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A challenge for developing acoustic metamaterials (AMMs) is considering the application of broadband
muffling and load bearing capacity simultaneously. In this paper, a honeycomb based graded AMM muffler
is proposed, which can widen the attenuation band and improve the structural stiffness without any external
device by means of integrated design. Firstly, the acoustic and mechanical characteristics of the muffler unit
cell are theoretically and numerically studied, and the graded muffler is designed based on these characteristics.
The numerical results show that the graded muffler widens the attenuation bandwidth of the unit cell, and the
simulation also shows that the graded muffler has greater stiffness than the uniform one. The stiffness driven
muffler provides new possibilities for the design of advanced metamaterial with simultaneous sound insulation
and load bearing performances.
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1. Introduction

In recent years, phononic crystals (PCs) or acous-
tic metamaterials (AMMs) have attracted extensive
attention due to their unusual ability to manipulate
elastic waves and flexible design (Deymier, 2013).
By introducing the concept of phonon band gap
(Narayanamurti et al., 1979; Sigalas, Economou,
1992; Kushwaha et al., 1993), the sound insulation
effect of AMMs can be explained from the perspec-
tive of wave mechanics. Band gaps represent frequency
ranges where waves cannot pass through. Initially, the
generation of band gaps is thought to be attributed
to the destructive interference in a periodic struc-

ture (Martínez-Sala et al., 1995; Montero de Es-
pinosa et al., 1998; Vasseur et al., 1998; Shao et al.,
2020; Chen et al., 2021a; 2021b), so the lattice con-
stant must be of the same scale as the wavelength.
Later, due to the low frequency band gaps induced
by local resonances (Liu et al., 2000), it is possible
for AMMs to control elastic waves by elaborately de-
signed subwavelength scale microstructure (Qian, Shi,
2017), which provides a new solution for low frequency
noise reduction. However, the development of AMMs
is still restricted by the narrow band gap width and the
sensitivity to external load. Many scholars have made
impressive contributions to solving these problems by
using external devices such as absorbers, circuits, and
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magnetic fields (Brennan, 1997; Nishida, Koop-
mann, 2007; Wang et al., 2011; Popa et al., 2013;
Chen et al., 2014; Wang, Chen, 2015; Xiao et al.,
2015). In spite of this, it is still challenging to achieve
the integrated design of AMMs with broadband sound
attenuation and load bearing performances.

Cellular honeycomb structures appear widely in na-
ture and are manufactured on a large scale (Wang,
2019). In the past two decades, a large number of
studies has been conducted on the basic mechanical
behaviour of honeycomb structures (Camata, Shing,
2010; Asprone et al., 2013; Sun et al., 2017; Li
et al., 2018). When honeycomb structures are subjec-
ted to out-of-plane compression loads, their stiffness
is almost the same as that of solid materials with the
same thickness (Fan et al., 2006; Khan et al., 2012).
To satisfy the various requirements with the devel-
opment of scientific engineering, many creative hon-
eycomb based structures are proposed (Michailidis
et al., 2009; Correa et al., 2015; Chen et al., 2016;
Han et al., 2016; Huang et al., 2016; Wang et al.,
2021). By embedding the honeycomb cells with dif-
ferent materials or structures, such as foam, tubes, or
even other polymer materials, honeycombs can be de-
signed to have desirable properties (Zarei Mahmoud-
abadi, Sadighi, 2011; Xiang, Du, 2017; Liu et al.,
2018; Wang, Liu, 2018, 2019).

Functionally graded materials (FGMs) are advan-
ced engineering materials designed for a specific per-
formance or function in which a spatial gradation
in structure and/or composition lend themselves to
tailored properties (Naebe, Shirvanimoghaddam,
2016). Originally, FGMs are designed to relax the
internal thermal stress by gradually changing their
composition from metallic to ceramic (Kawasaki,
Watanabe, 1997). Nowadays, FGMs have extended
their applications to electronics, chemistry, optic,
biomedicine, nuclear engineering, civil engineering, and
many other fields (Koizumi, 1997). A large number
of studies has been conducted on the special proper-
ties of FGMs (Aboudi et al., 1999; Cheng, 2001;
Shen, 2002; Chen, Lee, 2003; Tsukamoto, 2003;
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Fig. 1. Honeycomb based graded metamaterial muffler: a) the muffler unit cell of lattice constant l; b) a graded
muffler consisting of three unit cells with different lattice constants; c) an AMM muffler plate consisting of multiple

graded mufflers arranged periodically; d) potential application in aircraft.

Jabbari, Sohrabpour, 2014). In brief, the superior
performances of FGMs come from the spatially inho-
mogeneous composition or microstructure.

In this paper, a honeycomb based graded metama-
terial muffler is proposed. By embedding the honey-
comb cells with local resonance microstructures, the
requirements of noise reduction and bearing capacity
can be simultaneously satisfied. As a kind of stiffness
driven honeycomb structure, it can be designed to meet
the deformation requirements. Acoustically, the honey-
comb frame can satisfy the general broadband sound
insulation, while the local resonance microstructures
are used to attenuate the strong noise in the specific
frequency band. The band gap broadening can be re-
alised by the combination of multiple unit cells with
lattice constant graded variation. First, we study the
muffler unit cell (Fig. 1a) and obtain the relationship
between lattice constant and its acoustic and mechan-
ical properties. Then we combine unit cells of differ-
ent sizes into a graded muffler (Fig. 1b) to widen the
band gap. The out-of-plane load bearing capacity of
different configurations is also tested numerically. The
results show that both the acoustic and mechanical
properties of the graded muffler are better than those
of the uniform one. Different from conventional acous-
tic metamaterial, due to the structural and functional
integration design, this muffler does not require an ex-
ternal device to adjust the band gap, which means that
it has higher reliability and robustness. Compared with
membrane type or traditional plate type AMMs, this
honeycomb based muffler is more resistant to out-of-
plane deformation. In contrast to AMMs relying on
soft materials such as rubber, the acoustic band gap
of this muffler is independent of the structural mate-
rial, so different materials can be selected according to
the amplitude of the load. Since it is made of single
material, it can be conveniently fabricated by additive
manufacturing technology, leading to a broad applica-
tion prospect. For instance, periodic graded mufflers
(Fig. 1c) can be used as a sound insulation floor of an
aircraft cabin (Fig. 1d) thus providing a quieter envi-
ronment for passengers.
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2. Theoretical model of unit cell

As shown in Fig. 2, the unit cell can be considered
to be composed of three reinforcing ribs and a per-
forated cylindrical tube on the basis of a honeycomb
cell. The geometric parameters of one unit cell are rep-
resented schematically by the explosion view and cross
section. Here, l represents the lattice constant, a rep-
resents the side length of the regular hexagon, r1 is
the tube inner radius, r2 is the perforation radius,
t represents the honeycomb cell-wall thickness, tube
wall thickness, reinforcing rib thickness, and end cover
thickness. In this paper, the acoustic impedance of all
possible solid materials is much higher than that of
air, so from the perspective of aeroacoustics, all solid
material boundaries can be regarded as hard acoustic
field boundaries.
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Fig. 2. Schematic illustration of the muffler unit cell with
geometric parameters.

The unit cell contains three cavities, each of which
works as an acoustic chamber resembling a Helmholtz
resonator. When the resonator vibrates, it will radi-
ate sound field to the surrounding medium, and the
resonator will be affected by the field generated by it-
self. Consider a piston acoustic source of radius r2 that
vibrates at velocity u = u exp(jωt), where j =

√
−1

is imaginary unit, ω is angular frequency, The addi-
tional radiation impedance (Junger, Feit, 1986) is
given by:

Zr = ρacaπr2
2 [1 − J1 (2kr2)

kr2
+ jK1 (2kr2)

2 (kr2)2
], (1)

where J1 is the Bessel function of first kind for order
one, K1 is the modified Bessel function of second kind
for order one, k is wavenumber, ρa and ca are the den-
sity and sound speed of air. When kr2 < 1, the piston
radiation reactance Xr can be obtained from the imag-
inary part of Zr, that is, Xr = Im (Zr) ≈ 8ρacakr

3
2/3.

Considering that the oscillator radiates in both posi-
tive and negative directions, the additional mass can
be obtained as

Mr =
2Xr

ω
= 16

3
ρar

3
2. (2)

Thus, the resonant frequency of Helmholtz reso-
nator considering the additional mass correction cau-
sed by acoustic radiation can be written as:

fH =

¿
ÁÁÀ π (r2ca)2

4π2VH [t +Mr/ (ρaπr2
2)]

, (3)

where

VH = (a2/2 − πr2
1/3)(l − 2t)

− (
√

3a − r1 + 2πr1/3) (l − 2t)t

+ (1/2 −
√

3/6 − π/3) (l − 2t)t2

is the acoustic chamber volume. To filter out acoustic
waves at undesired frequencies, called target frequen-
cies here, the design parameters should be adjusted so
that the Helmholtz resonance frequency is equal to the
target frequency.

Then consider the out-of-plane mechanics proper-
ties of the unit cell. Here the function of the honeycomb
based unit cell is carrying normal loads in planes con-
taining the axis of the hexagonal prism. The compres-
sive moduli of the cell walls or ribs are much larger
than the flexural moduli of the end covers. Thus, it is
assumed that the carrying capacity of the end cover
can be ignored. In addition, it is necessary to consider
the negative effect of perforations on the bearing ca-
pacity of the cylindrical tube. An equivalent section
method is adopted to simplify the part of the tube
wall with a perforation to a wall of constant thickness,
as shown in Fig. 3. The volume of the tube remains
constant before and after the simplification, by which
we can obtain the equivalent thickness

teq =
⎡⎢⎢⎢⎣
1 − 2r1r

2
2

l (2r1 + t)
√
r2
1 − r2

2

⎤⎥⎥⎥⎦
t, (4)

and the equivalent cross sectional area of the unit cell

Aeq = 3π (r1 + t/2) teq + (9a − 3r1 − πr1) t

− (4
√

3 + 3 + π/2) t2. (5)

t teq

2r22r2

Fig. 3. Equivalent simplification of the perforated
cylindrical tube.

It should be noted that the compressional wave ve-
locity of the solid material cs is equal to that of the
unit cell c∗, that is

√
Es/ρs =

√
E∗

c /ρ∗, (6)
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where Es and ρs are the Young’s modulus and den-
sity of the solid material, respectively, E∗

c is the com-
pressive modulus of the unit cell, and ρ∗ = m/(A∗l)
is the density of the unit cell with A∗ = 3

√
3a2/2 being

the area of the regular hexagon and m being the mass
of the unit cell. Throughout, the subscript s refers to
a property of the solid material while a superscripted *
indicates an equivalent property of the unit cell itself.
Accordingly, the compressive modulus of the unit cell
is given by

E∗

c =
EsAeq

A∗
. (7)

3. Finite element model

The range of acoustic band gap can be determined
by the phonon dispersion curves, which, however, can-
not reflect the attenuation degree of acoustic waves.
Acoustic transmission loss (TL) can be used to demon-
strate the effect of structure on acoustic wave attenua-
tion at different frequencies. Phonon dispersion analy-
sis and acoustic TL analysis can be conveniently in-
troduced by taking the air domain inside the muffler
structure as a unit cell either, here called an air unit
cell to distinguish it from the original muffler unit cell.
We assume small deformations here, and therefore ne-
glect acoustoelastic coupling. FE models of the air unit
cell (Fig. 4a) and muffler unit cell (Fig. 4b) are es-
tablished to reveal acoustic and mechanical properties
of unit cells with different lattice constants l through
COMSOL Multiphysics. Bloch periodic boundary con-
ditions (Bloch, 1929) are set on the two highlighted
end faces in Fig. 4a for phonon dispersion analysis.
When TL analysis is needed, the plane wave radia-
tion boundary condition is set on one of the high-
lighted faces in Fig. 4a, and the perfect matching layer
is set on the other face. Acoustic TL is defined as
TL = 10 log (Ii/It), where Ii and It are the sound inten-
sity of the incident wave and transmitted wave, respec-

Config. A Config. CConfig. B

a) b)

c)
Air unit cell (Muffler) Unit cell

100 mm 5 × 20 mm

22 mm
20 mm
18 mm
16 mm

90 mm
14 mm

Fig. 4. a) Finite element model for the air domain (or air
unit cell) enclosed by the muffler; b) a finite element model
for the muffler unit cell; c) three different configurations of

a honeycomb based muffler.

tively. To obtain the compression stiffness k∗ and spe-
cific modulus E∗

c /ρ∗ of the unit cell, a displacement w
in the negative direction of z-axis is applied to the
highlighted surface in Fig. 4b, and the z-axis displace-
ment of the bottom surface is set to zero. The stiffness
is calculated by k∗ = −fc/w. Then from the axial stress-
strain relationship we can obtain the specific modulus
E∗

c /ρ∗ = −fc l/ (ρ∗A∗w), where fc is the constraining
force on the bottom surface.

Three different configurations are designed to ver-
ify the performances of the honeycomb based unit
cell and the superiority of graded muffler structure as
shown in Fig. 4c. Configuration A is a common honey-
comb cell with the reinforcing tube. Configuration B
consists of five identical unit cells with the lattice con-
stant of 20 mm. Configuration C is a graded metamate-
rial muffler with the total length of 90 mm, composed
of five unit cells with graded changes in lattice con-
stants. FE method (COMSOL Multiphysics) is used
to calculate the TL and linear compression stiffness of
the three configurations to compare their acoustic and
mechanical properties.

4. Results and discussions

In this section, we first study the acoustic and me-
chanical properties of the muffler unit cell and then
explore the influence of graded combination mode, na-
mely, the offset ratio, on the performance of the muf-
fler. Considering that the lattice constant correspond-
ing to the target frequency is l, the offset ratio is
defined as α = ∆l/l, where ∆l is the deviation from
the central lattice constant. Based on these studies,
a graded muffler is designed and manufactured, and
its sound insulation performance is tested by numerical
methods. The improvement of sound insulation perfor-
mance can be verified by comparing it with the other
two configurations. In the following theoretical and nu-
merical calculations, the physical parameters of air in-
clude: the density ρa = 1.2 kg/m3, sound speed ca =
343.2 m/s, dynamic viscosity ηa = 1.84⋅10−5 Pa ⋅ s, bulk
viscosity ηB = 1.09 ⋅ 10−5 Pa ⋅ s, ratio of specific heat
γa = 1.4, specific heat capacity Ca = 1000 J/(kg ⋅K),
and thermal conductivity κa = 0.026 W/(m ⋅K). The
physical parameters of the solid material in the theo-
retical and numerical calculations include: the density
ρs = 2600 kg/m3, Young’s modulus Es = 70 GPa, and
Poisson’s ratio νs = 0.3. As shown in Fig. 2, the geo-
metric parameters of the unit cell include: the regular
hexagon side length a = 50 mm, the cylindrical tube in-
ner radius r1 = 5 mm and perforation radius r2 = 2 mm,
the thickness t = 2 mm.

4.1. Acoustic band gap of the unit cell

As shown in Fig. 5a, the acoustic band gap of the
unit cell is given by the upper and lower edges, the
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Fig. 5. a) Influences of the lattice constant on acoustic
band gap frequency range and normalised transmission

loss; b) a partial enlarged drawing of Fig. 5a.

detailed sound insulation capability at different fre-
quencies within the band gap is denoted by the co-
lour legend, and the white dashed line represents the
Helmholtz resonance frequencies for different lattice
constants calculated by theoretical model. Here, the
normalised TL (nTL) is adopted because we are mainly
concerned with the variation pattern of the peak fre-
quency of sound insulation with respect to the lat-
tice constant, rather than the absolute sound insula-
tion. The maximum value of TL is set to 1 and the
minimum value is set to 0. Overall, the theoretical
and finite element model match well. It can be ob-
served from Fig. 5a that the band gap beginning fre-
quency is closely followed by the resonant frequency
or target frequency. The unit cell has a wide acoustic
band gap, but the nTL is not uniformly distributed
in the band gap range. The sound insulation is sig-
nificantly effective near the resonant frequency, as the
incident wave frequency moves away from the resonant
point, the normalised TL decreases sharply, as shown
in Fig. 5b. These phenomena result from the local res-
onance mechanism (Liu et al., 2005; Ding et al., 2007;
Zhou et al., 2017), which can realise wave control by
subwavelength structure but often leads to a strong
but narrow attenuation band. As shown in Fig. 5b,
compared with the gap bandwidth obtained by the dis-
persion curves, the actual sound insulation bandwidth
considered to be effective (nTL ≥ 0.5) is very narrow.
We can use the band gap range with strong sound in-
sulation effect (nTL ≥ 0.5) to control the strong sound
source of specific frequency, while the other band gap
range is used for general frequency band insulation.

Therefore, we consider combining unit cells with dif-
ferent lattice constants to form a graded structure
for broadband sound attenuation. The band gap of
nTL ≥ 0.5 is used as the design basis. It is noted that
when the lattice constant l is smaller than 25 mm, the
band gap frequency is more sensitive to the variation
of the lattice constant.

4.2. Load bearing capability of the unit cell

The mechanical properties of unit cells with differ-
ent lattice constants are shown in Fig. 6. The theory
and the numerical results agree very well. The mechan-
ical properties are described from two perspectives.
The specific compression modulus (or specific modu-
lus) characterises the equivalent properties of a muf-
fler unit cell as a material, while the compression stiff-
ness more directly reflects the ability of the unit cell as
a structure to resist deformation. As the lattice con-
stant increases, the specific modulus goes up, but the
stiffness decreases, indicating an increase in relative
efficiency against physical deformation, but a decrease
in absolute resistance to deformation. Hence, the lat-
tice constants should be selected according to practical
needs in engineering applications.
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Fig. 6. Influences of the lattice constant on the unit cell
compressive stiffness and specific modulus.

4.3. Influence of offset ratio

The influences of offset ratio α on the transmis-
sion loss and stiffness of graded structure are shown
in Fig. 7. Considering that the lattice constant cor-
responding to the target frequency is l, the offset ra-
tio is defined as α = ∆l/l, where ∆l is the deviation
from the central lattice constant. Here, a five-unit-cell
graded structure is used to investigate the influence
of offset ratio. The lattice constants of these five cells
are (1 − 2α)l, (1 − α)l, l, (1 + α)l, and (1 + 2α)l. For
l = 20 mm, the influence of the offset ratio on sound
insulation is shown in Fig. 7a. It can be seen that as
the offset ratio increases, the effective band gap width
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stants.

(nTL ≥ 0.5) becomes wider, but the attenuation mag-
nitude of the peak transmission loss decreases. When
the offset ratio is relatively small, such as 0.05, the peak
is barely broadened. When the offset ratio is selected
as a relatively large value, such as 0.2, the attenuation
peak is divided into five separate parts, which is not ex-
pected to happen with band structures. Therefore, in
order to achieve a wide and relatively high attenuation
band gap, a medium α value, such as 0.1, is accept-
able. The influence of the offset ratio on compression
stiffness under different lattice constants is shown in
Fig. 7b. It can be seen that the stiffness is negatively
correlated with the lattice constant, but almost does
not change with the offset ratio. This is because the
horizontal cover plates are not the main components
to bear axial compression, and the position of the cov-
ers has negligible effect on the stiffness, which brings
more design flexibility.

4.4. Acoustic and mechanical properties
of graded mufflers

As a result, five unit cells with lattice constants of
14 mm, 16 mm, 18 mm, 20 mm, and 22 mm are com-
bined to construct a graded composite muffler (config-
uration C) for band gap broadening. The offset ratio of
configuration C is 0.11, which is a moderate value, thus
achieving a wide and relatively high attenuation gap.
We compare the sound insulation characteristics of or-
dinary honeycomb cell (configuration A), uniform pe-
riodic muffler (configuration B), and graded composite

muffler (configuration C), as shown in Fig. 8. Configu-
ration A has no sound insulation peak due to the ab-
sence of acoustic chambers. Configuration B has only
one sharp TL peak because of its single resonant fre-
quency. Configuration C has five peaks resulting from
five different acoustic chambers. Compared with con-
figuration B, configuration C has a smaller TL peak
value, but the effective band gap width (nTL ≥ 0.5) is
47% wider, and geometrically configuration C is only
90% the size of configuration B, which means it is
lighter and takes up less space. This broadband at-
tenuation effect is numerically confirmed.
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Fig. 8. Transmission loss of the three different muffler
configurations.

To investigate the frequency dependent sound pres-
sure distribution of the wave propagation path, its FE
volume plots of sound pressure level (SPL) are pre-
sented in Fig. 9 at typical frequencies including 555 Hz
(the TL peak frequency for both configuration B and
configuration C) and 685 Hz (the TL peak frequency
only for configuration C). The reference sound pres-
sure is 20 µPa. It can be seen from Fig. 9 that the SPL
in configuration B varies uniformly. At its TL peak
frequency of 555 Hz (Fig. 9a), SPL drops evenly and
rapidly along the sound propagation path. At 685 Hz
(Fig. 9b), the SPL decreases relatively slowly, but still
varies in a uniform way. For configuration C, when the
incident wave frequency is equal to the resonant fre-
quency of one of the acoustic cavities, a rapid drop of
SPL occurs near this cavity, and this phenomenon is
particularly obvious in Fig. 9d. At the acoustic cav-
ity indicated by the arrow, the SPL drops by about
63 dB. It is the presence of multiple resonant frequen-
cies that allows configuration C to have a broader band
gap compared with configuration B, at the expense of
part of the single frequency absorption capacity.

Through numerical simulation, the structural com-
pressive stiffness of the three configurations A, B, and C
(Fig. 4c) is obtained, which is KA = 4.62 ⋅ 108 N/m,
KB = 6.64 ⋅ 108 N/m, and KC = 7.41 ⋅ 108 N/m, res-
pectively. Configuration A (common honeycomb cell)
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Fig. 9. Sound pressure level distributions of the two config-
urations of mufflers (configuration B and configuration C)

at 555 Hz and 685 Hz.

has the worst stiffness characteristics. Configuration C
(graded muffler) has 11.6% higher stiffness than that
of configuration B (uniform periodic muffler) while its
length is 10% shorter and the mass is 4.5% lighter. This
is because shorter and lighter unit cells have greater
stiffness, as shown in Fig. 7b. Due to the series arrange-
ment of unit cells in configurations B and C, we can
estimate the equivalent stiffness of the two structures
by regarding them as multiple springs in series. That is,
a single unit cell is regarded as a spring, and a combina-
tion of multiple cells is regarded as a series of springs.
According to the stiffness of a unit cell obtained in Sub-
sec. 4.2, KB = 6.31 ⋅ 108 N/m and KC = 7.12 ⋅ 108 N/m
are calculated by the spring series formula, neither de-
viation from the numerical result is more than 5%.

5. Conclusion

The proposed honeycomb based graded metamate-
rial muffler shows excellent broadband sound attenua-
tion and stiffness properties. Based on the Helmholtz
resonance theory and cellular solids theory, acoustic
and mechanical theoretical models are established, re-
spectively. Also, different finite element models are de-
veloped via the commercial software COMSOL Multi-
physics for comparison. The finite element calculation

results match well with the theoretical results. The re-
sults show that acoustic metamaterials can be used
as both structural and functional materials by setting
up resonance structures in cellular solids. In addition,
by introducing graded structure design, the effective
subwavelength band gap can be extended at a certain
offset ratio, at the cost of the loss of acceptable single
frequency muffling effect. The graded muffler is supe-
rior to the uniform muffler in the noise elimination ef-
fect and stiffness characteristics. Therefore, the pro-
posed metamaterial muffler achieves broadband sound
attenuation without loss of bearing performance, which
shows promising potential for noise control engineering.
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