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Recent advances in the construction of speed of sound meters made high-accuracy routine measurements
possible in laboratories non-specialized in physical acoustics. Reliable values of the isentropic compressibility
can be obtained from speeds of sound and densities of liquids using the Laplace formula. Strict thermodynamic
relationships connect the isentropic compressibility of a medium and its density as a function of temperature
and pressure with the heat capacity. These relationships result from the principles of thermodynamics and re-
quire no approximations or molecular models. In this study, the heat capacities of twelve liquids: hydrocarbons,
acetonitrile, and ionic liquids were calculated from the speeds and densities taken from the literature sources.
The agreement of the calculation results with the reference heat capacities, either critical values or measured
calorimetrically, was satisfactory. The relative uncertainty of the calculated heat capacities was rather con-
servatively estimated for 5%. If the measurement procedures were optimized for heat capacity determination,
better results would be attained, with the uncertainty probably smaller than 1%. Thus, the speed-and-density
method is a potential alternative to classical calorimetry.

Vol. 47, No. 4, pp. 547-554 (2022), doi: 10.24425/a0a.2022.142890

Keywords: speed of sound; density; compressibility; expansibility; calorimetry; elevated pressure.

tribution, and reproduction in any medium, provided that the article is properly cited. In any case of remix, adapt, or build

Copyright © 2022 The Author(s). This is an open-access article distributed under the terms of the Creative Commons Attri-
bution-ShareAlike 4.0 International (CC BY-SA 4.0 https://creativecommons.org/licenses/by-sa/4.0/) which permits use, dis-

BY SA

1. Introduction

Commonly, the heat capacities of liquids are mea-
sured using calorimeters of various types. Modern
calorimeters are sophisticated instruments that require
specialist knowledge to be properly operated. Alter-
natively, heat capacity can be calculated from other
material constants, such as density p, isobaric thermal
expansibility a,,, and compressibilities: isothermal 7
and isentropic xg. The following strict thermodynamic
formula can be used for the specific heat capacity cp:

Taf7

= —, (1)
(kT - Ks)p

where T is the absolute temperature. Derivation of

Eq. (1) is based on the thermodynamic definitions and

the Maxwell relations. Its draft was reported by REIS

et al. (2001). It should be noted that no model as-
sumptions or approximations have been introduced in

Cp

upon the material, the modified material must be licensed under identical terms.

the derivation. Thus, the only source of uncertainty
in the heat capacity calculated from Eq. (1) would be
uncertainties in the measured quantities reported on
the right-hand side of Eq. (1).

Development of the vibrating-tube densimeters and
speed of ultrasound meters in the last decades made
the indirect method worthy of consideration. From
among four material constants reported on the right-
hand side of Eq. (1), p is measured directly, while the
oy, and k7 can be calculated from the density accord-
ing to the definitions:

vy (), G,

. __l(ﬁl) _1(@) (3)
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where V is volume. Either equations of state, p = f(pT)
or V = f(Tp), or approximate relationships of the form
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(0p/OT), ~ (Ap/AT), could be applied to this end.
The fourth material constant, the isentropic compressi-
bility defined as:

e

is related to the speed of sound u and density by the
Laplace formula:

ks =p tu2 (5)

The suggested method of calculations, based on the
difference between the isothermal and isentropic com-
pressibilities (Eq. (1)), seems to be rather simple. To
our surprise, we could not find literature sources rele-
vant to this method in the Web of Science database.
Thus, we felt tempted to verify whether it was of prac-
tical value.

It should be noted that V = f(pT') equations have
been applied in the assessments of heat capacities at
elevated pressures. However, the calculated quantity
was not the C), itself, but rather the change in heat
capacity due to the pressure change:

(0Cy[0p)p=-T (82V/8T2)p : (6)

In this manner, BRIDGMAN (1912) calculated the
heat capacity of water at pressures up to 1200 MPa.
A modified method can be applied as well. If C,(T")
and p(T) are known at a reference pressure, usually
at the atmospheric one, their pressure and tempera-
ture relationships can be obtained from the respective
relationship for the speed of sound, u(7,p), e.g. (SUN
et al., 1988; MARCZAK et al., 2000). The C,(p,T) va-
lues of 1-hexanol determined in this way by MARCZAK
et al. (2000), differed by less than -1.6% from those
measured calorimetrically by RANDZIO et al. (1995).
Thus, the “acoustic” values of the heat capacities and
densities proved to be reliable, despite a rather com-
plex extrapolation procedure.

Both the calculations reported in this work and
those mentioned in the preceding paragraph apply the
same theory. This lets us believe that the suggested
calculation method is worthy of exploration.

2. Calculations

Heat capacities of twelve liquids: n-heptane, n-octa-
ne, nm-nonane, n-decane, benzene, toluene, acetonitri-
le, 1-ethyl-3-methylimidazolium ethyl sulfate [Comim)]
[EtSOy4], and 1-amyl-3-methylimidazolium bis((trifluo-
romethyl)sulfonyl)imides: propyl [C3mim|[NTfs], n-bu-
tyl [C4mim]|[NTt;], n-pentyl [Csmim][NTfs], and n-he-
xyl [Cemim|[NTfy] at several temperatures were cal-
culated and compared with the reference values. All
data were taken from the literature sources reported

in the next section. Depending on the forms of the ap-
plied equations of state, Eq. (1) was either unchanged
or re-arranged in the following manner:

2
TE?

Cp= oV
P Kr-Kg’

(7)
where C), is the extensive heat capacity, £, is the iso-
baric expansion, and K1 and Kg are the compressions,
isothermal and isentropic, respectively. E,,, Kt and Kg
could be obtained either directly, as the first derivati-
ves of volume, or by a multiplication of the respective
intensive functions (Eqs (2)—(4)) by volume. In prac-
tice, the volume is either the specific or molar one. Con-
sequently, the expansion and compressions are specific
or molar values, respectively. In the first case, the cal-
culation result is the specific heat capacity, c,, while it
is its molar counterpart, C), ,,,, in the second one.

The isobaric thermal expansibilities and isothermal
compressibilities or their extensive counterparts were
either taken directly from the literature sources that
were reported later in this paper (Table 1), or they
were calculated from the dependencies of density or
volume on temperature and pressure (Egs (2) and (3)).
Commonly, the pressure dependencies of density were
expressed by Tait equations:

1 1

—=—+Al

p C
where p is in MPa, and A, B, and C were fitted coeffi-
cients. The dependencies of density on temperature T
(in kelvins) were expressed as:

B+p
n b
B+0.1

(8)

y= z a: (T - 9)', (9)

where y = p or y = Inp, a; were the regression coeffi-
cients, n < 3, and ¥ was an arbitrarily chosen reference
temperature. The Tait equation used for acetonitrile by
AHMADIYAROV et al. (2021), had the following form,
slightly different from Eq. (8):

po(T)

B(T)+p’
1-Cln 5 55F

p(p,T) = (10)

where pg (the density at atmospheric pressure) was ex-
pressed by Eq. (9) with n =3 and ¢ = 0, while

mm:i&w (11)
=0

with the regression coefficients C' and B;.

Densities of hydrocarbons and their heat capaci-
ties were calculated using the “Fluid property” mod-
ule implemented in the NIST Chemistry WebBook
(LINSTROM, MALLARD, 2021). These quantities are
denoted as “NIST” from here on.



549

S. Szpaczek, W. Marczak — Are the Heat Capacities of Liquids Calculated from Speeds of Sound. . .

‘n=1fi:(6) by woxy poyenoes , {(6) pue () sby woxy peyenores , {(O1) by woxyy pejemores , fonfea painseow o[3ulg ,

(910g ‘v 72 IsgAHOY) — 107 ‘(010 ‘DISUVMAL ‘IMSMHZSITYAN )
— 1epr ‘(800g ‘anvTuvy) ‘ONorHvr ) — elT, ‘(F66T ‘v 22 VHAWV],) — We], ‘(L86T ‘IHSINVHEH], ‘IOVMV],) — YeL ‘(L86T 7P 72 Nng) — ung ‘(g10g “Iv 22 VHOOY) — 20y ‘(010g ‘v 220
ouLsv) aa oLdIN) — DPN ‘(L66T ‘HIVN) — 18N ‘(L10g 10 12 Mvud ODNINAT) — ung ‘(900g 0 12 09vT) — SeT ‘(6661 “IP 12 VMHYOAOH) — A0H ‘(€00Z ‘1P 12 ZATYZNOL)) — UOK)
{(900g ‘v 12 ZAWOD)) — WON) (FT0Z SAUVLIS ‘VMSNAZOLIAY-IHEddaD)) — don) (8007 v 12 @D)) — 99 ‘(G00g ‘7P 72 OQHAAZY @A SHNOY)) — VPO ‘(900 ‘v 12 vONvuadsH) — dsyg
“(z66T “Ip 12 LsNu) — wIy (900g ‘v 12 vaizq) — 1zd ‘(g00g 1P 72 SEONINOD) dd) — woy) ‘(L00g ‘INOOSHONVYH ] ‘INOOFHD)) — YD) ‘(1g0g 1P 12 AOMVAIAVIWHMY ) — YNV :S90UIfoy]

ooy p107 SVPD | 86— £9g— z0 z1 7629 gl oy £6¢ qT°862 | [23aN][wrmop)]
ooy p107 odsi | 6T 91T 10 Q0 9°G6¢ T1 L 109 61862 | [G3LN][wrusp)
ooy v LR o 10 90 699G
oD pVPD | VPO | 96— VLG 0°G 0€ 664 g€ 0z Tre G1°86T
00y g0- LT 10 90 679G (eI [ o)
J9) p107 50PN | 09- 8'GE- 0'G 0¢ 665 8¢ 91 €95 G1°86¢
oD pI0Z JOPN | '€ 802 0'G 0€ 969 T'E 6T 919 q1°€6T
ooyg p10Z Jdsg | L0 9'¢ 10 ) 672G T 9 8¢5 §1°86% | [G3.LN][wrmep)
o) LWOD | LOPN | ¥e- 9'6- 0'G 0% 86¢ Ve €1 8¢ qT°e1e
o) »WoD | L,OPN | 07— 8 L- 0'G 0% 16€ Ve €1 €8¢ ST°€0¢ | [FOga][mrmep)]
oD LWOD | LOPN | T'e- zel- 0°G 61 98¢ Ve €1 9L€ QT'€68
eA »doD JPV | Te- 0T R0 Y10 8T 16 L0 90 €68 G1°€0€
el L0~ 90~ e/u 2968
wrey, T'T- 01— 0T 060 £0°06
A0 L1- 91- e/u 9'06 S[LATU0900Y
rem Te- 6'1- qT°0 V10 €606
oyD »d0D QPIV | 82 9z e /u 19'16 L0 90 0°68 G1°86T
em »doD qPIV | 81— LT z0 ¥1°0 09°06 60 80 6'88 G1°€6C
ISIN SBL | ISIN | 01— Q- g0 80 €'gaT €1 61 L€QT G1°€6T ouan[o,
pUIE ISIN | S0 L0 ez X3 0'geT
MBI | ISIN | ¥°0 g0 Gz 3 gzel
L2A | ISIN | €0 70 eT €€ L7281 ouezted
LSIN »UNS ISIN | T0- T°0- 0'G 9'9 €Tel QT ee TTel G1°€6T
LSIN LU0 | LSIN | 10— €0- 0% 7’9 €60 6'C 6'8 0°60€ q1°€6T aueda(]
LSIN »3e] ISIN | 70- 0'1- 0% 9'g 8'08¢ 97 vy R6LT q1°€6CT aueUON
LWoDU0OD | ISIN | 91— v'68- LT IR 6C1C
aue)d)
ISIN »¥EN ISIN | ve1- 6'€E— 0% 0'g €75 ez v'e §'81¢ G1°€6T
LSIN o120 ISIN | €1- 67— 0% oy 922z ez Qg L'612 qT'e68 oueydoy
Ayouded poedg | Ly1sue(g
yeoH %] | [Gow->1)/1] (%] [(ow->1)/¢] | [(1owe->1) /] L%l [Gow-30)/c] | [Gow 3D/t | 1oy | souessqng
Se0TRIRFY widng wdny (mwio)ein | (m¥io)n | (Wi | (W) | (*9)n wdpy

4D saTye[al pue i)y
9IMN[OS(® :SI0LId UOTJR[NO[RD pUR ‘sorjure)rooun (1)) aane[al pue () anjosqe ‘(1g0g ‘QUVTIIVIN ‘WOULSNIT) y00gqap fiigsiuayy) [GIN O3 WOIJ SoN[eA [BIIJLID IO S9OINOS
9INJRINI Ul PaLIodol S NSOI JUSUWRINSROUW 9} M paredwod YIom SIY} Ul paje[no[ed aanssoid ouwydsouwrye je spmbi] oajom) Jo sorjoeded jesy oLIeqoOsI IR[OJN ‘T 9[q€],




550 Archives of Acoustics — Volume 47, Number 4, 2022

The isentropic compressibilities were calculated from
the speeds of sound using Eq. (4). In the calculations,
either the measured speeds were used, or those obtai-
ned from polynomials analogous to Eq. (9) with y = u.

The uncertainties of the calculated heat capacities
were estimated according to the rules of the calculus
of errors (CZERMINSKI et al., 1990). The combined un-
certainty of C), obtained from Eq. (7) was given by:

oC,

UGy = [

oC,
0E,

ac,
0K

oC,

U(Ks), (12)
OKslrg, Ky
where U(T), U(E,), U(Kr), and U(Kr) denote the
uncertainties of temperature, thermal isobaric expan-
sion, isothermal compression, and isentropic compres-
sion, respectively, and:

U(T)

Ep,KT,Ks

U(Ep)
T,Kr,Kg

U(Kr)
T.E, Ks

+

aC, B (13)
T |g, kr. ks Kr-Kg’
aC 2TE
OF, Ky Ko (14)
PIT,Kr,Kg T—ASs
9C, 119G, __ T (15)
OKrlrp, ks 10Kslrp, ky (Kr-Kg)’

In the combined uncertainty calculations, we used
the measurement uncertainties claimed by the authors
of the reference sources. If the uncertainties were not
stated directly, we estimated their values from the
number of significant digits in the coefficients of the fit-
ted equations. The relative uncertainty was defined
conventionally as:

U(C

Urel(Cp) = (C, P) . (16)
p
3. Results

The calculated molar heat capacities and literature
values with their uncertainties are reported in Table 1.
The absolute and relative errors were defined as:

ACy m = Cpm — Cp m(lit) (17)
and AC
§Cpm = =2, 1
Cr, Cp.m (lit) (18)

respectively, where Cj, ,, (lit) is the “true” heat capaci-
ty. The latter were either critical values taken from
the NIST Chemistry WebBook (LINSTROM, MALLARD,
2021), or results of calorimetric measurements.

4. Discussion

The calculated molar heat capacities are in good
agreement with the values measured calorimetrically
and those reported in the NIST Chemistry WebBook
(LINSTROM, MALLARD, 2021) (Fig. 1). The result for
n-octane was not considered for the reason that will be
discussed later in this section. The scatter is bigger for
the ionic liquids than for the other substances. That is
justified by the fact that the densities, speeds of sound,
and heat capacities of the ionic liquids applied in this
comparison were just measurement results, each re-
ported by one group of researchers, rather than critical
values based on several sets of the experimental data.
For example, the agreement between the heat capacity
of [Cymim]|[Ntfs] at temperature 298.15 K calculated
from the densities and speeds reported by NIETO DE
CASTRO et al. (2010) and ZOREBSKI et al. (2016), re-
spectively, and that measured by ROCHA et al. (2012),
is almost perfect. The relative difference of —0.5% is
within the relative uncertainty limits of the calculated
value, equal to 2.8%. The heat capacities calculated
from the densities and speeds reported by GOMES DE
AZEVEDO et al. (2005), differ from the measured val-
ues of ROCHA et al. (2012) by —4.3%. To facilitate the
comparison, these and three other heat capacity values
were plotted in Fig. 2. It seems reasonable to suppose
that the impurities in the chemicals used in particular
experiments could contribute significantly to the mea-
surement errors. Contrary to the uncertainty due to
the apparatus characteristics, this effect is difficult or
even impossible to estimate.

800
[Csmim][Ntf,] 1
600} 5 [Cmim]iNtty] |
= [Comim]Nt;] 8 [c,mimiNt;]
]
E
X 400f _
3 Decane [C;mim][EtSO,]
g Nonane
s Heptane
© 200
Toluene
Benzene
Acetonitrile
0 200 400 600 800

Com(lit) [J/(K-mol)]

Fig. 1. Molar heat capacities at atmospheric pressure: lit-

erature values vs those calculated in this work (for the ref-

erences see Table 1). The line represents a hypothetic ideal
case where the two values for a substance are identical.

The highest relative difference between the cal-
culated and measured heat capacity was -9.6%
for [C4mim][Ntfy] at 298.15 K (Table 1). In this
case, the density and speed reported by GOMES DE
AZEVEDO et al. (2005), were used in the calculations,
while the Cp,, = 599 J/(K-mol) was reported by
GE et al. (2008). The latter authors estimated the
“instrument uncertainty” for 5% in their calorimetric
measurements. The 5% added to the 3.8% uncertainty
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Fig. 2. Molar heat capacity of [Camim]|[Ntfs] calculated
from the densities and speeds of sound (filled symbols)
and measured calorimetrically (empty symbols). Squares
— T =293.15 K, circles — T = 298.15 K. References: NdC —
(N1eTO DE CASTRO et al., 2010), Zor — (ZOREBSKI et al.,
2016), Ge — (GE et al., 2008), GdA — (GOMES DE AZEVEDO
et al., 2005), Roc — (RocHA et al., 2012).

of the calculated heat capacity gives ca. 9% combi-
ned uncertainty of the difference between the two
Cp,m values. That fits quite well with the observed
relative difference. Moreover, the heat capacity of
(565.9+£0.6) J/(K-mol), measured by ROCHA et al.
(2012), also differs considerably from that of GE et al.
(2008). That supports the idea that the differences due
to the impurities in the investigated liquid samples
cannot be neglected.

The results for acetonitrile, reported in Fig. 3, evi-
dence that the calculated heat capacities are very close
to the measured ones. However, a slight systematic
shift towards lower values is observed. This tendency
seems to be predominant in the majority of the re-
sults, which is illustrated by the histogram in Fig. 4.

92T T T T T T T T T T

91 3 8

90 b
]

Com [JI(K-mol)]

891 1

88Akh,GepV\lalAkh,Gep1]a Tam Hov Wal CheAkh,GepWal
Reference
Fig. 3. Molar heat capacity of acetonitrile calculated
from the densities and speeds of sound (filled symbols)
and measured calorimetrically (empty symbols). Squares
— T = 293.15 K, circles — T = 298.15 K, triangles — T' =
303.15 K. References: Akh — (AKHMADIYAROV et al., 2021),
Gep — (GEPPERT-RYBCZYNSKA, SITAREK, 2014), Wal —
(WaL1szEWsKI, PIEKARSKI, 2010), Tja — (TJiaHiono,
GARLAND, 2008), Tam — (TAMURA et al., 1994), Hov —
(Hovorka et al., 1999), Che — (CHECONI, FRANCESCONI,
2007).

6Cym [%]

Fig. 4. Histogram of the discrepancies between the calcu-
lated molar heat capacities and the reference values re-
ported in the literature sources.

Ten out of 26 calculated heat capacities is equal to the
reference values within +1% of the C),. As many as 14
is smaller by more than 1%, while just two are bigger
by more than 1%. That probably results from system-
atic errors in the estimated isothermal compressibili-
ties. For example, the density of acetonitrile was mea-
sured by AKHMADIYAROV et al. (2021), at pressures
from 0.1 MPa up to 50 MPa. The lowest elevated pres-
sure was 1 MPa, ten times higher than the atmospheric
one. The next pressure, 5 MPa, was fifty times higher.
Thus, the fitted Eq. (10) for the dependence of density
on pressure could be not fully reliable for low pressures
due to the lack of experimental results in this pressure
range. In particular, this flaw would influence the pres-
sure derivative of density, i.e. the calculated isothermal
compression, and, consequently, the isothermal compres-
sibility (cf. Eq. (3)). If the true isothermal compressi-
bility of acetonitrile was lower only by 0.9% than
the estimated value, i.e. 1.1319-107° Pa~' at 298.15 K
rather than 1.1418-107° Pa~! used in the calculations,
then the obtained heat capacity would be equal to
the calorimetric result, 91.61 J/(K-mol) (CHECONI,
FRANCESCONI, 2007), which was the highest one from
among five compared in this study. Smaller corrections
in k7 would be sufficient for matching the calorimet-
ric data reported by HOVORKA et al. (1999), TAMURA
et al. (1994), TsaHJONO and GARLAND (2008), and
WALISZEWSKI and PIEKARSKI (2010).

From the generally good results, the exception is
that for octane. The NIST heat capacity (LINSTROM,
MALLARD, 2021) was significantly higher than those
calculated from the speed of sound: by 13.4% (speeds
reported by NATH (1997)) and by 15.6% (speeds mea-
sured by DE COMINGES et al. (2002) and GONZALEZ
et al. (2003)). However, the speeds of sound in oc-
tane show a similar discrepancy. The calculated NIST
value of 1166 m/s is much lower than the experimen-
tal speeds: 1188.6 m/s (NATH, 1997) and 1193 m/s
(DE COMINGES et al., 2002; GONZALEZ et al., 2003) at
293.15 K. The second result is even outside the limits of
the declared NIST uncertainty, +2% of the speed value.
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Moreover, the speed of sound in octane interpolated
from the NIST speeds in heptane, nonane and decane
is 1186 m/s rather than 1166 m/s. The former agrees
well with the experimental data of (NATH, 1997), and
only slightly worse with those of (DE COMINGES et al.,
2002; GONZALEZ et al., 2003). Evidently, the thermo-
dynamic data for octane obtained from the NIST equa-
tion of state were not sufficiently consistent for the
tested application. Thus, the heat capacity of octane
was not reported in the figures. It must be stressed
again that the discrepancy is not caused by a flaw in
the method of calculations, because the latter is based
on strict thermodynamic relationships.

The discussion of the calculation results would be
incomplete without pointing to the limitations of the
method. It is easy to notice that Eq. (1) fails for liquids
of null thermal expansion. Water 'HyO at T = 277.13 K
is a good example of such a substance. In such case
ap =0 and kr = kg, and Eq. (1) gives the 0/0 expres-
sion, which is an indeterminate form. An application
of L'Hopital’s rule could help to evaluate C),. However,
the uncertainty of such an assessment would be higher,
because of the calculation procedure consisting in the
determination of temperature derivatives of thermal
expansibility and isothermal and isentropic compres-
sibilities. Fortunately, no common liquid except water
shows such behaviour.

Other thermodynamic functions can be obtained
using the discussed method as well. For example, the
isochoric heat capacity, Cy, can be calculated from
the isobaric heat capacity with the following strict
thermodynamic relationship:

C
C’V = la (19)
v
where v is the adiabatic index given by:
K
y==L (20)
ks

The possibility of simultaneous determination of C,,
and C), is an advantage of the discussed method over
the classical calorimetric measurements.

5. Conclusions

1) The isobaric heat capacity of a liquid can be calcu-
lated with reasonable uncertainty from the experi-
mental speed of sound and the pressure and tem-
perature dependencies of the density using strict
thermodynamic relationships.

2) The uncertainty of the calculated heat capacity,
estimated from Eq. (12), ranged from 0.7% to
7.5%. The comparison of the calculated and lite-
rature C), values suggests that 5% is a safe es-
timation of the uncertainty for careful measure-
ments with a modern speed-of-sound meter and
oscillating-tube densimeter.

3) Although the datasets used in these calculations
were not optimized for heat capacity determina-
tion, the calculated C, values were acceptable.
A 1% relative uncertainty of C), can be probably
attained if the temperature and pressure intervals
between the measured densities are smaller. The
smaller are the temperature and pressure steps in
the measurements, the better are the a), and rr
estimations.

4) The absolute accuracy of the density determina-
tion is less important than the high precision.
A contribution to the combined uncertainty of C,
due to uncertainty of density of the order of
0.1 kg-m™3 is negligible.

5) Speeds of sound measured with an uncertainty of
1m/s or even slightly worse are sufficiently good
to be used in the calculations.

6) Apart from the isobaric heat capacity, other ther-
modynamic functions can be calculated by the
suggested method as well, in particular the iso-
choric heat capacity and the adiabatic index. This
is an advantage of the analyzed method over the
classical calorimetric measurements.
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