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The aim of this research is to use a simple acoustic method of a very near field recording, which enables
measurement and display of oscillation modes, to estimate the velocity of flexural waves, based on the wave-
lengths of standing waves measured on the sample. The paper analyses cases of 1D geometry, flexural waves
that occur on a beam excited by an impulse. Measurements were conducted on two different samples: steel
and a wooden beam of the same length. Due to the appearance of evanescent waves at the boundary regions,
the distance between the nodes of standing waves that occur deviates from half the wavelength, which can be
compensated using a correction factor. Cases of fixed and free boundary conditions were analysed. By quanti-
fying how much the boundary conditions change the mode shape function, it can be predicted how the mode
of oscillation changes if the boundary conditions change, which can also find application in musical acoustics

and sound radiation analysis.
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1. Introduction

The mode shape function of the vibrating object
could be calculated or simulated for different geome-
tries and boundary conditions if the mechanical prop-
erties of the sample are known. Also, it can be done in
a reverse way. Some information about material pro-
perties could be obtained by analysing a mode shape
function. This concept is interesting for different re-
verse engineering problems in musical acoustics and
also for non-destructive measurements when it is diffi-
cult to access material properties another way. This
type of testing is especially important for wood as
a material as its properties are sometimes hard to pre-

upon the material, the modified material must be licensed under identical terms.

dict due to anisotropy, inhomogeneity, and their trend
to change over time under the influence of all diffe-
rent factors like moisture and temperature. Whether
it is a construction beam in a building or an old violin,
non-invasive tests, if possible, are the best solution.
In musical acoustics plate patterns of violins and
guitars have been the subject of study for many
years starting from (CHLADNI, 1787) to new studies
of (GOUGH, 2016) and (WOODHOUSE, 2014). Luthiers,
in process of instrument making, optimize top plates
response having in mind that when it is mounted on
the instrument, mode shapes will change due to differ-
ent boundary conditions and coupling with other body
modes of an instrument. It is important to have a good
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prediction of what will happen, and possibly make
some measurements during this process, because when
a plate is fixed to the body of the instrument there
is nothing much to do to make changes in the instru-
ment’s response.

In this paper a procedure for estimation of flexu-
ral wave velocity of a beam by measuring mode shape
function is presented. Additionally, in a broader con-
text, this paper attempts to quantify how and where
boundary conditions affect the change of mode shape
function that occurs on the surface of vibrating ob-
jects. It allows us to adapt this measurement procedure
for different boundary conditions and in situ cases.

Visualization of the oscillation modes of vibrat-
ing surface can be made by various optical methods,
such as optical holography (JANSSON et al., 1970) or
laser Doppler vibrometry (BISSINGER, OLIVER, 2007;
KALKERT, KAYSER, 2010; GREN et al., 2006). A sim-
ple method presented in this paper, that proved to
be good for this purpose without the need for special
equipment, is the scanning of a sample in the Very
Near Field (VNF) (PREZELJ et al., 2013; PANTELIC,
PREZELJ, 2014; KEELE, 1974). Placing the microphone
in VNF, only a few millimeters above the vibrating
surface allows recording of sound pressure level that is
proportional to local surface velocity (DE BREE et al.,
2004). The repeatability of VNF measurement is good
because, in that zone, variations of sound pressure are
small. Contrary to this, to do near-field measurements
means small changes in the position of the microphone
resulting in large differences in the recorded response.
By using this technique it is possible to achieve good
visualization of mode shapes (PANTELIC et al., 2020;
PANTELIC, PREZELJ, 2014). The boundary of a VNF
region is defined with the frequency and the distance
of two adjacent nodes.

VNF recording is described in this paper, although
the wave velocity estimation procedure can also be
used in the case of other techniques for visualization of
oscillation modes. By identifying the positions of the
nodes of standing waves, the wavelength of flexural
waves can be determined and the wave velocity could
be calculated. Due to the complex nature of the analy-
sed waves, the distance between nodes does not have to
be equal to half the wavelength of propagating wave.

The governing wave equation for a vibrating uni-
form Euler-Bernoulli beam is the fourth-order equa-
tion (MEIROVITCH, 1986) so the solution of the
equation includes propagating wave-like solutions — left
and right going waves and also exponentially damped
solutions — evanescent waves, well known and ex-
plained theoretically (TAKIUTI et al., 2020; DILIGENT
et al., 2003; RYDEN, LOWE, 2004).

In the mode shape equation, the trigonometric
functions represent the propagating waves, and the
hyperbolic functions represent the evanescent waves.
Evanescent waves do not propagate through the

medium, and they disappear quickly. Their influence is
dominant near boundaries, so for higher-order modes,
far from the edges, only propagating waves exist.
Evanescent waves also could appear locally at excita-
tion points in the case of forced vibrations or for the
transient excitation (GRAFF, 1975).

As evanescent waves are superimposed with the
propagating waves, the distance between adjacent
nodes is not constant along the sample and it does not
have to be equal to half of the wavelength of propagat-
ing waves, although right going and left going waves
travel with constant velocity through the beam. For
plates, mixing of these waves results in considerable
curvature of the modal lines at the edges (GOUGH,
2007). The evanescent wave’s influence on mode shape
is a local phenomenon and it will be analysed, here,
for the case of 1D geometry.

Flexural waves are dispersive, which comes directly
from governing equation (MEIROVITCH, 1986). Howe-
ver, the Euler-Bernoulli theory applies only for slender
beams — usually considered to be the case when the
wavelength of a flexural wave is greater than about six
times the thickness of the beam (FAHY, 1985). For the
n-th mode of vibration, this criterion is approximately
% > nm where L and ¢ are the length and thickness
of the beam, respectively. This limitation of Euler—
—Bernoulli beam theory is due to the assumption that
plane sections remain plane during bending. This is
only true for pure bending but can be considered a neg-
ligible error for slender beams due to the small con-
tribution of shear deformation to the behaviour. This
is effectively the same as assuming the beam has in-
finite shear rigidity. This assumption, as well as that
regarding rotational inertia, brings an anomaly in the
results: the phase velocity increases without limit for
increasing frequency (GRAFF, 1975). Other theories
have a better prediction of wave velocity on high fre-
quencies. Rayleigh’s theory includes rotary-inertia ef-
fects (RAYLEIGH, 1945) and Timoshenko beam theory
introduces shear modulus (TIMOSHENKO, 1921). Those
theories predict a plateau which the velocity reaches
for high frequencies. Rayleigh’s theory is seen to give
bounded, but still too high, phase velocity for high
frequencies. Euler—Bernoulli’s theory is seen to agree
with Timoshenko, and so-called “exact theory”, in only
a very limited range of low frequencies. For higher
frequencies, or a thicker waveguide (beam or plate),
the evanescent wave becomes propagating wave. The
wavelengths become comparable with the cross-section
and the simplified model is no longer valid (TAKIUTI
et al., 2020). Importantly for wood, most theoretical
equations that include shear do so assuming the shear
modulus (G) is simply related to the modulus of elas-
ticity (F) by the Poisson’s ratio, as is the case for
isotropic materials. For wood, the role of G in flexural
vibration needs to be considered explicitly for higher
frequencies. This is because the wood has a relatively
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low G compared to F, further complicated by the fact
that the complex microstructure of wood means G
and E can vary almost independently. This is much
more complicated than the normally applied equation,
but a relatively simple formulation of this, and an ap-
proach to the solution, has been provided in the wood
science literature (BRANCHERIAU, 2014). Even here,
there is an assumption that the wood is homogenous
and that the behaviour can be adequately described by
the F along the grain and a single G for the parallel-
perpendicular to the grain plane.

Considering the frequency range examined in this
study, all theories predict that the wave velocity in-
creases with the square root of the frequency. Modes
of a wooden beam have been measured in VNF up
to 12th order. For those frequencies using the sim-
pler Bernoulli-Euler theory is justified as the case of
the slender beam. Besides the analysed wooden beam,
a steel beam of the same length is also measured to
justify the use of the correction factor that will be
introduced in this paper. Measurements on the steel
beam will exclude the influence of anisotropy and in-
homogeneity which appear in the case of wood.

2. Analytical solution and correction
for wavelength estimation

Mode shape functions of a vibrating beam of length
L for different boundary conditions are presented in

Fig. 1. The analytical solution of a mode shape func-
tion of the first three modes for free-free and fixed-
fixed boundary conditions and second, third and fourth
mode for cantilever beam are presented with a solid
line on the graph. The first mode for the cantilever
beam is intentionally omitted because it does not have
any standing wave nodes. Mode shapes in the case
when the hyperbolic components are removed from the
mode shape function are presented with a dashed line.
The distance between the nodes formed with dashed
lines corresponds to half the wavelength of the propa-
gating component but in reality, that distance becomes
changed (the case of the solid line) due to the super-
position with evanescent waves. There is a shortening
on the side where there are the free boundary condi-
tions and increasing on the side where fixed boundary
conditions are.

The effect disappears moving away from the
edges of the sample so the dashed line and solid
line match each other half the wavelength from the
edge. The scenario is the same for higher modes —
the difference exists only half the wavelength from the
edge. In the case of modes greater order than three, it
is enough to select two nodes away from the boundary
and the distance between them will correspond to half
the wavelength of the propagating wave. This can be
applied to some extent in the case of the third mode
for free-free and fixed-fixed boundary conditions and
the fourth for cantilever beam because the differences
between these two curves in the middle of the sample
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Fig. 1. Mode functions (full line) and mode functions without hyperbolic component (dashed line) for different boundary
conditions: fixed-fixed (1st, 2nd, 3rd mode), cantilever beam (2nd, 3rd, 4th mode), free-free (1st, 2nd, 3rd mode).
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Table 1. Relationship of the distance between nodes d and half of the wavelength A/2 for the fixed side of the sample
(total length of the sample is L =1).

b.c. Fixed-fixed Cantilever beam (fixed side)

No. 1 2 3 1 2 3 4

a-L | 4.73 7.853 10.996 14.137 1.875 | 4.694 7.855 10.996
d 1 0.5 0.3584 0.2788 / 0.7835 | 0.5035 0.3583

A2 0.6642 | 0.4001 0.2857 0.2222 / 0.6693 | 0.3999 0.2857
Ci 0.6642 | 0.8001 0.7971 0.7972 / 0.8543 | 0.7943 0.7973

Table 2. Relationship of the distance between nodes d and half of the wavelength A\/2 for free side of the sample
(total length of the sample is L = 1).

b.c. Free-free Cantilever beam (free side)

No. 1 2 3 1 2 3 4

a-L | 4.73 7.853 10.996 14.137 1.875 | 4.694 7.855 10.996
d 0.5516 | 0.3679 0.2614 0.2033 / 0.7835 | 0.3641 0.2615

A/2 | 0.6642 | 0.4001 0.2857 0.2222 / 0.6693 | 0.3999 0.2857
Ci 1.2041 1.0874 1.0932 1.0929 / 0.8543 1.0984 1.0927

are very small (about 1.4%). In the case of the low-
est mode for all boundary conditions, evanescent waves
are present along the entire length of the sample, so the
measured distance between the nodes deviates signifi-
cantly from half the wavelength of the propagating
wave. To overcome those differences in measurement
procedure correction factor can be introduced as:

(1)

where d is the distance between nods and A wavelength.
For Euler—Bernoulli beams correction factor Cy de-
pends only on the boundary conditions and the mode
number and it can be numerically calculated for eve-
ry case of interest by using the analytical solution of
the mode shape function. Mode shape function zeroes,
with and without hyperbolic components, are numeri-
cally calculated assuming that the length of the sample
is 1. The calculation is done for all resonances, defined
by the value of wavenumber a, which can be found in
the literature (MEIROVITCH, 1986). Obtained values
are given in Table 1 for the fixed side of a sample, and
in Table 2 for the free side. The distance between ze-
roes for the regular mode is denoted by d, while the
distance in the case when the hyperbolic components
are excluded from the function is denoted by A/2. The
ratio between the values of these distances C' is also
shown in Tables 1 and 2.

Theoretically, coefficient C' does not depend on the
dimensions and mechanical properties of the beam, so
by knowing its values, half the wavelength of the propa-
gating wave can be estimated by multiplying the mea-
sured distance between nodes d by this coefficient. For
all modes of a higher order than 4, the coefficient C'
does not differ much from the values for the 4th mode.

3. Experimental verification
3.1. Measurement procedure

In order to test the conclusions made in the pre-
vious paragraph, the following experiment was perfor-
med in which beams were analysed in free boundary
conditions.

The experimental setup is shown in Fig. 2. The
sample is placed on elastic bands to achieve free-free
boundary conditions. During the measurement, the
specimen was manually excited by impulse (hammer)
consistently at the same point. In addition to the sam-
ple on elastic bands, this setup employs two micro-
phones with a 10 mm membrane diameter. The move-
able microphone M1 is set in a VNF at a distance
of several millimeters from the sample. Response at
measurement points, 5 mm one from another, along
the length of the sample was recorded with this micro-
phone. The non-uniformity of the sample excitation for
each measurement point is compensated by the refer-
ent microphone M2. This microphone is positioned in

Movable
microphone Impulse
" excitation
- | — 4 point
> 4
L] 7
L
al al
™~ Elastic supports e Fixed
microphone

Fig. 2. Experimental setup — beam in free-free boundary
conditions.
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VNF at one fixed point, and it does not move through
all measurements. Its role is to register variations in
different levels of sound pressure due to a non-uniform
hammer impact. The signals recorded with the M1 mi-
crophone are increased or decreased according to varia-
tions of the signal level recorded with the M2 micro-
phone.

3.2. Flexural wave velocity estimation
of a wooden beam

The properties of the analysed wooden beam are gi-
ven in Table 3. Values of modulus of elasticity are
approximated using the standard acoustical method
of E approximation, defined by standard procedures
(ASTM E1875-13, 2013; ASTM E1876-15, 2015). Sam-
ple mass m was measured, and density p was calcu-
lated.

The internal structure of the analysed wooden
beam is oriented in the way that the longest dimension
of the sample matches the longitudinal direction of the
wood grain. Impulse response was recorded at 92 mea-
suring points and for every point, FFT is calculated.
From the recorded signal spectrum resonant frequen-
cies of a beam are identified and they are presented
in Table 4. By calculating FFT for all measurement
points sound pressure levels above the whole surface
of the sample can be displayed for any frequency in
the analysed range. Figure 3 shows the dependence
of the sound pressure level from the measuring posi-
tion for the 1st, 2nd, 3rd, and 8th mode of the beam.

Velocity estimation was made for frequencies of
twelve resonant minor axis flexural modes appearing
on the beam by measuring a wavelength from a mode
shape function like those presented in Fig. 3. Wave-
lengths can be measured not only for the resonance

Table 3. Wooden beam material properties.

. Mass Length Thickness Width p E
Material 3
le] [mm] [mm] [mm] [kg/m”] [GPa]
Wood 23.46 456 3.5 19.8 742.4 15.6

Table 4. Node distance d, half wavelength A/2, and estimated flexural wave velocity v for the wooden beam
in free-free boundary conditions.

f [Hz] 79 217 425 700 1036 1451 1912 2447 3038 3684 4409 5118
d [m] | 0.2550 | 0.1675 | 0.1225 | 0.1025 | 0.0850 | 0.0700 | 0.0550 | 0.0525 | 0.0475 | 0.0450 | 0.0400 | 0.0375
A/2 [m] | 0.307 | 0.182 | 0.1225 | 0.1025 | 0.0850 | 0.0700 | 0.0550 | 0.0525 | 0.0475 | 0.0450 | 0.0400 | 0.0375
v [m/s] 48.5 79.0 104.1 143.5 | 176.1 | 203.1 | 210.3 | 256.9 | 288.6 | 331.6 | 352.7 | 383.9
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Fig. 3. Dependence of the sound pressure level from the measuring position for the 1st, 2nd, 3rd, and 8th mode
of the beam (79 Hz, 217 Hz, 425 Hz, and 2447 Hz, respectively).
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frequencies but also for any frequencies in the analysed
range. However, the easiest way to see the minimum
is on the resonant frequency, so these cases are taken
into account. As the distance between the two measur-
ing positions during the sample scan was 0.5 cm, the
measured node position can deviate from its real value,
and this error becomes more significant at higher fre-
quencies where the wavelengths are shorter. For higher
frequencies, this could be overcome by measuring dis-
tance, not between adjacent nodes but far ones, and di-
viding value with the appropriate number (for example
see 8th mode on Fig. 3 where several “hills” could be
identified). In Table 4 measured distances d are shown
with their corresponding frequencies.

If it is assumed that the distance between the two
adjacent minima corresponds to half the wavelength of
propagating waves, which is true for positions far from
edges of the sample, it is possible to estimate flexu-
ral waves velocity. As it was mentioned before, evanes-
cent waves, which appear near edges, are superimposed
with propagating waves which result in shifting node
positions in this region. For modes higher than order
two it is possible to choose two adjacent minimums
in regions far from the edge, but for the 1st and 2nd
mode, there are no nodes out of this region. This is
why the node distance for this case does not match
half the wavelength of a propagating wave. To correct
this difference the correction factor that was defined in
Table 2 (free-free boundary conditions) is applied for
the two lowest modes. Values for \/2 are equal to d
except for 1st and 2nd mode where the correction is
applied.

By multiplying wavelength with frequency velocity
values are calculated for the first 12 modes. The val-
ues of wave velocity depending on the frequency are
shown in Fig. 4a. These waves are dispersive so the
velocity of the flexural waves is frequency dependent.

a) 4 |

v=52932(f)2

Velocity [m/s]
[3*)
[=1
(=]

0 20 40 60
Square root of frequency [Hz!?]

More precisely, the velocity is proportional to the root
of the frequency. For this reason, squared root values of
frequency are given on the z-axis in Fig. 4a.

The estimated velocity values coincide with the the-
oretical expectations in the analysed frequency region.
Through the twelve points in which velocity values are
estimated, a regression line passing through (0.0) point
is calculated and it appears in Fig. 4a. The equation of
this line is also shown in Fig. 4a. The value of the deter-
mination coefficient for this trend line is R? = 0.9948.
The measured velocity values deviate more from the
trend line at high frequencies, which is expected due
to a larger measurement error in this band. Combined
uncertainty for all measurement positions is calculated
and presented in Fig. 4a.

For low frequencies, an error is smaller and those
measurements are most relevant. That’s why it is im-
portant to use the first two modes in the calculation.
By using a correction factor for the first two modes
good agreement with theoretical expectations was
achieved and estimated values for low frequency ve-
locity match the regression line. In Fig. 4b results
are presented only for a low frequency region. Values
marked with crosses are cases when the correction
factor was not applied to measured data.

8.8. Flexural wave velocity estimation of a steel beam

Measurements are also made for the steel beam of
the same length. The properties of the analysed sample
are given in Table 5. Values of modulus of elasticity are
approximated by standard procedures (ASTM E1875-
13, 2013; ASTM E1876-15, 2015). Sample mass m was
measured, and density p was calculated.

The same procedure for mode visualization is ap-
plied as in the case of wooden beam, and results are
presented in Table 6 and graphically in Fig. 5.

b) 150 -

Velocity [m/s]
=
(=]

w
o
L

0 10 20 30
Square root of frequency [Hz'?]

Fig. 4. The velocity of flexural waves estimation for wooden beam in free-free boundary conditions: a) full range with
measurement uncertainty, b) matching the trend line for low frequency range — with correction (small squares) and without
correction (crosses).

Table 5. Steel beam material properties.

. Mass Length Thickness Width p E
Material 3
le] [mum] [mum] [mm] [kg/m”] [GPa]
Metal 142 456 20 7785.1 191.2
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Table 6. Node distance d, half wavelength A/2, and estimated flexural wave velocity v for the steel beam
in free-free boundary conditions.

f [Hz] 49 137 268 442 662 1231 1581 1976 2413 2899 3422
d [m] 0.2550 | 0.1650 | 0.1300 | 0.1050 | 0.0850 | 0.0700 | 0.0600 | 0.0550 | 0.0475 | 0.0433 | 0.0400 | 0.03875
A/2 [m] | 0.3070 | 0.1794 | 0.1300 | 0.1050 | 0.0850 | 0.0700 | 0.0600 | 0.0550 | 0.0475 | 0.0433 | 0.0400 | 0.03875
v [m/s] 30.1 49.2 69.7 92.8 112.5 129.4 147.7 173.9 187.7 209.1 231.9 265.2
2) 400 b) s
300 _
% v=143378(f)!2 £ 100 |
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2 g
S S 50 -
100
X
0+~ , : : 0 : : ‘
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Fig. 5. The velocity of flexural waves estimation for steel beam in free-free boundary conditions: a) full range with
measurement uncertainty; b) matching the trend line for low frequency range — with correction (small squares) and
without correction (crosses).

The value of the determination coefficient of a trend
line for steel beam measurement in Fig. 5a is R? =
0.9965. As expected, in the case of steel beam agree-
ment with theoretical expectations is even better than
in the case of wood. Estimated values for low frequency
velocity match the regression line, while values with-
out correction applied, marked with crosses in Fig. 5b,
lie under the regression line.

4. Conclusion

This paper describes a procedure for estimating the
velocity of flexural waves that occur in beams based
on the wavelengths of standing waves measured with
simple instrumentation. The wavelengths were deter-
mined based on the mode shapes obtained by measur-
ing the sound pressure with a microphone in a very
near field a few millimeters from the beam. At high
frequencies, an error in wavelength estimation occurs
due to the low scanning resolution of the sample as
the response is recorded in 92 points with a distance of
0.5 cm. Reducing this distance can improve the results
but extends the time required for this type of measure-
ment. For higher frequencies, if possible, this could be
overcome by measuring distance, not between adjacent
nodes but far ones, and dividing value with the appro-
priate number to get one wavelength. Often it is hard
to find a good minimum for high frequency so this ap-
proach is not systematically included in the calculation
of combined uncertainty for this measurement. Besides
the dimensions of the microphone membrane compared
with the wavelength, the reasons for bad readings of

sound pressure for high frequencies are due to the ap-
pearance of other modes of oscillation in that frequency
region. This especially stands for torsional waves. In
the FEM model of the analysed steel beam in free-free
boundary conditions, torsional modes start to occur
from 663 Hz (in used numerical model Poisson’s ratio
was 0.28). For wood samples, it is harder to predict
torsional mode frequencies due to complicated wood
structure but they are expected in a similar frequency
range. This could explain deviations in estimated va-
lues of velocity starting from the 7th mode in Fig. 3.

For low frequencies, the distance between the nodes
is not equal to half the wavelength due to the exis-
tence of evanescent waves at the edges of the sample.
By correcting the measured values using the correc-
tion factor which is proposed in this paper, the value
of the wavelength can be reached, which was done
for the lowest two modes. The measurement error is
smaller in this region (combined uncertainty is about
2% for 1st mode) compared to the error for high fre-
quencies (13.3% for 12th mode) so first modes are
most important for this type of measurement, which
increases the importance of applied wavelength cor-
rection. The influence of evanescent waves on the es-
timation of the wavelength for higher frequencies can
be avoided if the distance between the nodes is mea-
sured at positions that are half the wavelength away
from the sample boundaries.
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