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Recent advances in the construction of speed of sound meters made high-accuracy routine measurements
possible in laboratories non-specialized in physical acoustics. Reliable values of the isentropic compressibility
can be obtained from speeds of sound and densities of liquids using the Laplace formula. Strict thermodynamic
relationships connect the isentropic compressibility of a medium and its density as a function of temperature
and pressure with the heat capacity. These relationships result from the principles of thermodynamics and require no approximations or molecular models. In this study, the heat capacities of twelve liquids: hydrocarbons,
acetonitrile, and ionic liquids were calculated from the speeds and densities taken from the literature sources.
The agreement of the calculation results with the reference heat capacities, either critical values or measured
calorimetrically, was satisfactory. The relative uncertainty of the calculated heat capacities was rather conservatively estimated for 5%. If the measurement procedures were optimized for heat capacity determination,
better results would be attained, with the uncertainty probably smaller than 1%. Thus, the speed-and-density
method is a potential alternative to classical calorimetry.
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1. Introduction
Commonly, the heat capacities of liquids are measured using calorimeters of various types. Modern
calorimeters are sophisticated instruments that require
specialist knowledge to be properly operated. Alternatively, heat capacity can be calculated from other
material constants, such as density ρ, isobaric thermal
expansibility αp , and compressibilities: isothermal κT
and isentropic κS . The following strict thermodynamic
formula can be used for the specific heat capacity cp :
cp =

T αp2
(κT − κS )ρ

,

the derivation. Thus, the only source of uncertainty
in the heat capacity calculated from Eq. (1) would be
uncertainties in the measured quantities reported on
the right-hand side of Eq. (1).
Development of the vibrating-tube densimeters and
speed of ultrasound meters in the last decades made
the indirect method worthy of consideration. From
among four material constants reported on the righthand side of Eq. (1), ρ is measured directly, while the
αp and κT can be calculated from the density according to the definitions:
αp =

(1)

where T is the absolute temperature. Derivation of
Eq. (1) is based on the thermodynamic definitions and
the Maxwell relations. Its draft was reported by Reis
et al. (2001). It should be noted that no model assumptions or approximations have been introduced in

1 ∂V
1 ∂ρ
(
) =− (
)
V ∂T p
ρ ∂T p

and

(2)

1 ∂V
1 ∂ρ
(
) = ( ) ,
(3)
V ∂p T ρ ∂p T
where V is volume. Either equations of state, ρ = f (pT )
or V = f (T p), or approximate relationships of the form
κT = −
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(∂ρ/∂T )p ≈ (∆ρ/∆T )p could be applied to this end.
The fourth material constant, the isentropic compressibility defined as:
κS = −

1 ∂V
(
) ,
V ∂p S

(4)

is related to the speed of sound u and density by the
Laplace formula:
κS = ρ−1 u−2 .

(5)

The suggested method of calculations, based on the
difference between the isothermal and isentropic compressibilities (Eq. (1)), seems to be rather simple. To
our surprise, we could not find literature sources relevant to this method in the Web of Science database.
Thus, we felt tempted to verify whether it was of practical value.
It should be noted that V = f (pT ) equations have
been applied in the assessments of heat capacities at
elevated pressures. However, the calculated quantity
was not the Cp itself, but rather the change in heat
capacity due to the pressure change:
(∂Cp /∂p)T = −T (∂ 2 V /∂T 2 )p .

(6)

In this manner, Bridgman (1912) calculated the
heat capacity of water at pressures up to 1200 MPa.
A modified method can be applied as well. If Cp (T )
and ρ(T ) are known at a reference pressure, usually
at the atmospheric one, their pressure and temperature relationships can be obtained from the respective
relationship for the speed of sound, u(T, p), e.g. (Sun
et al., 1988; Marczak et al., 2000). The Cp (p, T ) values of 1-hexanol determined in this way by Marczak
et al. (2000), differed by less than −1.6% from those
measured calorimetrically by Randzio et al. (1995).
Thus, the “acoustic” values of the heat capacities and
densities proved to be reliable, despite a rather complex extrapolation procedure.
Both the calculations reported in this work and
those mentioned in the preceding paragraph apply the
same theory. This lets us believe that the suggested
calculation method is worthy of exploration.

2. Calculations
Heat capacities of twelve liquids: n-heptane, n-octane, n-nonane, n-decane, benzene, toluene, acetonitrile, 1-ethyl-3-methylimidazolium ethyl sulfate [C2 mim]
[EtSO4 ], and 1-amyl-3-methylimidazolium bis((trifluoromethyl)sulfonyl)imides: propyl [C3 mim][NTf2 ], n-butyl [C4 mim][NTf2 ], n-pentyl [C5 mim][NTf2 ], and n-hexyl [C6 mim][NTf2 ] at several temperatures were calculated and compared with the reference values. All
data were taken from the literature sources reported

in the next section. Depending on the forms of the applied equations of state, Eq. (1) was either unchanged
or re-arranged in the following manner:
T Ep2

Cp =

KT − KS

,

(7)

where Cp is the extensive heat capacity, Ep is the isobaric expansion, and KT and KS are the compressions,
isothermal and isentropic, respectively. Ep , KT and KS
could be obtained either directly, as the first derivatives of volume, or by a multiplication of the respective
intensive functions (Eqs (2)–(4)) by volume. In practice, the volume is either the specific or molar one. Consequently, the expansion and compressions are specific
or molar values, respectively. In the first case, the calculation result is the specific heat capacity, cp , while it
is its molar counterpart, Cp,m , in the second one.
The isobaric thermal expansibilities and isothermal
compressibilities or their extensive counterparts were
either taken directly from the literature sources that
were reported later in this paper (Table 1), or they
were calculated from the dependencies of density or
volume on temperature and pressure (Eqs (2) and (3)).
Commonly, the pressure dependencies of density were
expressed by Tait equations:
B+p
1 1
= + A ln
,
ρ C
B + 0.1

(8)

where p is in MPa, and A, B, and C were fitted coefficients. The dependencies of density on temperature T
(in kelvins) were expressed as:
n

i

y = ∑ ai (T − ϑ) ,

(9)

i=0

where y = ρ or y = ln ρ, ai were the regression coefficients, n ≤ 3, and ϑ was an arbitrarily chosen reference
temperature. The Tait equation used for acetonitrile by
Ahmadiyarov et al. (2021), had the following form,
slightly different from Eq. (8):
ρ(p, T ) =

ρ0 (T )

)+p
1 − C ln B(T
B+0.1

,

(10)

where ρ0 (the density at atmospheric pressure) was expressed by Eq. (9) with n = 3 and ϑ = 0, while
2

B(T ) = ∑ Bi T i

(11)

i=0

with the regression coefficients C and Bi .
Densities of hydrocarbons and their heat capacities were calculated using the “Fluid property” module implemented in the NIST Chemistry WebBook
(Linstrom, Mallard, 2021). These quantities are
denoted as “NIST” from here on.
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Table 1. Molar isobaric heat capacities of twelve liquids at atmospheric pressure calculated in this work compared with the measurement results reported in literature
sources or critical values from the NIST Chemistry WebBook (Linstrom, Mallard, 2021), absolute (U ) and relative (Urel ) uncertainties, and calculation errors: absolute
∆Cp,m and relative δCp,m .
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The isentropic compressibilities were calculated from
the speeds of sound using Eq. (4). In the calculations,
either the measured speeds were used, or those obtained from polynomials analogous to Eq. (9) with y = u.
The uncertainties of the calculated heat capacities
were estimated according to the rules of the calculus
of errors (Czermiński et al., 1990). The combined uncertainty of Cp obtained from Eq. (7) was given by:
U (Cp ) = ∣

∂Cp
U (T )
∣
∂T Ep ,KT ,KS

+∣

∂Cp
∣
U (Ep )
∂Ep T,KT ,KS

+∣

∂Cp
U (KT )
∣
∂KT T,Ep ,KS

+∣

∂Cp
U (KS ),
∣
∂KS T,Ep ,KT

(12)

where U (T ), U (Ep ), U (KT ), and U (KT ) denote the
uncertainties of temperature, thermal isobaric expansion, isothermal compression, and isentropic compression, respectively, and:
∣

Ep2
∂Cp
∣
=
,
∂T Ep ,KT ,KS KT − KS

(13)

∣

∂Cp
2T Ep
∣
=
,
∂Ep T,KT ,KS KT − KS

(14)

∣

T Ep2
∂Cp
∂Cp
∣
=∣
∣
=
. (15)
∂KT T,Ep ,KS
∂KS T,Ep ,KT (KT − KS )2

4. Discussion
The calculated molar heat capacities are in good
agreement with the values measured calorimetrically
and those reported in the NIST Chemistry WebBook
(Linstrom, Mallard, 2021) (Fig. 1). The result for
n-octane was not considered for the reason that will be
discussed later in this section. The scatter is bigger for
the ionic liquids than for the other substances. That is
justified by the fact that the densities, speeds of sound,
and heat capacities of the ionic liquids applied in this
comparison were just measurement results, each reported by one group of researchers, rather than critical
values based on several sets of the experimental data.
For example, the agreement between the heat capacity
of [C4 mim][Ntf2 ] at temperature 298.15 K calculated
from the densities and speeds reported by Nieto de
Castro et al. (2010) and Zorębski et al. (2016), respectively, and that measured by Rocha et al. (2012),
is almost perfect. The relative difference of −0.5% is
within the relative uncertainty limits of the calculated
value, equal to 2.8%. The heat capacities calculated
from the densities and speeds reported by Gomes de
Azevedo et al. (2005), differ from the measured values of Rocha et al. (2012) by −4.3%. To facilitate the
comparison, these and three other heat capacity values
were plotted in Fig. 2. It seems reasonable to suppose
that the impurities in the chemicals used in particular
experiments could contribute significantly to the measurement errors. Contrary to the uncertainty due to
the apparatus characteristics, this effect is difficult or
even impossible to estimate.

In the combined uncertainty calculations, we used
the measurement uncertainties claimed by the authors
of the reference sources. If the uncertainties were not
stated directly, we estimated their values from the
number of significant digits in the coefficients of the fitted equations. The relative uncertainty was defined
conventionally as:
Urel (Cp ) =

U (Cp )
.
Cp

(16)

3. Results
The calculated molar heat capacities and literature
values with their uncertainties are reported in Table 1.
The absolute and relative errors were defined as:
∆Cp,m = Cp,m − Cp,m (lit)
and

(17)

∆Cp,m
,
(18)
Cp,m (lit)
respectively, where Cp,m (lit) is the “true” heat capacity. The latter were either critical values taken from
the NIST Chemistry WebBook (Linstrom, Mallard,
2021), or results of calorimetric measurements.
δCp,m =

Fig. 1. Molar heat capacities at atmospheric pressure: literature values vs those calculated in this work (for the references see Table 1). The line represents a hypothetic ideal
case where the two values for a substance are identical.

The highest relative difference between the calculated and measured heat capacity was −9.6%
for [C4 mim][Ntf2 ] at 298.15 K (Table 1). In this
case, the density and speed reported by Gomes de
Azevedo et al. (2005), were used in the calculations,
while the Cp,m = 599 J/(K ⋅ mol) was reported by
Ge et al. (2008). The latter authors estimated the
“instrument uncertainty” for 5% in their calorimetric
measurements. The 5% added to the 3.8% uncertainty
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Fig. 2. Molar heat capacity of [C4 mim][Ntf2 ] calculated
from the densities and speeds of sound (filled symbols)
and measured calorimetrically (empty symbols). Squares
– T = 293.15 K, circles – T = 298.15 K. References: NdC –
(Nieto de Castro et al., 2010), Zor – (Zorębski et al.,
2016), Ge – (Ge et al., 2008), GdA – (Gomes de Azevedo
et al., 2005), Roc – (Rocha et al., 2012).

of the calculated heat capacity gives ca. 9% combined uncertainty of the difference between the two
Cp,m values. That fits quite well with the observed
relative difference. Moreover, the heat capacity of
(565.9 ± 0.6) J/(K ⋅ mol), measured by Rocha et al.
(2012), also differs considerably from that of Ge et al.
(2008). That supports the idea that the differences due
to the impurities in the investigated liquid samples
cannot be neglected.
The results for acetonitrile, reported in Fig. 3, evidence that the calculated heat capacities are very close
to the measured ones. However, a slight systematic
shift towards lower values is observed. This tendency
seems to be predominant in the majority of the results, which is illustrated by the histogram in Fig. 4.

Fig. 3. Molar heat capacity of acetonitrile calculated
from the densities and speeds of sound (filled symbols)
and measured calorimetrically (empty symbols). Squares
– T = 293.15 K, circles – T = 298.15 K, triangles – T =
303.15 K. References: Akh – (Akhmadiyarov et al., 2021),
Gep – (Geppert-Rybczyńska, Sitarek, 2014), Wal –
(Waliszewski, Piekarski, 2010), Tja – (Tjahjono,
Garland, 2008), Tam – (Tamura et al., 1994), Hov –
(Hovorka et al., 1999), Che – (Checoni, Francesconi,
2007).
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Fig. 4. Histogram of the discrepancies between the calculated molar heat capacities and the reference values reported in the literature sources.

Ten out of 26 calculated heat capacities is equal to the
reference values within ±1% of the Cp . As many as 14
is smaller by more than 1%, while just two are bigger
by more than 1%. That probably results from systematic errors in the estimated isothermal compressibilities. For example, the density of acetonitrile was measured by Akhmadiyarov et al. (2021), at pressures
from 0.1 MPa up to 50 MPa. The lowest elevated pressure was 1 MPa, ten times higher than the atmospheric
one. The next pressure, 5 MPa, was fifty times higher.
Thus, the fitted Eq. (10) for the dependence of density
on pressure could be not fully reliable for low pressures
due to the lack of experimental results in this pressure
range. In particular, this flaw would influence the pressure derivative of density, i.e. the calculated isothermal
compression, and, consequently, the isothermal compressibility (cf. Eq. (3)). If the true isothermal compressibility of acetonitrile was lower only by 0.9% than
the estimated value, i.e. 1.1319 ⋅ 10−9 Pa−1 at 298.15 K
rather than 1.1418 ⋅ 10−9 Pa−1 used in the calculations,
then the obtained heat capacity would be equal to
the calorimetric result, 91.61 J/(K ⋅ mol) (Checoni,
Francesconi, 2007), which was the highest one from
among five compared in this study. Smaller corrections
in κT would be sufficient for matching the calorimetric data reported by Hovorka et al. (1999), Tamura
et al. (1994), Tjahjono and Garland (2008), and
Waliszewski and Piekarski (2010).
From the generally good results, the exception is
that for octane. The NIST heat capacity (Linstrom,
Mallard, 2021) was significantly higher than those
calculated from the speed of sound: by 13.4% (speeds
reported by Nath (1997)) and by 15.6% (speeds measured by de Cominges et al. (2002) and González
et al. (2003)). However, the speeds of sound in octane show a similar discrepancy. The calculated NIST
value of 1166 m/s is much lower than the experimental speeds: 1188.6 m/s (Nath, 1997) and 1193 m/s
(de Cominges et al., 2002; González et al., 2003) at
293.15 K. The second result is even outside the limits of
the declared NIST uncertainty, ±2% of the speed value.
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Moreover, the speed of sound in octane interpolated
from the NIST speeds in heptane, nonane and decane
is 1186 m/s rather than 1166 m/s. The former agrees
well with the experimental data of (Nath, 1997), and
only slightly worse with those of (de Cominges et al.,
2002; González et al., 2003). Evidently, the thermodynamic data for octane obtained from the NIST equation of state were not sufficiently consistent for the
tested application. Thus, the heat capacity of octane
was not reported in the figures. It must be stressed
again that the discrepancy is not caused by a flaw in
the method of calculations, because the latter is based
on strict thermodynamic relationships.
The discussion of the calculation results would be
incomplete without pointing to the limitations of the
method. It is easy to notice that Eq. (1) fails for liquids
of null thermal expansion. Water 1 H2 O at T = 277.13 K
is a good example of such a substance. In such case
αp = 0 and κT = κS , and Eq. (1) gives the 0/0 expression, which is an indeterminate form. An application
of L’Hôpital’s rule could help to evaluate Cp . However,
the uncertainty of such an assessment would be higher,
because of the calculation procedure consisting in the
determination of temperature derivatives of thermal
expansibility and isothermal and isentropic compressibilities. Fortunately, no common liquid except water
shows such behaviour.
Other thermodynamic functions can be obtained
using the discussed method as well. For example, the
isochoric heat capacity, CV , can be calculated from
the isobaric heat capacity with the following strict
thermodynamic relationship:
CV =

Cp
,
γ

(19)

where γ is the adiabatic index given by:
γ=

κT
.
κS

(20)

The possibility of simultaneous determination of Cp
and Cv is an advantage of the discussed method over
the classical calorimetric measurements.

5. Conclusions
1) The isobaric heat capacity of a liquid can be calculated with reasonable uncertainty from the experimental speed of sound and the pressure and temperature dependencies of the density using strict
thermodynamic relationships.
2) The uncertainty of the calculated heat capacity,
estimated from Eq. (12), ranged from 0.7% to
7.5%. The comparison of the calculated and literature Cp values suggests that 5% is a safe estimation of the uncertainty for careful measurements with a modern speed-of-sound meter and
oscillating-tube densimeter.

3) Although the datasets used in these calculations
were not optimized for heat capacity determination, the calculated Cp values were acceptable.
A 1% relative uncertainty of Cp can be probably
attained if the temperature and pressure intervals
between the measured densities are smaller. The
smaller are the temperature and pressure steps in
the measurements, the better are the αp and κT
estimations.
4) The absolute accuracy of the density determination is less important than the high precision.
A contribution to the combined uncertainty of Cp
due to uncertainty of density of the order of
0.1 kg ⋅ m−3 is negligible.
5) Speeds of sound measured with an uncertainty of
1 m/s or even slightly worse are sufficiently good
to be used in the calculations.
6) Apart from the isobaric heat capacity, other thermodynamic functions can be calculated by the
suggested method as well, in particular the isochoric heat capacity and the adiabatic index. This
is an advantage of the analyzed method over the
classical calorimetric measurements.
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