∗6 = dH1,

RT ∗7 = σ2, RT ∗8 = dH2,

RT ∗9 =D1/Do, RT ∗10 =D2/Do,

RT ∗11 =D3/Do.

(11)3

2.3. Muffler C (a three-diffuser muffler)

Likewise, as derived in Eqs (10), (11), and in Ap-
pendix, the total transfer matrix of the mufflers shown
in Fig. 4 is assembled by multiplication as

(
p1

ρocou1
)=f1(Li,Di,Mi)f2(Li,Di,Mi)f3(Li,Di,Mi)

⋅ [
TS11,1 TS11,2

TS12,1 TS12,2
][
TP11,1 TP11,2

TP12,1 TP12,2
][
TE11,1 TE11,2

TE12,1 TE12,2
]

⋅ [
TP21,1 TP21,2

TP22,1 TP22,2
][
TE21,1 TE21,2

TE22,1 TE22,2
][
TP31,1 TP31,2

TP32,1 TP32,2
]

⋅ [
TE31,1 TE31,2

TE32,1 TE32,2
][
TS21,1 TS21,2

TS22,1 TS22,2
][
TC11,1 TC11,2

TC12,1 TC12,2
]

⋅ [
TS31,1 TS31,2

TS32,1 TS32,2
](

p11

ρocou11
). (12)

The sound transmission loss (STL) of muffler C can
be defined as (Munjal, 1987)

STL3(Q,f,X3) = 20 log(
∣T ∗11 + T

∗

12 + T
∗

21 + T
∗

22∣

2
)

+ 10 log (
S1

S11
) , (13)1

X3 = (RT ∗∗1 ,RT ∗∗2 ,RT ∗∗3 ,RT ∗∗4 ,RT ∗∗5 ,RT ∗∗6 ,

RT ∗∗7 ,RT ∗∗8 ,RT ∗∗9 ,RT ∗∗10 ,RT
∗∗

11 ,

RT ∗∗12 ,RT
∗∗

13 ,RT
∗∗

14 ,RT
∗∗

15 ) , (13)2

RT ∗∗1 = L3/Lo, RT ∗∗2 = LZ/L3,

RT ∗∗3 = LA3/LZ , RT ∗∗4 = LA2/LA3,

RT ∗∗5 = LC1/LA2, RT ∗∗6 = σ1,

RT ∗∗7 = dH1, RT ∗∗8 = σ2,

RT ∗∗9 = dH2, RT ∗∗10 = σ3,

RT ∗∗11 = dH3, RT ∗∗12 =D1/Do,

RT ∗∗13 =D2/Do, RT ∗∗14 =D3/Do,

RT ∗∗15 =D4/Do.

(13)3

2.4. Overall sound power level

The silent octave sound power level emitted from
the k-th muffler’s outlet is

SWLOk−i = SWLI(fi) − STLk(fi), (14)

where SWLI(fi) is the original SWL at the inlet of
a muffler (or pipe outlet), fi is the relative octave band
frequency, STLk(fi) is the k-th muffler’s STL with re-
spect to the relative octave band frequency (fi), and
SWLOk−i is the silenced SWL at the outlet of the k-th
muffler with respect to the relative octave band fre-
quency.

Finally, the overall SWLOk silenced by the k-th
muffler (with a k-layer diffuser) at the outlet is

SWLOk = 10 log{
n

∑
i=1

10SWLk−i/10
}

= 10 log{10[SWLI(f1)−STLk(f1)]/10.

+10[SWLI(f2)−STLk(f2)]/10

+10[SWLI(f3)−STLk(f3)]/10
+ ...

+10[SWLI(fn)−STLk(fn)]/10
}. (15)

2.5. Objective function

2.5.1. STL maximization for a tone (f) noise

The objective functions in maximizing the STL at
a pure tone (f) are

OBJ11 = STL1(Q,f,RT1,RT2,RT3,RT4,

RT5,RT6,RT7), (16)1

OBJ12 = (Q,f,RT ∗1 ,RT
∗

2 ,RT
∗

3 ,RT
∗

4 ,RT
∗

5 ,RT
∗

6 ,

RT ∗7 ,RT
∗

8 ,RT
∗

9 ,RT
∗

10,RT
∗

11), (16)2

OBJ13 = (Q,f,RT ∗∗1 ,RT ∗∗2 ,RT ∗∗3 ,RT ∗∗4 ,RT ∗∗5 ,

RT ∗∗6 ,RT ∗∗7 ,RT ∗∗8 ,RT ∗∗9 ,RT ∗∗10 ,

RT ∗∗11 ,RT
∗∗

12 ,RT
∗∗

13 ,RT
∗∗

14 ,RT
∗∗

15 ). (16)3
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The related ranges of the parameters are
Q = 0.033 m3/s, Lo = 2.2 m, Do = 0.3 m;

RT 1 = [0.7,0.9], RT 2 = [0.7,0.9],

RT 3 = [0.5,0.8], RT 4 = [0.01,0.1],

RT 5 = [0.005,0.015], RT 6 = [0.1,0.5],

RT 7 = [0.1,0.5];

(17)1

RT ∗

1 = [0.7,0.9], RT ∗

2 = [0.7,0.9],

RT ∗

3 = [0.5,0.8], RT ∗

4 = [0.2,0.8],

RT ∗

5 = [0.01,0.1], RT ∗

6 = [0.005,0.015],

RT ∗

7 = [0.01,0.1], RT ∗

8 = [0.005,0.015],

RT ∗

9 = [0.1,0.3], RT ∗

10 = [0.4,0.8],

RT ∗

11 = [0.1,0.5],

(17)2

RT ∗∗

1 = [0.7,0.9], RT ∗∗

2 = [0.7,0.9],

RT ∗∗

3 = [0.5,0.8], RT ∗∗

4 = [0.2,0.8],

RT ∗∗

5 = [0.2,0.8], RT ∗∗

6 = [0.01,0.1],

RT ∗∗

7 = [0.005,0.015], RT ∗∗

8 = [0.01,0.1],

RT ∗∗

9 = [0.005,0.015], RT ∗∗

10 = [0.01,0.1],

RT ∗∗

11 = [0.005,0.015], RT ∗∗

12 = [0.1,0.3],

RT ∗∗

13 = [0.4,0.8], RT ∗∗

14 = [0.7,0.8],

RT ∗∗

15 = [0.1,0.5].

(17)3

2.5.2. SWL minimization for a broadband noise

To minimize the overall SWLT , the objective func-
tion is

OBJ21 = SWLT−1(Q,f,RT1,RT2,RT3,RT4,RT5,

RT6,RT7), (18)1

OBJ22 = SWLT−2(Q,f,RT
∗

1 ,RT
∗

2 ,RT
∗

3 ,RT
∗

4 ,RT
∗

5 ,

RT ∗6 ,RT
∗

7 ,RT
∗

8 ,RT
∗

9 ,RT
∗

10,RT
∗

11), (18)2

OBJ23 = SWLT−3(Q,f,RT
∗∗

1 ,RT ∗∗2 ,RT ∗∗3 ,RT ∗∗4 ,

RT ∗∗5 ,RT ∗∗6 ,RT ∗∗7 ,RT ∗∗8 ,RT ∗∗9 ,RT ∗∗10 ,

RT ∗∗11 ,RT
∗∗

12 ,RT
∗∗

13 ,RT
∗∗

14 ,RT
∗∗

15 ). (18)3

3. Model check

Before performing the SA optimal simulation on
mufflers, an accuracy check of the mathematical model
on the one-chamber perforated plug muffler is per-
formed using the experimental data from (Sullivan,
1979a; 1979b) and (Peat, 1988). As indicated in Fig. 5,
accuracy between the theoretical and experimental
data for a muffler equipped with a diffuser is in agree-
ment. Therefore, the proposed fundamental mathe-
matical models of mufflers equipped with concentric

Fig. 5. Performance of a one-chamber perforated plug muf-
fler with the mean flow (M1 = M2 = 0.05, D1 = 0.0493 m,
Do = 0.1016 m, LC1 = LC2 = 0.1286 m, L1 = L2 = 0.1 m,
LA1 = LB2 = 0.0 m, t = 0.081 m, dH1 = dH2 = 0.00249 m,
η1 = η2 = 0.037). [Experimental data is from (Sullivan,

1979a; 1979b)].

multi-layer diffusers are acceptable. Consequently, the
model linked with the numerical method is applied to
the shape optimization in the following section.

4. Parameter sensitivity analysis

In order to understand the influence of the de-
sign parameters for a muffler with multi-layer diffuser,
an investigation of the acoustical influence with re-
spect to the design parameters in muffler B is exem-
plified and assessed. By conducting the design para-
meters into Eq. (11), the resulting STLs with respect
to the design parameters RT∗

1–RT
∗

11 have be explored
and shown in Figs 6–9. As indicated in Figs 6–9, the
STL is influenced by the design parameters RT∗

1–RT
∗

11.
As can be seen in Fig. 8 and Fig. 9, the STL is in-
versely proportional to both the perforated hole’s dia-
meter (dH2 in the 2nd diffuser) and the outlet’s diame-
ter (D3). Obviously, all the design parameters are es-
sential during the optimization process. Therefore, the
design parameters RT1–RT7 in muffler A, the design
parameters RT∗

1–RT
∗

11 in muffler B, and the design pa-
rameters RT∗∗

1 –RT∗

15 in muffler C are recognized to
be the most important design parameters and will be
considered to adopt in the following muffler design
work.
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RT1
*/RT2

*/RT3
*/RT4

*

ST
L 

[d
B]

RT1
* (= L3/Lo)

RT2
* (= Lz/L3)

RT3
* (= LA2/L3)

RT4
* (= LC1/LA2)

Fig. 6. The STL with respect to parameter RT∗
1(L3/Lo),

RT∗
2 (Lz/L3), RT∗

3 (LA2/L3), and RT∗
4 (LC1/LA2) at 400 Hz

(muffler B).

RT6
* (= dΗ1)

RT8
* (= dΗ2)

RT6
*/RT8

*

ST
L 

[d
B]

Fig. 8. The STL with respect to parameter RT∗
6 (dH1) and

RT∗
8 (dH2) at 400 Hz (muffler B).

5. Muffler design

To reduce the huge venting noise emitted from
the diesel engine’s outlet, three kinds of mufflers
equipped with multi-layer diffusers (mufflers A–C)
are adopted. To obtain a best acoustical performance
within a fixed space, numerical assessments linked
to a SA optimizer are applied. As indicated in Fig. 1,
a space-constrained diesel engine with 150 hp and
2000 RPM has a venting flow rate Q of 0.033 m3/s.
According to the formula from (Bie, Hansen, 1988),

Table 1. Unsilenced SWL of an engine inside a duct outlet.

Frequency [Hz] 125 250 500 1000 2000 overall
SWL = 120 + 10 log10 kw − (lex/1.2) [dB] 140.2 140.2 140.2 140.2 140.2

Spectrum correction [dB] −3 −7 −15 −19 −25
A-weighted −16 −9 −3 −0 +1

SWLO [dB(A)] 121.2 124.2 122.2 121.2 116.2 128.7

RT5
*/RT7

*

ST
L 

[d
B]

RT5
* (= σ1)

RT7
* (= σ2)

Fig. 7. The STL with respect to parameter RT∗
5 (σ1) and

RT∗
7 (σ2) at 400 Hz (muffler B).

ST
L 

[d
B]

RT9
*/RT10/RT11

**

RT9
* (= D1/Do) 

RT10 (= D2/Do) 
RT11 (= D3/Do)*

*

Fig. 9. The STL with respect to parameter RT∗
9 (D1/Do),

RT∗
10 (D2/Do), and RT∗

11 (D3/Do) at 400 Hz (muffler B).

an overall sound power level (SWL) emitted from the
diesel engine at the exhaust outlet tube is predicted as

SWL = 120 + 10 log10 kw − (lex/1.2), (19)

where lex = 0.3 m is the length of the exhaust outlet
tube. The primary spectrum of the diesel engine’s ex-
haust SWL inside the pipe outlet (muffler’s inlet) is
calculated and shown in Table 1. As indicated in Ta-
ble 1, the sound power level (SWL) inside the diesel
engine’s outlet reaches 128.7 dB(A).
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Before the muffler optimization is performed, a re-
liability check of the SA method by the maximization
of the STL at a targeted tone (400 Hz) is performed.
As shown in Fig. 1, the available space for a muffler is
0.3 m in width, 0.3 m in height, and 2.2 m in length.
The corresponding OBJ functions, space constraints,
and the ranges of design parameters are summarized
in Eqs (16)–(18).

6. Simulated annealing method

Evolutionary algorithms (EAs), which search for
appropriate global solutions in engineering problems,
have been widely discussed for two decades. Here, sim-
ulated annealing (SA) is recognized as one of the best
stochastic search method. Because there is no need to
choose starting data that is necessary for the classical
gradient methods of EPFM, IPFM and FDM (Chang
et al., 2005), the SA becomes convenient during the
numerical assessment.

Simulated annealing (SA) was first introduced by Me-
tropolis et al. (1953) and further developed by Kirk-
patrick et al. (1983). According to the philosophy of SA,
the desired objective function is to bring the system
from an arbitrary initial state to one with minimum
possible energy. Because of annealing, which is a heat-
ing process that stabilizes a metal’s temperature while
slowing cooling it, the particles remain close to the
minimum energy state. In order to emulate the SA’s
evolution, a new random solution (X ′) is chosen from
the neighborhood of the current solution. If, conceivab-
ly, there is a negative change in the objective function
(∆F ≤ 0), the new solution will be recognized as the
new current solution. If, conversely, there is not a nega-
tive change, the probability (pb(X ′)) of a transition to
the new state will be calculated using the Boltzmann
factor (pb(X ′) = exp(∆F /CT )) where C and T are the
Boltzmann constant and the current temperature

pb(X ′
) = {

1, ∆F ≤ 0,

exp (−∆F
CT

), ∆F > 0,

∆F = F (X ′
) − F (X).

(20)

Table 2. Optimal STL for muffler A (equipped with two layers of diffusers)
at various SA parameters (targeted tone of 400 Hz).

SA parameter Design parameters Result
iter kk RT∗

1 RT∗
2 RT∗

3 RT∗
4 RT∗

5 RT∗
6 RT∗

7 RT∗
8 RT∗

9 RT∗
10 RT∗

11 STL500 Hz [dB]
50 0.90 0.8529 0.8529 0.7294 0.6588 0.07882 0.012650 0.07882 0.012650 0.2529 0.7059 0.4059 44.22
50 0.92 0.8579 0.8579 0.7369 0.6738 0.08107 0.012900 0.08107 0.012900 0.2579 0.7159 0.4159 44.87
50 0.94 0.8783 0.8783 0.7674 0.7348 0.09022 0.013910 0.09022 0.013910 0.2783 0.7565 0.4565 59.17
50 0.96 0.7123 0.7123 0.5185 0.2370 0.01554 0.005616 0.01554 0.005616 0.1123 0.4246 0.1246 66.76
50 0.98 0.7177 0.7177 0.5265 0.2531 0.01796 0.005885 0.01796 0.005885 0.1177 0.4354 0.1354 62.40
100 0.96 0.7084 0.7084 0.5126 0.2252 0.01378 0.005420 0.01378 0.005420 0.1084 0.4168 0.1168 72.07
200 0.96 0.8714 0.8714 0.7571 0.7143 0.08714 0.013570 0.08714 0.013570 0.2714 0.7428 0.4428 81.70
2000 0.96 0.7000 0.7000 0.5001 0.2001 0.01002 0.005002 0.01002 0.005002 0.1000 0.4001 0.1001 91.32
20000 0.96 0.7000 0.7000 0.5001 0.2001 0.01002 0.005002 0.01002 0.005002 0.1000 0.4001 0.1001 91.32

For the purpose of escaping from the local opti-
mum, SA also permits movement that results in infe-
rior solutions (uphill movement). Hence, if the transi-
tion property (pb(X ′)) is greater than a random num-
ber of rand(0,1), the new inferior solution, which re-
sults in a higher energy condition, will be accepted;
if not, it will be rejected. Each successful substitution
of the new current solution will conduct to the decay of
the current temperature as

Tnew = kk ⋅ Told, (21)

where kk is the cooling rate. This process will be re-
peated until the preset iter of the outer loop is reached
(Chiu, 2009b; 2010a; 2010b).

7. Results and discussion

7.1. Results

To achieve good optimization, two kinds of SA pa-
rameters including kk (cooling rate) and iter (maxi-
mum iteration) are varied step by step:

kk(0.90,0.92,0.94,0.96,0.98);

iter(50,100,200,2000,20000).

Two results of optimization (one, pure tone noises
used for the SA’s accuracy check; and the other,
a broadband noise occurring in a diesel engine outlet)
are described below.

7.1.1. Pure tone noise optimization

Before dealing with a broadband noise for muf-
fler A–C, the STLs maximization for muffler B with
respect to a one-tone noise (400 Hz) is introduced
for a reliability check on the SA method. By using
Eq. (16)2, the maximization of the STL with respect to
muffler B (a muffler equipped with two-layer diffusers)
at the specified pure tone (400 Hz) was performed
first. As indicated in Table 2, optimal design data can
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be obtained at the eighth set of the SA parameters
at (kk, iter) = (0.96, 2000). Using the optimal design
in a theoretical calculation, the optimal STL curves
with respect to various SA parameters (kk, iter) are
plotted and depicted in Figs 10 and 11. As revealed in
Figs 10 and 11, the STL is precisely maximized at the

ST
L 

[d
B]

Frequency [Hz]

kk = 0.90, iter = 50
kk = 0.92, iter = 50
kk = 0.94, iter = 50
kk = 0.96, iter = 50
kk = 0.98, iter = 50

400 Hz

Fig. 10. STL with respect to various kk (muffler B: target
tone = 400 Hz).

400 Hz

ST
L 

[d
B]

Frequency [Hz]

kk = 0.96, iter = 50
kk = 0.96, iter = 100
kk = 0.96, iter = 200
kk = 0.96, iter = 2000 

Fig. 11. STL with respect to various iter (muffler B: target
tone = 400 Hz).

Table 3. Optimal design data for three kinds of mufflers (mufflers A–C) (at a targeted tone of 400 Hz)
(kk = 0.96, iter = 2000).

Muffler Design parameters Result

A
RT1 RT2 RT3 RT4 RT5 RT6 RT7 STL400 Hz [dB]
0.8998 0.8998 0.7997 0.09990 0.01499 0.4995 0.4995 64.92

B
RT∗

1 RT∗
2 RT∗

3 RT∗
4 RT∗

5 RT∗
6 RT∗

7 RT∗
8 RT∗

9 RT∗
10 RT∗

11 STL400 Hz [dB]
0.7000 0.7000 0.5001 0.2001 0.01002 0.005002 0.01002 0.005002 0.1000 0.4001 0.1001 91.32

C

RT∗∗
1 RT∗∗

2 RT∗∗
3 RT∗∗

4 RT∗∗
5 RT∗∗

6 RT∗∗
7 RT∗∗

8 RT∗∗
9 RT∗∗

10 RT∗∗
11 STL400 Hz [dB]

0.7000 0.7000 0.5001 0.2001 0.2001 0.01002 0.0050 0.01002 0.0050 0.01002 0.005002 95.5
RT∗∗

12 RT∗∗
13 RT∗∗

14 RT∗∗
15

0.1000 0.4000 0.7000 0.1001

ST
L 

[d
B]

Frequency [Hz]

400 Hz

STL for muffler A 
STL for muffler B 
STL for muffler C 

Fig. 12. Comparison of the optimal STLs of three kinds
of mufflers (mufflers A, B, and C) optimized at a targeted

tone of 400 Hz.

desired frequency of 400 Hz. Therefore, the SA opti-
mizer is reliable in the optimization process. Using the
same SA parameters (kk, iter) in mufflers A and C,
the optimal STL curves of mufflers A–C are obtained
in Table 3 and plotted in Fig. 12. As illustrated in
Table 3, the STLs of mufflers A–C at 400 Hz reach
64.92 dB, 91.32 dB, and 95.5 dB, respectively.

7.1.2. Broadband noise optimization

Similarly, adopting the same SA parameters of (kk,
iter) = (0.96, 2000) and minimizing the broadband
noise at SWLT−1, SWLT−2, and SWLT−3 (mufflers
A–C), the resulting design parameters are obtained
and shown in Table 4. Using the optimal design pa-
rameters in a theoretical calculation, an optimal STL
curves with respect to various mufflers A–C are plot-
ted and depicted in Fig. 13. As illustrated in Table 4
and Fig. 13, the resultant sound power levels with re-
spect to three kinds of mufflers have been reduced
from 128.7 dB(A) to 102.2 dB(A), 78.34 dB(A), and
66.75 dB(A).
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Table 4. Optimal design data for three kinds of mufflers (mufflers A–C) (broadband noise)
(kk = 0.96, iter = 2000).

Muffler Design parameters Result

A
RT1 RT2 RT3 RT4 RT5 RT6 RT7 SWLT [dB(A)]
0.7063 0.7063 0.5094 0.01281 0.005313 0.1125 0.1125 102.2

B
RT∗

1 RT∗
2 RT∗

3 RT∗
4 RT∗

5 RT∗
6 RT∗

7 RT∗
8 RT∗

9 RT∗
10 RT∗

11 SWLT [dB(A)]
0.7063 0.7063 0.5094 0.2188 0.01281 0.005313 0.01281 0.005313 0.1063 0.4125 0.1125 78.34

C

RT∗∗
1 RT∗∗

2 RT∗∗
3 RT∗∗

4 RT∗∗
5 RT∗∗

6 RT∗∗
7 RT∗∗

8 RT∗∗
9 RT∗∗

10 RT∗∗
11 SWLT [dB(A)]

0.7056 0.7056 0.5084 0.2168 0.2168 0.01251 0.00527 0.01251 0.0053 0.01251 0.005279 66.75
RT∗∗

12 RT∗∗
13 RT∗∗

14 RT∗∗
15

0.1056 0.4056 0.7028 0.1112

Original SWLI 
STL for muffler A 
STL for muffler B 
STL for muffler C 

Frequency [Hz]

ST
L 

[d
B]

Fig. 13. Comparison of the optimal STLs of three kinds
of mufflers (mufflers A, B, and C) and the original SWL

(broadband noise elimination).

7.2. Discussion

In order to achieve an optimally shaped muffler, the
selection of design parameters is essential. An investi-
gation of the design parameters’ influence on muffler B
is introduced. The acoustical influence with respect to
design parameters RT∗

1–RT
∗

11 are shown in Figs 6–9.
Figures 6–9 indicate that the STL is tightly related
to the design parameters RT∗

1–RT
∗

11. Therefore, the
design parameters RT1–RT7 in muffler A, the design
parameters RT∗

1–RT
∗

11 in muffler B, and the design pa-
rameters RT∗∗

1 –RT∗∗

15 in muffler C are selected as the
optimization parameters.

To achieve a sufficient optimization, the selection
of an appropriate SA parameter set is essential. As
indicated in Table 2, the best SA set for muffler B
at the targeted pure tone of 400 Hz has been found at
the eighth set. The related STL curves with respect to
various SA parameters are plotted in Figs 10 and 11.
Figures 10 and 11 reveal that the predicted maximal
value of the STL is precisely located at the desired
frequency. Similarly, in dealing with pure tone noise
(400 Hz) in muffler A and muffler C, the profiles shown

in Fig. 12 indicate that the maximum STLs of the muf-
flers are also located at the specified frequency.

In dealing with broadband noise, the acoustical per-
formance for three kinds of mufflers (mufflers A, B,
and C) is shown in Table 4 and Fig. 13. As can be
observed in Table 4, the overall sound transmission
loss of a muffler equipped with one perforated diffuser
(muffler A) reaches 26.5 dB. And, the overall sound
transmission losses of a muffler equipped with two per-
forated diffusers (muffler B) reaches 50.5 dB. Further-
more, the overall STL of a muffler equipped with three
perforated diffusers (muffler C) arrives at 61.9 dB. It
is obvious that the acoustical performance of a muffler
equipped with diffusers installed at the muffler inlet
will increase if the number of diffusers increases.

8. Conclusion

It has been shown that mufflers hybridized with
multiple perforated diffusers can be efficiently opti-
mized within a limited space by using a decoupling
technique, a plane wave theory, a four-pole transfer
matrix, and an SA optimizer. As indicated in Table 2
and Figs 10 and 11, two kinds of SA parameters (kk
and iter) play essential roles in the solution’s accuracy
during SA optimization. Figures 10, 11, and 12 indicate
that the tuning ability established by adjusting de-
sign parameters in mufflers A–C is reliable. Moreover,
the appropriate design parameters for three kinds of
mufflers hybridized with multiple perforated diffusers
(mufflers A–C) have been assessed. Consequently, as
indicated in Table 4, the resulting SWLT with re-
spect to these mufflers are 102.2 dB(A), 78.3 dB(A),
and 66.8 dB(A). Obviously, the muffler hybridized with
more perforated diffusers is superior to the mufflers
equipped with fewer perforated diffusers.

Appendix
Transfer matrix of two perforated diffusers

As indicated in Fig. 14, the two diffusers are com-
posed of two concentric perforated tubes which are
closed at the end. The continuity equations and mo-
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Fig. 14. The acoustical mechanism of a muffler equipped
with two layers of perforated diffusers.

mentum equations of the first perforated diffuser with
respect to the inner and outer tubes at nodes 2
and 2A are

• first inner tube:
continuity equation (Sullivan, Crocker, 1978):

V
∂ρ2

∂x
+ ρo

∂u2

∂x
+

4ρo
D1

uu1 +
∂ρ2

∂t
= 0; (22)

momentum equation:

ρo (
∂

∂t
+ V1

∂

∂x
)u2 +

∂p2

∂x
= 0; (23)

• first outer tube:
continuity equation

ρo
∂u2A

∂x
−

4D1ρo
D2

2 −D
2
1

uu1 +
∂ρ2A

∂t
= 0, (24)

momentum equation

ρo
∂u2A

∂t
+
∂p2A

∂x
= 0. (25)

Assuming that the acoustic wave is a harmonic mo-
tion under the isentropic processes in ducts, then

p(x, t) = P (x) ⋅ ejωt,

P (x) = ρ(x) ⋅ c20.
(26)

Plugging Eqs (26) into Eqs (22)–(25) and doing a rear-
rangement yields

ρoc0
du2

dx
= − [jkp2 +

V2

c0
⋅
dp2

dx
+

4 ⋅ (p2 − p2A)

D1ς1
], (27)

ρoc0
du2A

dx
= − [jkp2A −

4D1 ⋅ (p2 − p2A)

(D2
2 −D

2
1ς1)

], (28)

ρoc0 (jku2 +
V1

c0
⋅
du2

dx
) = −

dp2

dx
, (29)

jρoc0ku2A = −
dp2A

dx
. (30)

Eliminating u5 and u5A yields

[(1 −M2
1 )

d2

dx2
− 2jM1k

d
dx

+ k2
]p2

−
4

D1ς1
[M1

d
dx

+ jk] (p2 − p2A) = 0, (31)

[
d2

dx2
+ k2

]p2A + j
4D1

(D2
2 −D

2
1)ς1

(p2 − p2A) = 0, (32)

or in a matrix form of

[
D2 + α1D + α2 α3D + α4

α5D + α6 D2 + α7D + α8
][

p2

p2A
]=[

0
0
]. (33)

Developing Eq. (33) yields

p′′2 + α1p
′

2 + α2p2 + α3p
′

2A + α4p2A = 0,

α5p
′

2 + α6p2 + p
′′

2A + α7p
′

2A + α8p2A = 0.
(34)

Setting p′2 =
dp2
dx = y1, p′2A =

dp2A
dx = y2, p2 = y3,

p2A = y4, it has

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

y′1

y′2

y′3

y′4

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

−α1 −α3 −α2 −α4

−α5 −α7 −α6 −α8

1 0 0 0

0 1 0 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

y1

y2

y3

y4

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (35)

Let
{y} = [Ω] {Γ} , (36)1

where

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

dp2/dx

dp2A/dx

p2

p2A

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

Ω1,1 Ω1,2 Ω1,3 Ω1,4

Ω2,1 Ω2,2 Ω2,3 Ω2,4

Ω3,1 Ω3,2 Ω3,3 Ω3,4

Ω4,1 Ω4,2 Ω4,3 Ω4,4

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

Γ1

Γ2

Γ3

Γ4

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (36)2

Let

[χ] = [Ω]
−1

[N] [Ω] =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

γ1 0 0 0

0 γ2 0 0

0 0 γ3 0

0 0 0 γ4

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (37)

The result is
{Γ ′

} = [χ] {Γ} . (38)

Plugging Eq. (38) into Eq. (36) yields

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

p2(x)

p2A(x)

ρoc0u2(x)

ρoc0u2A(x)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

H1,1 H1,2 H1,3 H1,4

H2,1 H2,2 H2,3 H2,4

H3,1 H3,2 H3,3 H3,4

H4,1 H4,2 H4,3 H4,4

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

k1

k2

k3

k4

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (39)
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Considering the boundary of x = 0 and x = LC1 yields

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

p2(0)

p2A(0)

ρoc0u2(0)

ρoc0u2A(0)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

= [H(0)]

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

k1

k2

k3

k4

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

p2(LC)

p2A(LC)

ρoc0u2(LC)

ρoc0u2A(LC)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

= [H(LC)]

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

k1

k2

k3

k4

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

(40)

Combining Eq. (40)1 with Eq. (40)2 yields

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

p2(0)

p2A(0)

ρoc0u2(0)

ρoc0u2A(0)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

= [A]

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

p2(LC)

p2A(LC)

ρoc0u2(LC)

ρoc0u2A(LC)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (41)

Rearranging Eq. (41) yields

[
p2(0)

ρoc0u2(0)
]=[

TP11,1 TP11,2

TP12,1 TP12,2

][
p2(LC1)

ρoc0u2(LC1)
], (42)1

or in the form of

[
p2

ρoc0u2

] = [
TP11,1 TP11,2

TP12,1 TP12,2

][
p3

ρoc0u3
]. (42)2

Subsequently, for the second perforated diffuser,
the acoustical relationship within nodes 4, 5, 4A,
and 5A is deduced as below:

• second inner tube:
continuity equation

V
∂ρ4

∂x′
+ ρo

∂u4

∂x′
+

4ρo
D2

uu2 +
∂ρ4

∂t
= 0, (43)

momentum equation

ρo (
∂

∂t
+ V2

∂

∂x′
)u4 +

∂p4

∂x′
= 0; (42)

• second outer tube:
continuity equation

ρo
∂u4A

∂x′
−

4D2ρo
D2

3 −D
2
2

u +
∂ρ4A

∂t
= 0, (44)

momentum equation

ρo
∂u4A

∂t
+
∂p4A

∂x′
= 0. (45)

Similarly, as derived in Eqs (26)–(42), the four-pole
matrix between nodes 4 and 5 yields

[
p4(0)

ρoc0u4(0)
]=[

TP21,1 TP21,2

TP22,1 TP22,2

][
p4(LC2)

ρoc0u4(LC2)
], (46)1

or in the form of

[
p4

ρoc0u4

]=[
TP21,1 TP21,2

TP22,1 TP22,2

][
p5

ρoc0u5

]. (46)2
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