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This paper presents an analysis of the mechano-acoustic feedback between
a sound source and a resonance system. In the theoretical part, the change
in the mechanical impedance of the sound source which occurs when the source
is affected by the external acoustic field is determined; and subsequently, using
the image source method, the distribution of the standing pressure wave between
the source and the resonator is given. The combination of the relations thus
derived permits the distribution of the standing pressure wave between the
source and the resonator to be determined, with consideration given to changes
in the radiation impedance of the source and the mechanical parameters of
the resonator. The experimental part gives the results of measurements of the
.dependence of the mean value of the modulus of the pressure amplitude of the
standing wave on frequency for different resonance frequencies of the resonator
and a comparison of the experimental and theorefically determined results
in the case of an interaction between a sound source and a rigid baffle.

1. Introduction

In some aerodynamic problems, such as gas flow over a resonance cavity
[1] or a mutual interaction between a resonance system and a sound source
which oceurs when gas flows on to a sharp edge [2], there is the necessity of
using a physical model of the phenomenon which accounts for the interaction
of mechanical, aeroacoustic and acoustic factors [2]. The process of sound
generation due to the existence of the mechano-aerodynamic feedback is so
complex that it has not been given an exact mathematical description; theory,
in turn, is restricted to experimental formulae and relationships [3]. There is,
however, the possibility of analyzing individually all the kinds of feedbacks
whiech occur in flow phenomena.
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The present paper gives a theoretical analysis of the mechano-acoustic
interaction between a sound source, i.e. a londspeaker and a resonance system
with uniformly distributed surface impedance. The considerations are concerned
with the frequency range over which the loudspeaker generates a plane wave.

2. Theoretical analysis

2.1. Change in the radiation impedance of a dynamic loudspeaker caused
by the introduction of reflecting surfaces or sound sources in its environment

A dynamic loudspeaker as an electromechanical transducer of the magne-
tic type can be represented by an equivalent circuit where a gyrator with the
impedance Z, is the element which couples the electric and mechanical parts.
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Fig. 1. A mechano-electrical equivalent circuit of an excited loudspeaker. U, — the rms

value of the voltage supply to the loudspeaker, U, — the rms value of the voltage at the

gyrator, I — the rms value of the current intensity, F), — the rms value of the force

at the gyrator, ¥ — the rms value of the mechanical velocity, Z, — the impedance of the

electrical part of the loudspeaker, Z,,,+Z,,, — the impedance of the mechanical part of
the loudspeaker, Z,, — the radiation impedance

The properties of an ideal gyrator as part of the transducing part of the
transducer can be defined from the matrix [1]

i | @
» e g
where U, is the rms value of the eleetric voltage at the gyrator, I is the rms
value of the current intensity, ¥, is the rms value of the mechanical force at
the gyrator, V is the rms value of the mechanical velocity, Z, — Bl; where B
is the magnetic field induction in the slit and I is the winding length of the
loudspeaker coil.

Using relation (1) the mechano-electric equivalent cirenit of the transducer
can be replaced with one which contains only mechanical or electric quantities.

When on the electrical side the loudspeaker is supplied from a source with
the voltage U,, in its mechanical equivalent circuit the loading of the force
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source F, with the internal impedance %, = %3/Z, +Z,,, i8 the mechanical
radiation impedance Z,,,, where Z,,, is the impedance of the mechanical system
of the loudspeaker without the radiation impedance, whereas Z3|Z, is an equi-
valent to the electric impedance of the loudspeaker in the mechanical circuit

(Fig. 2).

Fig. 2. A mechanical equivalent ecircuit
of a loudspeaker radiating into unbounded
space. F, — the rms value of the force at
the force source, equivalent to the voltage
source U, in the mechanical circuit, F),, —
the rms value of the mechanical force
corresponding to the loading of the loud-
speaker by an unbounded medium, Z3/Z, —
the equivalent of the electrie impedance
of the loudspeaker in the mechanical equi-
valent eircuit, Z;, — the coupling impedance
of the gyrator, Z,,+Z%,,, — the impedance
of the mechanical part of the loudspeaker,
Zonp the radiation impedance, V —
the rms value of the mechanical velocity

Fig. 3. A mechanical equivalent ecircuit
of a loudspeaker acted upon by a reflexive
acoustic wave. F, — the rms value of the
foree of the force source which is the equi-
valent of the voltage source U, in the
mechanical eircuit, F,, — the rms value
of the mechanical force corresponding to
the loading of the loudspeaker by an un-
bounded medium, F, — the rms value of
the mechanical force which describes the
additional loading of the loudspeaker by
the reflexive acoustic field, V' — the rms
value of the mechanical velocity, Z2/Z, —
the equivalent of the electric impedance
of the loudspeaker in the mechanical equi-
valent eirenit, Z; — the coupling impedance
of the gyrator, Z,,,+Z%,,, — the impedance
of the mechanical part of the loudspeaker,
Z,, — the radiation impedance

When only the wave radiated by the loudspeaker occurs in the medium,

it follows from the third prineciple of dynamics that the medium acts on the
loudspeaker with the force —F, = —Z, , V. When in the space surrounding
the loudspeaker fed there are reflecting surfaces or sound sources, the additional
force —1I7,, which results from the existence of the reflexive or external acoustie
field, acts on the londspeaker. At a constant value of the supply voltage U,
the additional force acting on the londspeaker causes a change in its radiation
impedance (Fig. 3). Considering the relationship resulting from the circuit
in Fig. 3,

b1 Pgrir By P,
= Zr s Zr {:Z_, (2)

mp mp

V
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and the expression of the magnitude of the force ¥, from Fig. 2,

F
PELRGED IR RO Y 3
» mp Zmp—i_zmw, ( )

after some transformations, the value of the new radiation impedance of the

loudspeaker, Z,,,, can be obtained as a function of the radiation impedance Z,,,,

the mechanical impedance Z,,,, the efficiency of the force source F, and the

force I,
Pz
o (B 1)
Zri= n 4
=T B 1 %
Y L
Ly,
where
Zm — Zmp +me; (5)
Zm;p i Rmp +ijp; (6)
Z;up i -R;np +jX;np' (7

2.2. The value of the acoustic pressure inside the Kundt tube

Over the frequency range at which the acoustic wave length is at least
twice as large as the diameter of the Kundt tube, the wave radiated by
the loudspeaker can be replaced with a plane wave [4], whereas the membrane
of the loudspeaker can be regarded as a plane, eircular vibrating piston [5].
The origin of the axis of the coordinate @, which defines the propagation of
acoustic perturbations in space, lies on the surface of this piston. Inside the
tube, at the distance I from the source, there is a resonance system with uni-
formly distributed surface impedance and dimensions correspondine to the

ed by it and the wave radiated by the system have the form of plane waves
with the same propagation directions as that of the incident wave.

For plane waves propagating in a direction parallel to the walls of the
tube the instantaneous value of the sound pressure at all points of the cross-
section of the tube is the same and the image source method can be used to
analyze the resultant pressure inside the tube. In a steady state the resultant
sound pressure is the sum of four kinds of pressure, i.e.

1. the pressure radiated by the loudspeaker, p,exp[j(wt—kz)],

2. the pressure radiated by the resonator, p,exp[j(wi-+kz)],

3. the pressure being the sum of an infinite number of reflections from
the resonator and the loudspeaker of the wave radiated by the loudspeaker,

.t @),
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4. the pressure being the sum of an infinite number of reflections from
the resonator and the loudspeaker of the wave radiated by the resonator, Pslty),
i.e.

Pully @) = Poexp [j(wt —ke)]+prexp [ (wt-+k2)]+py(t, @) +palt, 2).  (8)

Designating as a the pressure index of the reflection of the acoustic wave
from the resonator, where a = |a|exp(j), as b the pressure index of the reflec-
tion of the wave from the loudspeaker, b = [b|exp(j6), as ¢ the pressure index
of the radiation from the resonator, ¢ = |¢|exp(jf), and taking into account
the phase shifts among the particular pressures, which result from the finite
propagation time of the acoustic wave inside the tube, relation (8) can be given
as

Pulty ¥) = poexp(jot) {[exp ( —jke) +cexp (jkl)exp (jkz) +
+aexp(jkl)exp (jkx) +abexp (j2kl) exp ( —jka) -+
-‘+a*bexp (j3kl)exp (jka) +a*bexp (j4kl) exp ( —jkz) +...]+ 9)
+[ebexp (j2kl) exp ( —jka) +-cabexp (j3kl) exp (jhx) -+
+eab*exp (jakl) exp ( —jkx) +ca*b®exp (j5kl) exp (jkx) +.. 1};

which after transformations becomes

Pulty @) = poexp(jot) {exp( —jkz) [1+beexp (j2k)] +
+exp(jka) [aexp (jkl) +eexp (RN TH{1 + 3 [abexp(j2)T'}.  (10)

ne=1
Since [b| < 1 and |a| <1, the infinite series which occurs in formula (10)
is convergent and the use of the formulae

hd 1-D?
1/2+ ZD"cosnz =1/3 5 < 1 (11)
n=1

1—2Dcosz+D?’

it Dsinz
D'sinnzg = :
é 1—2Dcosz-+D?’

and some simple transformations give the relation

15

1—abexp (j2kl) ’ 4

1+ ) [abexp(j2k)]" =
n=1

thus the final expression of the resultant pressure inside the tube becomes

exp(jwt)
pw(tr z) = s .

" i ahOEDIRD {exp(—jkx) [1+beexp (j2kl)]+

+exp (jkz) [aexp (j4l) +cexp(jk)T}.  (13)
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From relation (12), the maximum and minimum values of the modulns
of the pressure p,(f, ),

1 4|a| L le| £1be]
m?-x. e .
[Pty D = 1Pl =5 e Gos (k0 + ¢ +0) TIablFT (14)

and, from equations (14), the mean value of the pressure modulus

1P (1, @)lmax +|p,,(t, @) |min - _ Po : (
2 T [L—2lab|cos (2Kl +¢ +0) +|ab[*T"
can thus be obtained.

Equation (15) indicates that, depending on the frequency and the mechanic-
al parameters of the loudspeaker and the resonator, the mean value of the
modulus of the pressure in the tube varies greatly. This is related to the resonan-
ce of the Kundt tube itself, whose frequencies can shift as the reflection pro-
perties of the loudspeaker and the resonator change. The denominator of expres-
sion (15) reaches its minimum value of 1—|ab| at frequencies for which the

[
ot
~—

relation
2kl+¢+60 =20, neN; (16)
is satisfied, and its maximum value 1--|ab| when
2kl+¢+0 = (2n+1)x, meN. (17)

Since, however, because of the mutual interaction between the loudspeaker
and the resonator, the value of the modulus of the pressure radiated by the
loudspeaker, |p,l, varies depending on the frequency, the maximum and mini-
mum mean values of the modulus of the pressure in the tube can occur for
frequencies different from those for which relations (16) and (17) are satisfied.

9.3. Mutual interaction between the dynamic loudspeaker as a sound source
and the resonance system in the Kundt tube

As a result of the presence of a resonance system in the effective range
of the londspeaker, part of the energy radiated by the loudspeaker in the form
of acoustic waves returns to the source and, depending on the phase shifts,
the conditions of sound radiation improve or worsen. The value of the amplitude
of the sound pressure acting on the membrane of the loudspeaker can be ob-
tained from formula (13), by the substitution = = 0, i.e.

Po § . :
P = = b 2k kl) + v .
Pual® = 0) T —abexp(j2k) [1-+beexp(j2kl) +aexp(jkl) +-cexp(jkD)].  (18)

The amplitude of the pressure which oceurs at the loudspeaker as a result
of multiple reflections of the acoustic wave from the resonator and londspeaker
and as a result of the radiation from the resonator is thus defined by the relation

Pra = pwa(m = 0) —p,. (19)
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Substitution of mechanical forces for the pressures gives the expression
of the force F, acting on the loudspeaker (point 2.1.),
B, =F (@ =0)—Fy = Fo(4,-1), (20)
where '
1 +beexp (j2Kl) +aexp (jkl) +cexp(jkl)

21
1 —abexp (j2K1) (21)

A‘]:

It should be noted that the force F,, which corresponds to the pressure
of the acoustic wave emitted by the loudspeaker, occurs in the condition of
the bounded radiation field of the loudspeaker, and therefore

F, =1/2R,, V'(4,—1) =1/2 B, ¥ (4d,—-1) (22)
" L mp 1] =¥ me ‘I"Z;np 0 .

The introduction of the factor 1/2 accounts for the fact that only one side
of the membrane of the loudspeaker emits acoustic waves into the tube. Sub-
stitution of relation (22) into formula (4) and some transformations give the
relationship

Z (Z:up _Z'mp) = llz R;Lp(Ao_l)(anw+stp)7 (23)

nw

and aceordingly the expressions of the values of the radiation impedance and
the impedance of the mechanical system of the loudspeaker, L

R;np — R’mp Z 3 (24)
]—1/2Re[(Aﬂ——1)(1+ Z"“’)]
7 Zﬁlp
1/2R,,(4,-1){1+ BgR
Z = I+ — LA (25)

: 3
1-1/2Re [(A0—1) (1 + T)]

Like the loudspeaker with changing working conditions, the resonator,
when excited to vibration, changes the mechanical parameters. Analogously
to the case of the loudspeaker, the mechanical force F,; acting on the resonator
can be determined with respeet to the work of the resonator in a reflectionless
environment,

FrR i Fw(“r" = E)_"-5:'0‘1"133 (26)
where the foree F; corresponds to the pressure radiated by the resonator.
Thus, from Fig. 4,

R;npR(l T a)

el 4 (27)
Z mwkt +Z mpid

; -
FOR = RmpRVR == Fo
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and finally
RS0y 2
g PR T 1y (28)
= 0[ ’ meR+ZmpR 4

where
exp( —jkl) +beexp (jkl) +aexp (j2kl) +cexp (j2kl)

_ . 29
Bo 1 —abexp(j2kl) (29)

Fig. 4. The equivalent circuit of an

excited resonator. Fy,p, — the rms

value of the mechanical force exciting

the resonator system, F;, — the rms

, Zen value of the force corresponding to
Ve ety the acoustic pressure generated by
b the loudspeaker, @« — the index of
acoustic wave reflection from the reso-

) Reiss ; nator, ¥V — the mechanical velocity

E = Fa)E D Znor| | Zoor™Fmpr *1Xnpe  of vibrations in the resonator system,
Zmwr +Zypr — the mechanical impe-
dance of the resonator system, Z,,,p —

the radiation impedance of the resonator

The use of formula (4), but in relation to the parameters of the resonator,
and of relation (28) give the relationships

Z
Ploomic o TIRL g . 30
mR meR —ZmROO ( mwk mpR) ] ( )
Re(z meRich _Rs)
R;npR — mwR ~— “mRY0 , (31)
Re (1 e L)
meR _'ZmRGfl

where Cy = By/(1—a) and R, is the loss resistance of the resonator.
Since the quantities 4, and €, are related to the mechanical parameters
Zims Zipy B,y and R, p by a system of implicit functions (see Appendix), Z,,,
Zpgy By and R, . can be determined by solving numerically equations (24),
(25), (30) and (31). This method is efficient, i.e. there is a solution and only
one solution when the functions of the variables Z,, and Z,,; which occur on
the right side of equations (25) and (30) satisfy the Banach principle, being
converging functions [6]. Aceording to this principle, irrespective of the selection
of the initial data, the iteration series converges to one and only one solution.
From formula (13) and Fig. 3,
R;nplﬂz R;np R’ﬂl Tz/ Zm

’ = 'A ’
Zm Zm Rmp /Zm

pwa(m) = APO =4 ’ (32)
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where

exp( —jkz)[1 +beexp (j2k1)] +exp (jkx) [aexp (jKI) +cexp(jkl)]
1 —abexp (j2k1) i

A=

(33)

Since, however, p, = R, F,/Z, is the pressure radiated by the loudspeaker
into unbounded space, the ratio p,,/p, represents the pressure transmittance
of the mechanical system loudspeaker-tube-resonator. Thus,

R /Rmp ARmp) (1+ AV) -4 l-f—(A.RmT,/Rmp) .

PualPr =G, = A m{) ¥
Yok Zop| 2 R,, v 1+(4Z,,/Z,,)
(34)

:Aﬁ+

where AR, = B, —R,,; AV =V'-V; 42, =Z,,—Z,,.

It can be seen that the transmittance &, depends on the product of two
factors, the first of which defines the distribution of the standing pressure
wave inside the tube and is a function of the variable # which takes values
from the interval {0,7> and of the mechanical quantities Z,, 7,5, R,, and
R, r; the second being related to changes in the parameters of the loudspeaker
itself. It follows from its form that the relative pressure changes are in direct
proportion to changes in the velocity and resistance of radiation, i.e. proportio-
nal to changes in the radiation resistance, but in inverse proportion to changes
in the mechanical impedance of the loudspeaker. Since the mechanical para-
meters of the source and the phase shifts (the coefficients 4 and 4,) which
oceur in formulae (24), (25) and (33) depend on frequency, the transmittance
G, is also a function of it.

3. Experimental investigations

The measurements were carried out in a 4002 Briiel and Kjaer Kundf
tube of 10 em diameter, which permitted a plane wave shape, radiated by the
loudspeaker over the frequency range 90-1800 Hz, to be obtained [4]. The

pressure
i esq.nar or measurement

. £)

U, =const

Fig. 5. A schematic diagram of the mea-
surement system

U, — the value of the voltage supply
to the loudspeaker

resonator used had the form of a cylindrical chamber filled with air and closed
at one end by an ideally rigid surface, i.e. with the impedance Z = oo, and
at the other, by a thin (d =1 mm), perforated membrane clamped rigidly
on the circumference (Fig. 5). The aim of the measurements was to determine
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the mean value of the modulus of the pressure amplitude inside the tube. Figs. 6
and 7 show the results of the measurements for two different resonance fre-
quencies of the resonator, whereas Fig. 8 gives the results obtained in the case
when the resonator was replaced with an ideally rigid plate. The results obtained
were referred to the quantities measured when the loudspeaker radiated into
unbounded space. The value of the impedance Z,, used in the calculations
was determined from the list of typical mechanical and electric parameters

15,1/1p,1
a
{21
1+ ]
- 117
08 f |
L {13
06 .
a
- ) 109
ocl 15,1/1p,! i
i {05
02}
i 1 1 '} 1 1 L 1
300 400 500 600 FlHz]

Fig. 6. The relative mean value of the modulus of the pressure amplitude |p,|/|p,| as a fanction
of the frequency f and the behaviour of the absorption coefficient of the resonator, a, for
the main resonance frequency f, = 500 Hz.

1B,1/1p,1
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1r J
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1 1 1 1 1 1 1 1
300 400 500 600 flHz]

Fig. 7. The relative mean values of the modulus of the pressure amplitude |p,|/|p,| as a fune-
tion of the frequency f and the hehaviour of the absorption ecoefficient of the resonator,
a, for the main resonance frequency f, = 420 Haz.
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Fig. 8. The measured (solid line) and calculated (dashed line) relative mean values of the
modulus of the pressure amplitude |B,|/|p,| as a function of the frequency fin the case when
the tube is closed by a rigid surface.

15,1/ 1pt b
40t
35
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20t

05

1 1 L 1 1
300 400 500 600 flHz]
Fig. 9. The relative mean values of the modulus of the pressure amplitude |5, | /| p,| as a function
of the frequency f obtained from formula (15), i.e. under the assumption of a lack of change

in the mechanical parameters of the source.
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of conical loudspeakers with circular membrane, given in paper [5], including
the values of the mass of the membrane and the coil, the compliance of mountings
the loss resistance of mountings and the magnetic induction in the slit, de-
pending on the diameter of the base of the loudspeaker membrane. Calculations
were carried out individually for all frequencies, with the initial data assumed
8o that for the desired accuracy of the iteration process the number of succes-
sive approximations might as low as possible. Good convergence was achieved
between the mean relative values of the modulus of the pressure amplitude
and the measured values, when a factor of 0.25 (dashed line in Fig. 8) was
added to the calculated values. This difference can result from the systematic
error introduced by the measurement method and may also be a consequence
of simplifying assumptions taken in the theoretical considerations. For compa-
rison, Fig. 9 shows the frequency dependence of the mean relative value of
the modulus of the pressure amplitude determined from formula (15), i.e. in
the case when there is no change in the modulus of the amplitude of the pressure
radiated by the loudspeaker. An increase in the mean value of the modulus
of the pressure amplitude results in all the cases presented from the resonance
of the Kundt tube itself, whose frequency depends on the length of
the tube and on the mechanical parameters of the loudspeaker and the
resonator.

4. Conclusions

When acoustic waves act in a bounded region or when it contains other
sound sources, a change can occur in the efficiency of sound radiation by their
source. This oceurs when part of the energy radiated by the source returns
to it in the form of reflected waves or energy is supplied by another source.
In the first case, there is a relatively simple specimen of mechano-acoustic
feedback, since the mechanical forces generated by the acoustic field on the
bounding surfaces do not change the mechanical parameters of these surfaces.
In turn, when there is an exchange of energy between sources, the feedback
is more complex, since the two sources change their mechanical parameters.
This occurs when there is a mutual interaction between a sound source and
a resonance system. From the theoretical analysis given here, it follows that
for simple cases of sources and resonance systems and for their appropriate
position with respect to each other, it is relatively easy to find relations from
which, using numerical methods, changes in the mechanical properties of the
source and the resonator can be found.

Another conclusion can be drawn about the measurement method using
the Kundt tube. The measurement by this method, e.g. of the absorption coef-
ficient or the resonance frequency of a resonance system, gives correct results
only under some specific measurement conditions, i.e. a specific sound source
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and a given distance between the source and the resonator. When the real
working conditions of the resonator are different, the mechanical properties
of the resonator can deviate from the measured values.
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Appendix

In a steady state the reflection indexes @ and b and the radiation index ¢
of the resonator depend on the new mechanical parameters of the loudspeaker
and the resonator:

_Zwr=2y , _ Zn—Zy
Zur+2;’ Zo 2y

It follows from formulae (20), (29) and (A1) that 4, and C, are functions

of the wvariables
4, = FG(Z;M Z;nRs R;npR); Cy = Go(z;ns Z;nR1 R:npR); (A2)

whereas the following funectional relations can be determined from equations
(25), (30) and (31),

R, z(1—
and from (27) ¢ = —M- (A1)
ZmR

Z:n = f(Aoy Zyn, Rmp);
Zpur = 9(Cos Zoury Zuor); (A3)
Rupr = W(Coy Zugy Zyor) -
Substitution of (43) in relations (A2) gives
Ay = Fy(A4, Coy Zyyy Zmpy Zwry Brnp) s (A4)
Co = Gl(Am Coy Zins ZmRJ meR’ R’mp)'

Thus, system (A4) represents a pair of functions implicit in terms 4, and C,.



