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This paper reports on calculations of the parameters of a bothsided perfo-
rated sound-absorbing system, based on the “electric model” and considering
the Rayleigh impedance. Both the absorption coefficient for perpendicular in-
cidence and the reverberation coefficient over a broad frequency range were
calculated.

1. Introduction

This paper reports on calculations of bothsided perforated sound-absorbing
panels, based on the electroacoustic analogies applied in acoustics [1,3-5,7].
The calculations were based on a new “electric model”, taking into account the
Rayleigh impedance both at the input and the output of the perforated system.
The results obtained in the form of a curve of the absorption coefficient versus
frequency are comparable to the characteristic of series-made sound-absorbing
panels. Analysis of this is given in the Conclusions.

2, Theoretical basis of the calculations

A bothsided perforated sound — absorbing panel filled with some sound-
-absorbing material can be represented in the form of an equivalent electric
system, whose schematic diagram is shown in Fig. 1. It was considered in the
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calculations that this sound-absorbing system has n holes per 1 m? of the plate,
therefore, the quantities m, » and L define, respectively, the equivalent impedan-
ce for n holes connected in parallel. According to the system of electroacoustic
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Fig. 1. An equivalent electric system of the two-sided perforated sound-absorbing panel

analogies accepted in acoustics, L corresponds to the acoustic mass of the air
in the holes, R — to the resistance of the ports and ¢ — to the acoustic com-
pliance of a chamber of the system. The caleulations were carried out by taking
the quantities characterizing the plates as concentrated constants, which, for
gizes occurring in practice, is valid up to about 8 kHz, with further increase
of the frequency the approximation becomes increasingly “gross”. By refer-
ring all the quantities to unit area and considering the existence of n holes con-
nected in parallel, the following substitutions can be applied [1,3-5, 7]:

R =R,d, ¢ =£1 L=Q_E$ (1)
ec? P
where d is the thickness of the layer of sound-absorbing material, R,, is the flow
resistance of the sound-absorbing material, [ is the thickness of the perforated
plate, D is the distance between the perforated plates and p is the perforation
coefficient of the plates, defined as the ratio of the surface area of the holes in
unit surface of the plate to this unit surface:

ns
W= W: (2)
where n is the number of ports per 1 m?, 8 is the surface area of a port, gc is
the acoustic resistance of the air, g is the density of the air and ¢ is the sound
speed.

This system also considers the Rayleigh impedances r and m resulting from
the diffraction effects at the holes. Practically over the whole working fre-
quency range of soundabsorbing panels, and quite certainly for the approxi-
mations applied here, it can be assumed that the air vibrates in a port as a
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rigid piston. The Rayleigh impedance for a single port [4] is given by the for-

mula
7 5ic_[l__ J,(2ka) 4 S(Zka)]’

ka ka 3)

where J, is a Bessel function of the first order, 8 is a Struwe function of the
first order, & is a wave number and a is the radius of the port.

For ka < 1, in the series expansion of both Bessel and Struwe functions,
the terms of higher orders can be neglected. On this assumption, from [2], the
Bessel and Struwe functions can be given in the following way:
8k%a®

e (4)

Substitution of J,(2 ka) and 8(2 ka) in (3) and consideration that
Z' = r;+iom, give

J.(2ka) = ka— }k*a®, S(2ka) =

¥ _ pwa® = __8ag §
R 1 8np’ )

Since the sound-absorbing system considered contains » holes connected
in parallel, the resultant Rayleigh impedance, referred to unit area, will be

pw?a? S8ao
= m

= p =3'n:p'

- (6)

The aim of the calculations is to find the parameters of the system on the
assumption that the absorption coefficient reaches a maximum for a predeter-
mined resonance frequency. This coefficient is defined as the ratio between
the energy absorbed by the system and the energy incident on the system.
The energy incident on the system (P,) is partly absorbed (P,), partly reflected
(P,), and part of the energy is transmitted through the system (P,) — accord-
ing to the diagram shown in Fig. 2.

Fig. 2. A schematic representation of the distribution of energy incided on the absorbing
material

By taking into account this notation, the absorption coefficient is defined

in the following way: :
s ”
fen ng (7)
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Applying the notation in Fig. 2, it can be written that

Pz =P1—P3—P‘c : (8)
From that point of view,
P, —P;,—P F # o
n = 1 3 St pdt 38 woidsy )
P, Py il

We begin with a plane wave for perpendicular incidence on the boundary betwe-
en two media, and then the second term of expression (9) becomes [6, 7]
Py

QGHZa

P, 0c+2Z,

where Z, is the acoustic impedance of the sound-absorbing system, whose equi-
valent diagram is shown in Fig. 1.

Expression (10) is the definition of the reflection coefficient. After separa-

ting the real and imaginary parts of Z,, the reflection coefficient becomes [6]

Py [ee—Re(Z,)]*+[Im(Z,)]*

’ (10)

== 1T
P, ~ [eo+Ro(Z,) ]+ [Im(Z,)]*" bt
or, by combining the first two terms of expression (9), there is
P 4 Re(Z,)ec
3 (Za)e (12)

1 —— =
P, [ec+Re(Z,)T +[Im(Z,)]) "

The acoustic impedance for a given sound-absorbing system was calculated
by means of an equivalent electric system:

r4+R/2+iw(L+m)

Z =r+R24it0(L+m Z
iy G D L o T Lom) L a0 R ) (13)
For simplification, the following notation will be introduced:
o(L+m) R2+r
B N B b . a? = o*(L+m)C,
y.=iwloe, —~py = a®. (14)
Introduction of this notation leads to
; xpc+ifoc
Z, = —_— .
« = xgc+ifec+ e (15)
Some simple transformations lead, respectively, to
2 xec (1 — a®) + Byxoc
Re(Z,) = =ec+ Aot pint (16a)
Pec(1 —a®) — yx*ge
Im(Z,) = fec+ et (16b)

(1 —a?)? 4922
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The third term of expression (9) —P,/P; — can also be calculated by apply-
ing an equivalent electric system. The power of the incident wave is calculated
as the power of the plane wave, and, in order to retain the logical continuity
of reasoning, in keeping with the principle of electroacoustic analogies,
the amplitude of the accoustic pressure p, can be replaced by U, Thus, this
expression can be given in the form

P, s B Iy |*r e

.P1_U.§/90_ U; :

(17)

where I, is the intensity of the current flowing through the elements r and m
(Fig. 1) and U, is the rms value of the tension.

I, now remains to be calculated. This can be done by taking advantage of
the Kirchhoff laws in reference to the circuit shown in Fig. 1.

1
 {wC
' = R 1P o (18)
[? HSB A inJ - [iwC‘]
By using the notation in (14), expression (18) becomes
t'yU.,ie
L = Gri=eiiT" %
Substitution of (19) in (17) and transformations give
Py _ P{A—aiyi—[A—a)— (1)) o 20)

P, {4yw(1—a?)+[(1—a?)P—1+ %)} oo
Finally, the absorption coefficient for perpendicular incidence is given by the
relationship
= 4 Re(Z,)ec
[ec+ Re(Z,)]* + [Im(Z,)]*
yl {(1 s a2)2,y2x2 o o [(1 ke a!)ﬂ 13 (1 + ?2,‘2)]2} _’p_
@y (1—a) +[(1—a?f — (L+y) PP o

ML

(21)

The above formula permits the absorption coefficient for perpendicular
incidence to be calculated as a function of frequency with predetermined para-
meters of the sound-absorbing system. The absorption coefficient depends on
the angle of the wave incidence on the surface of the sound-absorbing material.
Because of this, the sound absorption coefficient for a plane wave incident at
an angle ¢ on the surface of the material was called the directional absorp-
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tion coefficient. The dependence of the absorption coefficient on the wave
incidence angle can be given in the following way [6]:

P,  [o0—Re(Z,)cosp]+ [Im(Z,) FPeosty

il Y 22
P, [eo+Re(Z,)cosp +[Im (Z,) eos’e e
or by caleculating
1 4 4 Re(Z,)pccosp (23)
P, ~ [eo+Re(Z,)cospl+ [Tm(Z,)cos*e
The expression of the directional coefficient becomes then
o ) 4 Re(Z,) pccosg
" = Too+Re(Z,)cos p]* +[Im (Z,) J'cosp
S 2 2 i W T . 2,,2)72
PH{(1l—a?)p—[(1—a®)?—(1+9y%") ] r (24

@yl —a?P [ —a) (L + W) oo

When scattered sound, i.e. sound ecomposed of waves travelling in all direc-
tions, is incident on the material, the absorption coefficient has some mean
value and is called the reverberation coefficient of sound absorption, This
coefficient can be given, depending on the directional absorption coefficient
7, for any incidence angle ¢, in the following way [7]:

2

oLl f’nwsin-2quq:. ‘ (25)

Substitution of (24) in (25) gives the followmg expressmn of the reverbe-
ration absorption coefficient:

2

ik 4 Re(Z,)occosgp

{ [e¢+ Re(Z,) cosg ]+ [Im () J*cos’p

y2{(1 — a2y —[(1 —a?)®— 1+ y’x”)]z}' . ‘
@ {422 (1 — a2)2+ [(1 — a®)* — (1 +p22) )2 -éc—} sin2¢pdp  (26)

or
/2
7 = 4 Re(Z,) pccosg '
n _of [QO-I‘RG (Za)cﬂﬂtp]" % [Im (Za)]z(.‘a()82¢ SIDZQQdfp

y{ —a?)2phe® — [(1 —a?)® — [1 + y22) ]2} f Bo
T e (A= — (LT e

Finally, after calculating the integral, the reverberation coefficient is given

(27)
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by the formula
8ocRe(Z,) { ocRe(Z,)

T Re(Za) P+ MmEZE | (Re(Z) T+ (m (Z)F
X [In ([ee +Re (Z,)]*+ [Im (Z)])* — In(eo)’] + 5 (Z X
g 2TALEL _i)(mtg [Re(Z,) 1+ [Im(Z,) ] +oeRe(Z) _
[Re(Z,)F+ [Tm ()} eeTm(Z,) |

— arctg

Re(zﬂ.))} yH{(L= a2yt — [(1—a?)!— (1 + %43} 1
In(Z,) )] ~ (= atf+ (L) — (L ya) P} o

Just as (21), formula (28) considers only a real part of the absorption coeffi-
cient. These expressions permit the caleulation of the absorption coefficient
as a function of frequency. They also make it possible to calculate the parame-
ters of the system on the assumption that the absorption coefficient reaches
a maximum for a predetermined resonance frequency. The resonance frequency
is matched to a frequency at which in the noise spectrum there is the maxim-
um accoustic pressure level. Expression (21) reaches the highest value when
the following conditions are satisfied: .

(28)

Re(Z,) = pe, Iﬁl(Za) = (29)

By taking into account these conditions (29), one can calculate the resonance
frequency or the parameters of the soundabsorbing system, and the value of
the absorption coefficient for the resonance frequency. In order to do this,
from the condition Tm(Z,) = 0, it is obtained from equation (16b) that

Poel[(1—a?)?4x*p2]+Boc(l—a?) —p2e? = 0. (30)
From condition (14), i.e., that g = a?/y, equation (30) becomes
a® —3a* +a* (24 #7y%) — 'yt = 0. (31)

The substitution a® = u gives
—2u? 4 u (2 4 %2 — 22 = 0. (32)

This equation is satisfied when # = 1, i.e. a® = 1. From the condition obtained,
the value of the resonance frequency can be calculated:

1 = a? = ol (L+m)C,

1

When expressing L, m, C by the parameters of the sound-absorbing system, it

hence
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is possible to calculate the resonance frequency. By dividing the left side of
equation (32) by (#—1), it is obtained that

w:—2ut x*y: = 0. (34)
Solution of equation (34" gives its roots in the form
Uy = 14+V1—n2p, (35)

Becouse of the physical sense of x and y, the latter condition can be given in
the form

0<uy<l. (36)

In recapitulating, equation (32) is satisfied when o® = 1 for any values of
the product x»y and for

l1<a’<2 and 0<eae’<l when 0<uxy<l. (37)

In turn, from the conditions Re(Z,) = ge¢ and a® =1,

1
s et acerigy 38
Lo (1l —x) (38)
From (38) and in view of the physical sense, » must satisfy the condition
0<x<1. (39)

Since for a* = 1 and the product xy no condition is imposed, y can take any
values, certainly positive ones, which can bhe seen from expression (38).

The conditions obtained for » and y permit the calculation of the para-
meters of the sound-absorbing system.

3. Numerieal calculations

It follows from conditions (33) and (37) that there can be three resonance
frequencies: one for any x»y and two frequencies for the condition 0 < »y < 1.
By carrying out calculations for typical sound-absorbing barriers it can be found
that »y must always be larger than 1. From that point of this, condition (37)
is eliminated and one resonance frequency remains, which can be calculated
from condition (33). The parameters of the system for a predetermined frequency
at which in the noise spectrum there is the maximum acoustic pressure level,
i.e. for the resonance frequency, can be calculated from dependencies (1), (6),
(14) and (38),

¢ \? 1 8a
PSRt e
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2,2
g W i

Rl SEAROWSLD v (40Db)

2pc
( 2nf

- 1
¢ ) T D(l—x)

(40c)

In practice, it is most convenient to assume that D = d. From relations (40),
it is possible to calculate the parameters of the system, by assuming, e.g., a ty-
pical tin perforation and typical values of the transmission resistance.

Knowledge of the parameters of the sound-absorbing system permits the
calculation of the absorption coeffient for perpendicular incidence as a fune-
tion of frequency, based on expression (21), and of the reverberation coefficient,
from expression (28).

Fig. 3 shows the dependence of the absorption coefficient for perpendicular
incidence, 5, (curve 1), and of the reverberation coefficient, % (curve 2), as a func-

nt
g -3 -3 -2
p=0385 a=2100"m [=10°m d=70"m
10
a6 +
o - curve |
o x - curve 2
. e - curve 3
02 i
1 1 []
10° 10° 0°  logt

Fig. 3. Dependence of the absorption coefficient, respectively, for perpendicular incidence
(curve 1), reverberation (curve 2) and the reverberation absorption coefficient for the system
of the “Deska” type (curve 3) versus frequency

tion of frequency. The calculations were carried out for a sound-absorbing system
with the tin thickness ! = 0.4 x10~°m, for the typical perforation p = 0.280
with the port diameter 2a = 4.5 x10™* m, by assuming D = 7 x10~? m and
that the consition D = d is satisfied. Therefore, such a sound-absorbing system
was chosen for caleulations, since the parameters of sound-absorbing systems
of the “Deska” type, produced by the Poznan Factory of Cork Products, are
the same. In order to compare the results in Fig. 3, the frequency dependence
of the reverberation coefficient of sound absorption (curve 3) was marked for



270 M. LESNIAK, A, DRZYMAELA, 8. ELIMCZYR, R. WYRZYEOWSKI

the above-mentioned absorbers of the “Deska” type. These results were drawn
from technical data on the product and obtained at a conference with the repre-
sentatives of the producer.

4. Conclusions

It follows from comparison of these curves that the measured maximum
of the absorption coefficient is close to the measured frequency. The calculations
indicate that the resonance frequency is equal to 2253 Hz, whereas it follows
from the technical data that it is about 3000 Hz. A decidedly, however, lower
value is taken by the reverberation absorption coefficient, drawn from the data
of the ready panels, than that calculated on the basis of electroacoustic analo-
gies for the part of the low frequencies. It follows from formula (21) that the
value of the absorption coefficient from the part of the low frequencies is decide-
dly affected by the value of the transmission resistance. In turn, the resonance
frequency does not depend on the value of the transmission resistance and
hence, there follows agreement with the experiment. In order to show the effect
of the transmission resistance, the value of the absorption coefficient can be
calculated when the frequency tends to zero.

4R, dooc

. i 41
(00 + Rd,,)? e

limyn, =
o0
A decrease in R, is also accompanied by a decrease in the value of the absorption
coefficient.

The sound-absorbing system of interest is filled with cotton wool for which
the resistance varies over quite a wide range of values, in turn in the calcula-
tions a mean value of 11 000 kg /m3 was taken. Since there is no certainty as
to the value of the transmission resistance filling the sound-absorbing system,
this can cause disagreement between the calculated values and the characteri-
stics of the panels produced.

The research was carried art at the Rzeszéw Technical University within
the contract U-946.
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