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For a simplified sonar dome model, an optimization method for internal gradients of functionally graded
material (FGM) acoustic windows is proposed in this paper. This method can be used to design optimized FGM
acoustic windows with better turbulent self-noise suppression and sound transmission performances. A theoret-
ical model of FGM acoustic windows to evaluate the reduction of self-noise caused by the turbulent boundary
layer (TBL) pulsating pressure and the sound transmission loss (STL) is derived through the double Fourier
transform and the wavenumber frequency spectrum analysis, respectively, based on the transfer matrix idea
and the classical elastic theory. The accuracy of the theory is verified by the finite element results of COMSOL
Multiphysics. Utilizing the genetic algorithm (GA) and taking the monotonic gradient as the constraint condi-
tion, the internal gradient optimization method of FGM acoustic windows obtains the optimization variables in
the Bernstein polynomial when the optimization objective is minimized by iterating the optimization variables
in the deviation function represented by the Bernstein polynomial that is introduced in the gradient function.
The STL, the turbulent self-noise reduction or a weighting function of the STL and turbulent self-noise re-
duction of FGM acoustic windows is chosen as the optimization objective. The optimization calculation of the
sound transmission or turbulent self-noise suppression performances is carried out for the FRP-rubber FGM
(FGM with fiber reinforced plastic (FRP) as the substrate material and rubber as the top material) acoustic
window. The optimized results show that both the sound transmission and turbulent self-noise suppression
performance are effectively improved, which verifies the effectiveness of the optimization method. Finally, the
mechanism of the sound transmission and self-noise suppression characteristics before and after optimization
are explained and analyzed based on the equivalent model of graded materials. The research results of this
paper provide a reference value for the future design of FGM acoustic windows for sonar domes.
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1. Introduction

When underwater vehicles operate, a sound per-
meable enclosure, which is known as the sonar dome,
is usually configured outside the sonar array to avoid
the impact of water flow on the array and prevent
direct interference from exposure to turbulent self-
noise (Lavender, 1994; Srivastava, 1998). The suit-
able design of a sonar dome ensures sufficient strength
and a favorable linear shape but requires good sound

transmission and turbulent self-noise suppression per-
formance; in particular, the sound transmission loss
(STL) of the external acoustic signal or the transmit-
ting signal of the internal matrix should be reduced
as much as possible. The turbulent self-noise suppres-
sion characteristics require that the acoustic window
can suppress “pseudo-sound”, that is, filter out the
structural vibration noise caused by external turbu-
lence. Early designs of acoustic windows used stainless
steel, but the turbulent self-noise suppression char-
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acteristics were poor. In the 1970s and 1980s, the
subsequent use of rubber material improved the tur-
bulent self-noise reduction, but the stiffness was not
sufficient. Currently, fiber reinforced plastic (FRP) is
mostly used as an acoustic window material with good
sound transmission performance and strong stiffness;
however, its turbulent self-noise reduction needs to be
improved (Hoffmann, 1998; Burton, 1998). Schol-
ars have found that the effect of multilayer composite
plates is better than that of single-layer structures in
terms of both sound transmission and turbulent self-
noise suppression performance. Compared with a sin-
gle material, a composite plate can benefit from the
advantages of different materials (Cremer et al., 2005;
Ham et al., 2018; Lee et al., 2010; Yu et al., 2005) and
thus, can provide more performance improvements.
However, the impedance discontinuities at the inter-
faces of different materials have a certain influence on
the acoustic-vibration characteristics of simple sand-
wich composite plates.

The functionally graded materials (FGMs) (Mor-
tensen, Suresh, 1995; Pompe et al., 2003; Liu
et al., 2004; Prakash, Ganapath, 2006), which are
widely used in the fields of aviation, optics, and en-
ergy, have smooth and continuous material proper-
ties along the thickness direction, can achieve continu-
ous impedance transitions and impedance connection
matching, and can potentially be applied in acous-
tics (Lane, 1981). There have been few studies on
the sound transmission characteristics and turbulent
self-noise suppression characteristics of FGMs; and
most studies have focused on structural acoustic radi-
ation (George et al., 2016; Hosseini-Hashemi et al.,
2010; Zhao et al., 2009; Iqbal et al., 2009; Kumar
et al., 2009). Shang (1965) studied the acoustic re-
flection performance of a gradual absorption layer in
1965, deduced a general expression for acoustic reflec-
tion of a gradual absorption layer, and concluded that
an absorption layer with a linear gradual change in
material parameters provided good acoustic absorp-
tion performance. Chandra et al. (2014; 2015) used
a simple first-order shear deformation theory to in-
vestigate the displacement, velocity, acceleration, ra-
diated sound level, radiated sound pressure level and
radiated efficiency of FGM plates with power-law ex-
ponential changes. The acoustic transmission loss of
FGMs with different incident angles and power-law
exponents was studied in detail. The simulation re-
sults showed that the transmitted sound power level
increased monotonically with an increasing power in-
dex in the low frequency range of 0–500 Hz, with a dif-
ference of more than 10 dB(A). Rabbani et al. (2019)
established a thick-walled FGM cylindrical shell theory
model to solve the deformation and stress in cylindri-
cal shells by using the state space method based on
the three-dimensional elastic theory and the piezoelec-
tric elastic theory and calculated the acoustic trans-

mission loss caused by the piezoelectric effect of thick-
walled piezoelectric composite cylindrical shells un-
der plane wave excitation. The results were verified
through COMSOL. In the area of turbulent self-noise
suppression, Zhou et al. (2020) used FGM to carry
out research on sonar self-noise reduction. The Cor-
cos model, which considered the excitation source of
the sonar structure, was adopted to establish a hydro-
dynamic noise prediction model of a uniformly coated
layer and conduct research on turbulent self-noise re-
ductions. The effect of FGM on the turbulent self-noise
suppression performance was analyzed for four typical
distribution characteristics: linear, parabolic, power-
law, and exponential functions. According to the lit-
erature results, FGMs have good research prospects in
both sound transmission and turbulent self-noise sup-
pression. However, these characteristics have not previ-
ously been considered simultaneously in previous FGM
research.

In this paper, the turbulent self-noise suppression
and sound transmission characteristics of acoustic win-
dows made from FGM are studied simultaneously for
the sonar dome. Through the internal gradient op-
timization design, optimized FGM acoustic windows
with better turbulent self-noise suppression and sound
transmission performance are obtained. The main sec-
tions are arranged as follows. In Sec. 2, based on
the classical elastic theory and the transfer matrix,
a theoretical model on FGM acoustic windows to eval-
uate the turbulent self-noise caused by external tur-
bulent boundary layer (TBL) pulsating pressure and
STL towards an incident plane wave is derived utiliz-
ing the double Fourier transform and the wavenumber-
frequency analysis, and the accuracy is verified by the
finite element results of COMSOL Multiphysics. In
Sec. 3, specific internal changes in the gradient opti-
mization method for FGM acoustic windows are pro-
posed based on the twin consideration of the turbulent
self-noise suppression and sound transmission perfor-
mance, which enables design of an optimized FGM
acoustic window with higher turbulent self-noise re-
duction and lower STL. In the optimization method,
a monotonic gradient is taken as the constraint condi-
tion. Upon combining a genetic algorithm (GA), five
optimization variables in the Bernstein polynomial,
when the optimization objective is minimized, are ob-
tained by iterating optimization variables in the devia-
tion function represented by the Bernstein polynomial
introduced in the gradient function. The optimization
objective is expressed as the STL, the turbulent self-
noise reduction or a twin weighting function of the
STL and turbulent self-noise reduction of FGM acous-
tic windows. In Sec. 4, optimization calculations of the
sound transmission or turbulent self-noise suppression
performances are carried out for an FRP-rubber FGM
based on the proposed gradient optimization method.
In Sec. 5, the mechanism of the sound transmission
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and turbulent self-noise suppression characteristics of
the FRP-rubber FGM acoustic window before and af-
ter optimization are explained based on the spectral
method and a thin-plate model, using the equivalent
model of graded materials. In Sec. 6, the conclusion is
provided.

2. Theory model of turbulent self-noise and STL
for a simplified sonar dome
with FGM acoustic windows

The sonar dome structurally consists of an acoustic
window, a cavity in the dome and a sonar array sur-
face; a simplified two-dimensional sonar dome model
(Yu et al., 2005; Maidanik, 1968; Crighton et al.,
1992) composed of flat plates and parallel cavities can
be adopted. In this model, the acoustic window is a flat
plate made from FGM. Because the material prop-
erties of FGM change with thickness, the most effi-
cient method to calculate the vibro-acoustic perfor-
mance is to use discrete N -layer approximation ma-
terials. Each layer is an infinitely homogeneous and
isotropic medium. The cavity between the sonar ar-
ray and the acoustic window is idealized as a liquid
layer. The sonar array surface is idealized as a plane
with a surface acoustic reflection coefficient of R. Out-
side the sonar dome is a semi-infinite acoustic medium,
which is affected by a stationary random TBL pulsat-
ing pressure and an incident plane wave. The theo-
retical analysis model and the x-z coordinate system
of the sonar dome are shown in Fig. 1. The thickness of
the acoustic window is H, the total number of layers
is N , and the index is numbered from the outer surfa-
ce (z = 0) to the inner surface (z = H) of the dome.
The 1st layer, i.e., the upper interface, is called the
top layer (symbol t). The N -th layer, i.e., the lower
interface, is called the base (symbol b). The external
water layer is the 0 layer. The sonar cavity water layer
is theN+1 layer with height L. The time factor is e−iωt.

1st layer
2nd layer

z

xTBL pulsating pressure F

Sonar array surface R

FGMs acoustic window

Sonar cavity

…

p0

pN+1

pr

pt

L

pin

θ i θr

θ t

N-th layer

Fig. 1. Theoretical analysis model of the simplified two-dimensional sonar dome.

Here, pin is the incident plane wave with an inci-
dent angle θi; pr within a reflection angle θr and pt
with a refraction angle θt are the reflected wave and
the sonar cavity acoustic field caused by the incident
plane wave, respectively; and p0 and pN+1 are the ex-
ternal acoustic field and the sonar cavity acoustic field
caused by the TBL pulsating pressure F , respectively.
According to the principle of linear superposition, the
self-noise caused by the TBL pulsating pressure F and
the transmission acoustic field caused by the external
sound source can be calculated separately.

2.1. Theoretical model of the wavenumber-frequency
response function of the turbulent self-noise excited

by TBL pulsating pressure

Although the TBL pulsating pressure F is ran-
dom in time and space, it is stable and fixed in the
wavenumber-frequency space after statistical analysis.
Therefore, the sonar self-noise caused by the TBL
pulsating pressure F is calculated as the vibration-
acoustic radiation in the wavenumber-frequency space.
The double Fourier transform of the TBL pulsating
pressure F on the acoustic window is:

F (x, z, t) = 1

(2π)2 ∬
−∞

F̃ (k,ω, z)ei(kx−ωt) dk dω, (1)

where F̃ is the excitation force amplitude in the wave-
number space, k is the wavenumber in the x-direction,
and ω is the angle frequency. For the medium from 0 to
N+1, the velocity potential function must satisfy the
scalar or vector wave equation:

∂2φ

∂x2
+ ∂

2φ

∂z2
= 1

c2L

∂2φ

∂t2
,

∂2ψ

∂x2
+ ∂

2ψ

∂z2
= 1

c2T

∂2ψ

∂t2
,

(2)
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where cL and cT are the p-wave and s-wave veloci-
ties of the medium, respectively. The 0 layer and the
N+1 layer satisfy only the scalar wave equation, and
any layer of a FGM acoustic window must satisfy the
scalar and vector wave equation. A double Fourier
transform is applied to Eq. (2) to obtain the general
solution form of the velocity potential of each layer in
the wavenumber-frequency space:

⎧⎪⎪⎪⎨⎪⎪⎪⎩

φ̃l(k,ω, z) = Ale−i
√

k2
Ll
−k2z +Blei

√

k2
Ll
−k2z,

ψ̃l(k,ω, z) = Cle−i
√

k2
Tl
−k2z +Dle

i
√

k2
Tl
−k2z,

(3)

where l is any intermediate layer of an FGM acous-
tic window, kLl and kTl are the wavenumbers of the
corresponding longitudinal wave and shear wave, re-
spectively; Al, Bl, Cl, and Dl are the general solution
coefficients. Then, the general solution in layer 0 is

φ̃0(k,ω, z) = A0e
−i

√

k2
L0
−k2z. The general solution in

layer N+1 needs to satisfy the reflection coefficient of
the sonar array surface:

R = AN+1e
−i

√

k2
LN+1−k

2L

BN+1e
i
√

k2
LN+1−k

2L
, (4)

then

φ̃N+1(k, z) = AN+1 (ei
√

k2
LN+1−k

2(z−h)

+Re2i
√

k2
LN+1−k

2Le−i
√

k2
LN+1−k

2(z−h))

is the general solution in layer N+1.
Here, kL0 and kLN+1 represent the wavenumbers

of the longitudinal wave in layer 0 and layer N+1,
respectively. According to the transfer matrix idea
(Skelton, James, 1997; Brekhovskikh, 2012), for
any intermediate layer l:
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Ṽ l−1
z

σl−1
zz

σl−1
zx

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= I ∣z = zlB

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Al +Bl
Al −Bl
Cl −Dl

Cl +Dl

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

(5)

where Ṽ lx, Ṽ
l
z , σ

l
zz, σ

l
zx and Ṽ l−1

x , Ṽ l−1
z , σl−1

zz , σl−1
zx are

the results of the double Fourier transforms of the
velocity and stress components of the upper inter-
face (z = zlt) and the lower interface (z = zlb) of the
l layer, respectively. The appendix describes the con-
struction of matrix I. The boundary region of the elas-
tic medium satisfies the continuous conditions of the

velocity and stress. Then, the relationship between
the physical quantity of the lower interface of the N -th
layer (z = zN ) and the upper interface of the first layer
(z = 0) is as follows:
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, (6)

where Tl = I ∣z = zlt I−1 ∣z = zlb and F = TNTN−1 . . . T1.
The conditions of the velocity and stress continuity

are satisfied on the inner and outer boundaries of the
acoustic window. After performing the double Fourier
transform, the following conditions are satisfied:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
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− ∂φ̃0
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∣
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(7)

Through the six continuous conditions of Eq. (7)
and transfer matrix Eq. (6), the unknown coefficients
A0 and AN+1 of the acoustic field inside and outside
the acoustic window are obtained. The acoustic field
outside and inside the acoustic window can be expres-
sed as:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
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√
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⋅(1 +Re2i
√

k2
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(8)

where k0 = ω
c0
, kN+1 = ω

cN+1
and ρ0, c0, ρN+1, and cN+1

are the density and acoustic velocity of the 0-th and
(N+1)-th layers, respectively. Then, A0 and AN+1 are:

A0=i
(C23 − PC33)F̃ (k,ω, z)√

k2
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√
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,
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where
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According to Eq. (5), the acoustic pressure on the
surface of the sonar array can be obtained at z = h+L.
Then, the spatial filter function of the acoustic window
G(k,ω) can be expressed as:

G(k,ω) = −iρN+1ωφ̃N+1 ∣z = h +L. (11)

Furthermore, the wavenumber-frequency spectrum of
the TBL pulsating pressure needs to be obtained
as the excitation source for evaluating the vibration-
acoustic response of the structure. The Corcos model
(Caiazzo, Desmet, 2016; Tang et al., 2020), the ear-
liest and most widely used model of the TBL pul-
sating pressure, is adopted in this paper. The model
reflects the migration characteristics of the TBL pul-
sating pressure. The cross-spectrum density can be ob-
tained by integrating the Fourier transform:

Φff (k,ω) = Φff (ω)
π2

α1α3ω
2

U2
c

⋅ 1

((k1− ω
Uc

)
2
+(α1

ω
Uc

)
2
)(k2

3+(α3
ω
Uc

)
2
)
, (12)

where α1 = 0.09, α3 = 7α1, and Uc = 0.6U .
Therefore, the wavenumber-frequency spectrum

density function of the sonar array surface under the
TBL pulsating pressure excitation can be obtained as:

Φpp(ω) =
∞

∫
−∞

Φff (k,ω) ∣G(k,ω)∣2 dk, (13)

where Φff (k,ω) is the wavenumber-frequency spec-
trum of the TBL pulsating pressure and G(k,ω) is the
spatial filter function of the sonar dome.

The frequency spectrum density function of the
TBL pulsating pressure in the absence of an acoustic
window is:

Φ0
pp(ω) =

∞

∫
−∞

Φff (k,ω)dk. (14)

The turbulent self-noise reduction of an acoustic
window can be defined as:

NR = 10 log
Φpp(ω)
Φ0
pp(ω)

. (15)

The turbulent self-noise suppression effect of two
kinds of acoustic windows is defined as the difference
in the turbulent self-noise reduction:

NR′ = NR1 −NR2. (16)

2.2. Theoretical model of the STL for the sonar dome
under plane wave excitation

With the plane wave as the excitation source,
the sound field outside the FGM acoustic window is

the sum of the incident velocity potential function φi
and the reflection potential function φr. The sound
field outside the acoustic window obtained by the dou-
ble Fourier transform is:

φ̃0(k,ω, z) = φ̃i(k,ω, z) + φ̃r(k,ω, z)

= ei
√

k20−k
2z + a0e

−i
√

k20−k
2z, (17)

where k0 = ω
c0

and k = k0 sin θ with incident angle θ.
The acoustic field inside the sonar cavity excited by the
incident plane wave is similar to:

φ̃n+1(k,ω, z) = aN+1 (ei
√
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2(z−h)

+Re2i
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k2
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2le−i
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k2
N+1−k

2(z−h)). (18)

The general solutions of the scalar potential func-
tion and vector potential function of the intermediate
elastic gradient material are consistent with Eq. (3),
similar to the matrix transfer relation. Combined with
boundary conditions, the following is obtained:
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
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(19)

With the redundant components eliminated, the
acoustic field inside and outside the acoustic window
can be expressed as:
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
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√
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(20)

where a0 and aN+1 are given as:

a0 =
√
k2

0 − k2 (C22 − pC32) − ρ0ω (C23 − pC33)√
k2

0 − k2 (C22 − pC32) + ρ0ω (C23 − pC33)
,
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0 − k2C32 (1 − a0) + ρ0ωC33 (1 + a0)

ρn+1ω (1 +Re2i
√
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The matrix C is consistent with Eq. (10), and

p = −

√
k2
N+1 − k2 (1 −Re2i

√
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. (22)



480 Archives of Acoustics – Volume 48, Number 4, 2023

To evaluate the sound transmission performance
of FGM acoustic windows, the STL (insertion loss)
should be calculated. When acoustic windows do not
exist, the acoustic pressure at the z = h position
should be:

p̃ ′

N+1 = −iωρ0 (ei
√

k2
N+1−k

2h +Rei
√

k2
N+1−k

2(h+2L)). (23)

The STL is:

STL = −20 log(∣ p̃N+1

p̃
′
N+1

∣) . (24)

2.3. Verification of the theoretical model
of the wave-frequency response

function of the turbulent self-noise
and STL for FGM acoustic windows

The turbulent self-noise caused by the TBL pul-
sating pressure can be simplified to the acoustic field
in the sonar cavity with the acoustic window excited
by a point force. The STL of the acoustic window un-
der the plane wave excitation is calculated in the usual
way. A linear FRP-rubber FGM acoustic window with
N = 50 is selected to verify the theoretical results. The
material properties setting of every layer are shown
in Eq. (28). The material parameters of the FRP and
rubber are shown in Table 2.

In Fig. 2, the depth of the sonar cavity is 0.5 m,
and the reflection coefficient of the sonar array surface
is 0.3. The thickness of the perfectly matched layer
(PML) is 0.1 m, and H1, H2, L1, and L2 are 0.5, 0.3,
100, and 0.5 m, respectively. The theoretical and sim-
ulation results of the STL of the linear FRP-rubber
FGM acoustic window are shown in Fig. 3.
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Fig. 3. Comparison results of the STL of the linear FRP-rubber FGM acoustic window:
a) theoretical result; b) simulation result.
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Fig. 2. Calculation setting of the linear FRP-rubber
FGM acoustic window in COMSOL Multiphysics soft-
ware: a) wave-frequency response function; b) STL.

For the acoustic field in the sonar cavity with the
linear FRP-rubber FGM acoustic window excited by
a point force, the wavenumber-frequency spectrum re-
sults of the acoustic pressure on the sonar array surface
are selected for comparison, which is shown in Fig. 4.

The results in Figs. 3 and 4 show that the sim-
ulation and theoretical results are in complete agree-
ment, both in the calculation results of the STL and
in the wavenumber-frequency spectrum results of the
acoustic field in the sonar cavity for the linear FRP-
rubber FGM acoustic window. Therefore, the accuracy
of the theoretical model of the wavenumber frequency
response function of the turbulent self-noise and STL
are verified for the sonar dome.
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Fig. 4. Comparison results of the wavenumber-frequency spectrum of the acoustic pressure on the sonar array surface
in the sonar cavity: a) theoretical result; b) simulation result.

3. Internal gradient optimization design
for FGM acoustic windows based

on turbulent self-noise suppression
and the sound transmission performance

The material properties of FGM are mainly dete-
mined by the substrate, top material and an internal
gradient form. Different forms of the internal gradi-
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reduction

Optimization
objective

Gradient constraint

Theory calculation of sound
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Theory calculation of turbulent
self-noise performance

Minimum
optimization
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constraint
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Given frequency
range

Optimized gradient

STL

Fig. 5. Overall flow chart of the gradient optimization design method.

ents result in different material properties. Therefore,
by studying the internal gradient of the FGM, an
optimization method of internal gradients that can
design an optimized FGM acoustic window with
better turbulent self-noise suppression and sound
transmission performance is proposed in this paper
(Fig. 5). The existing gradient design mainly includes
parabolic functions, power-law functions and expo-
nential functions, but none of them offer a favorable
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function change space. Therefore, in the optimization
method, the space layout of the gradient change is
readjusted by introducing a deviation function term
expressed by the Bernstein polynomial on the basis of
the original linear gradient. In addition, upon combin-
ing the GA and taking the monotonic gradient as the
constraint condition, the results of five optimization
variables carried by the Bernstein polynomial when
the optimization objective is minimized are obtained
in the optimization method by iterating the gradient
function. The optimization objective is expressed as
the STL, the turbulent self-noise reduction or a weight-
ing function of the STL and turbulent self-noise reduc-
tion of FGM acoustic windows.

3.1. Internal gradient function design
of FGM acoustic windows

The existing internal gradient change functions of
FGMs mainly include parabolic, power-law and expo-
nential functions. These functions have a small adjust-
ment range for the gradient change space, and only
convex or concave functions can be selected, which lim-
its the gradient change. Therefore, a deviation function
expressed by the Bernstein polynomial is introduced on
the basis of the original linear gradient function. By ad-
justing different parameters in the Bernstein polyno-
mials, the overall coverage of the space range of the
optimized gradient is achieved to seek the overall op-
timal solution (Fig. 6).

Thickness

Density/Young's modulus/Poisson's ratio

Original gradient

Deviation function

Substrate material

Top material

Optimized

Fig. 6. Optimization gradient design schematic.

The deviation function expressed by the Bernstein
polynomial is shown in Eq. (25):

∆z =
M

∑
i=0

Cis
i ∗ (1 − s)(M−i). (25)

The optimization results often depend on the order
of the Bernstein polynomials. The more orders that
are selected, the finer and better the results that may
be obtained. However, the time required for the op-
timization calculation increases exponentially. More-
over, unsatisfactory optimization results become more
likely. Therefore, M = 5 is selected to obtain better
optimization results. The boundary of i = 0 is omitted,

ensuring that the properties of the substrate material
and the top material remain unchanged in the opti-
mization process. The deviation function is shown in
Eq. (26):

∆E = (Et −Eb)
5

∑
i=1

Ci (
h

H
)
i

(1 − h

H
)
(5−i)

. (26)

The gradient function is shown as:

E = Et −Eb
H

h +Eb +∆E. (27)

The specific gradient functions of the density,
Young’s modulus and Poisson’s ratio are:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
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(28)

3.2. Optimization algorithm, constraints
and variable range

To obtain the global optimal solution, a GA is used
in this paper. The GA is a kind of stochastic global
search and optimization method that simulates the
natural selection and genetic mechanism of Darwin
evolution. The GA is essentially an efficient, parallel,
and global searching method, that can automatically
acquire and accumulate information about the search
space and adaptive control of the search process to ob-
tain the best solution (Fig. 7). When enough initial
random samples are satisfied, the globally unique op-
timal solution can be obtained.

Optimal solution

Random initial 
population
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Satisfy termination
 condition?

Cross

Mutate

Inherit
Next generation

population

Linear/nonlinear
constraints

Yes

No

Fig. 7. Optimization flow of the GA.
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The termination conditions include population ge-
netic algebra and tolerance. Most of the existing FGMs
meet the monotonic variation trend. Therefore, a non-
linear gradient constraint is applied to the GA:

dE
dh

≥ 0. (29)

According to Eq. (28), the gradient function in the
optimization process is regulated by five optimization
variables. Table 1 shows the initial value and varia-
tion range of each optimization variable.

Table 1. Range setting of the optimization variables
in the gradient function.

Optimization
variables

Initial
value

Minimum
value

Maximum
value

C1 0 −25 25
C2 0 −25 25
C3 0 −25 25
C4 0 −25 25
C5 0 −25 25

3.3. Optimization objective function

The design of FGM acoustic windows should not
only consider the effect of turbulent self-noise suppres-
sion in sonar cavities but also meet the requirement
of sound transmission performance. Therefore, the op-
timization objective function should be designed con-
sidering turbulent self-noise reduction and STL at the
same time. In the engineering design of sonar acoustic
windows, the STL in the incident angle range of 0–75○

should be as small as possible, and the turbulent self-
noise reduction should be as high as possible. There-
fore, the objective function of optimization is shown as:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
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fj

∑
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(NR(f))
,

(30)

Table 2. Materials and properties.

Material Density
[kg/m3]

Young’s modulus
[N/m2] Poisson’s ratio Longitudinal wave velocity

[m/s]
Shear wave velocity

[m/s] Loss factor

FRP 1620 1.74e10 0.2 3455 2116 0.03
Rubber 1030 1.67e9 0.33 1550 781 0.3

where fi is the initial frequency, fj is the termination
frequency, θi is the initial optimization angle, θj is the
end angle, and C is a constant; TL is the transmis-
sion loss in the optimal frequency range (fi − fj) and
angle range (θi − θj); Fi (i = 1,2,3) is the objective
function of the optimization. F1 and F2 can achieve
the optimal sound transmission performance or turbu-
lent self-noise suppression performance for FGM acous-
tic windows, respectively, when the turbulent self-noise
suppression performance or sound transmission perfor-
mance remains unchanged. The minimum optimization
objective function F3 can achieve the effect of the max-
imum turbulent self-noise reduction and minimum the
STL for FGM acoustic windows.

4. Optimization results of the internal gradient
of FGM acoustic windows

According to the designed internal gradient opti-
mization method of FGM acoustic windows, the exist-
ing FRP-rubber FGM acoustic window is optimized.
The materials and properties involved are shown in
Table 2.

Here, the optimization results of the internal gradi-
ent design for the FRP-rubber FGM acoustic window
are presented with H = 3 cm, L = 0.5 m, and R = 0.3.

Moreover, the theoretical model of the turbulent
self-noise suppression and sound transmission char-
acteristics of the sonar dome proposed in this paper
is solved by discretizing the continuous medium into
a layered medium of the acoustic window. Differences
in layering affect the calculation accuracy of the the-
oretical results. Figure 8 shows the layered N conver-
gence calculation results with respect to the turbu-
lent self-noise reduction and STL of the linear FRP-
rubber FGM. With increasing N , these parameters
gradually converge. To ensure the calculation efficiency
and accuracy, the ratio of the corresponding wave-
length to the thickness of a single layer is selected to
be above 250, corresponding to N = 50 at f = 10 kHz.

4.1. Optimization of sound transmission performance
with turbulent self-noise suppression

performance unchanged

According to the optimization method proposed
in this paper, the STL of the FRP-rubber FGM
acoustic window is taken as the optimization objective
function to carry out the calculation when the turbu-
lent self-noise reduction remains unchanged, as shown
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Fig. 8. Convergence relationship with the wavelength to monolayer thickness ratio: a) STL; b) turbulent self-noise reduction.
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Fig. 9. Comparison results of the FRP-rubber FGM acoustic window before and after the sound transmission performance
optimization: a) density; b) Young’s modulus; c) loss factor; d) Poisson’s ratio.

in Eq. (30)1. The incident angle range of the STL opti-
mization is selected to be 0–75○ with a step size of 1○.
The optimization frequency range of the STL and

turbulent self-noise is selected to be 0.2–10 kHz with
a step of 0.1 kHz. The main frequency of the calcu-
lation computer is 4.5 GHz, the memory is 64 GB,
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and the total optimization computing time is 3.45 days.
The optimized parameters are shown in Table 3.

Table 3. Calculation results of the gradient optimization
variables of the FRP-rubber FGM acoustic window with

sound transmission performance optimization.

Optimization
variables

C1 C2 C3 C4 C5

Optimization
results

0.2345 6.4928 9.8355 −0.8583 0.1961

The comparison results of the density, Young’s mo-
dulus, the loss factor, and Poisson’s ratio of the
FRP-rubber FGM acoustic window before and after
the sound transmission performance optimization are
shown in Fig. 9.

The comparison results of the self-noise suppres-
sion and the sound transmission performance of the
FRP-rubber FGM acoustic window before and after
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Fig. 10. Comparison results of the turbulent self-noise reduction and STL of the FRP-rubber FGM acoustic window
before and after the sound transmission performance optimization: a) STL of the optimized FGM; b) STL at f = 10 kHz;

c) comparison of the turbulent self-noise reduction.

the sound transmission performance optimization are
shown in Fig. 10.

Figure 10 shows that the optimized FGM acous-
tic window is superior to the initial linear FGM
acoustic window in the sound transmission performan-
ce when the turbulent self-noise suppression perfor-
mance remains unchanged. From Fig. 10b, the peak of
the STL of the optimized FGM acoustic window com-
pared to that of the initial linear FGM acoustic win-
dow decreases by approximately 0.8 dB at f = 10 kHz,
which corresponds to an 17% increase in the sound
transmission performance. Moreover, the optimized ef-
fect is not ideal at lower incident angles because the
optimization objective function F1 is the total STL
of the optimization angle range without considering
every angle optimization effect separately. The value
and position changes of the STL peak before and after
optimization, and whether it is benefit for the sound
transmission performance are explained in Sec. 5.
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4.2. Optimization of the turbulent self-noise
suppression performance while maintaining

the sound transmission performance

According to the optimization method proposed in
this paper, the turbulent self-noise reduction of the
FRP-rubber FGM acoustic window is taken as the op-
timization objective function to carry out the calcu-
lation when the STL remains unchanged, as shown in
Eq. (30)2. The angle and frequency range of the sound
transmission performance optimization and the fre-
quency range of the turbulent self-noise suppression
optimization are consistent with the above. The com-
puter parameters are consistent with those above,
and the total optimization computing time is 3.95 days.
The optimized parameters are shown in Table 4.

The comparison results of the density, Young’s mo-
dulus, the loss factor and Poisson’s ratio of the FRP-
rubber FGM acoustic window before and after the tur-
bulent self-noise suppression performance optimization
are shown in Fig. 11.

The comparison results of the turbulent self-noise
suppression and sound transmission performance of
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Fig. 11. Comparison results of the FRP-rubber FGM acoustic window before and after the turbulent self-noise suppression
performance optimization: a) density; b) Young’s modulus; c) loss factor; d) Poisson’s ratio.

Table 4. Calculation results of the gradient optimization
variables of the FRP-rubber FGM acoustic window for tur-
bulent self-noise suppression performance optimization.

Optimization
variables

C1 C2 C3 C4 C5

Optimization
results

0.9679 4.4406 0.9231 −5.1370 −0.9862

the FRP-rubber FGM acoustic window before and af-
ter the turbulent self-noise suppression performance
optimization are shown in Fig. 12.

Figure 12 shows that the optimized FGM acoustic
window is superior to the initial linear FGM acoustic
window in turbulent self-noise suppression performan-
ce when the sound transmission performance remains
unchanged. From Fig. 12c, the turbulent self-noise
reduction of the optimized FGM acoustic window
is significantly higher than that of the initial FGM
acoustic window. Moreover, the self-noise reduction
gradually increases with increasing frequency, and the
highest self-noise reduction is approximately 0.4 dB at
f = 10 kHz, which corresponds to a 25% improvement
in the turbulent self-noise suppression performance.
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Fig. 11. Comparison results of the FRP-rubber FGM acoustic window before and after the turbulent 
self-noise suppression performance optimization. (a) Density; (b) Young's modulus; (c) loss factor; 
(d) Poisson's ratio. 

The comparison results of the turbulent self-noise suppression and sound 
transmission performance of the FRP-rubber FGM acoustic window before and after 
the turbulent self-noise suppression performance optimization are shown in Fig. 12. 
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Fig. 12. Comparison results of the turbulent self-noise reduction and STL of the FRP-rubber FGM acoustic window
before and after the turbulent self-noise suppression performance optimization: a) STL of the optimized FGM; b) STL at

f = 10 kHz; c) comparison of the turbulent self-noise reduction.

In addition, it can also be seen that there is a cer-
tain difference for the STL in the higher incident angle
range before and after optimization. The reason is that
only the total TL is considered in the optimization ob-
jective function F2, which is basically unchanged be-
fore and after optimization. The STL at higher incident
angles is so small that it makes little contribution to
the total STL, which is ignored by the optimization
method.

4.3. Optimization of turbulent self-noise suppression
and sound transmission performance

According to the optimization method proposed in
this paper, the turbulent self-noise reduction and STL
of the FRP-rubber FGM acoustic window are taken
as the optimization objective function to carry out the
calculation, as shown in Eq. (30)3. The angle and fre-
quency range of the sound transmission performance

optimization and the frequency range of the turbulent
self-noise suppression optimization are consistent with
the above. The computer parameters are consistent
with those above, and the total optimization comput-
ing time is 6.75 days. The optimized parameters are
shown in Table 5.

Table 5. Calculation results of the gradient optimization
variables of the FRP-rubber FGM acoustic window with
turbulent self-noise suppression and sound transmission

performance.

Optimization
variables

C1 C2 C3 C4 C5

Optimization
results

0.8339 5.0562 12.2603 0.4194 −1.0000

The comparison results of the density, Young’s mo-
dulus, the loss factor and Poisson’s ratio of the FRP-
rubber FGM acoustic window before and after opti-
mization are shown in Fig. 13.
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Fig. 13. Comparison results of the FRP-rubber FGM acoustic window before and after the turbulent self-noise suppression
and sound transmission performance optimization: a) density; b) Young’s modulus; c) loss factor; d) Poisson’s ratio.

The comparison results of the self-noise suppres-
sion and sound transmission performance of the FRP-
rubber FGM acoustic window before and after opti-
mization are shown in Fig. 14.

Figure 14 shows that the optimized FGM acoustic
window is superior to the initial linear FGM acous-
tic window in both turbulent self-noise suppression and
sound transmission performance. From Fig. 14b, the
peak value of the STL of the optimized FGM acous-
tic window compared to that of the initial linear FGM
acoustic window decreases by approximately 0.6 dB at
f = 10 kHz, which corresponds to a 12% increase in
the sound transmission performance. Figure 14c shows
that the turbulent self-noise reduction of the optimized
FGM acoustic window is significantly higher than that
of the initial FGM acoustic window. Moreover, the self-
noise reduction gradually increases with increasing fre-
quency, and the highest self-noise reduction is approx-
imately 0.2 dB at f = 10 kHz, which corresponds to
a 13% improvement in the turbulent self-noise sup-
pression performance.

5. Analysis of the sound transmission
and turbulent self-noise suppression

characteristics of FGM acoustic windows
before and after optimization

Section 4 indicates that the sound transmission and
self-noise suppression performances of the optimized
FGM acoustic window is improved. To analyze the rea-
sons, mechanism studies of the sound transmission and
turbulent self-noise suppression characteristics of the
FRP-rubber FGM acoustic window are carried out.

5.1. Sound transmission analysis
of FGM acoustic windows before

and after optimization

To analyze the sound transmission mechanism of
FGM acoustic windows, the dispersion curve of FRP
is calculated based on the spectral method (Karpfin-
ger et al., 2008; 2010). The critical angles of various
elastic waves under Snell’s law are calculated based on



B. Li et al. – Research on the Performance Optimization of Turbulent Self-Noise. . . 489

a)

Fr
eq

ue
nc

y 
[H

z]

Incident angle [°]

b)

0 15 30 45 60 75
0

1

2

3

4

5

TL
 [d

B
]

Incident angle [°]

Original gradient
Optimized gradient

0 15 30 45 60 75
0

1

2

3

4

5

TL
 [d

B
]

Incident angle [°]

Original gradient
Optimized gradient

c)

0 2000 4000 6000 8000 10000
-0.5

0.0

0.5

1.0

1.5

2.0

N
R

' [
dB

]

Frequency [Hz]

Original gradient
Optimized gradient

0 2000 4000 6000 8000 10000
-0.5

0.0

0.5

1.0

1.5

2.0

N
R

' [
dB

]

Frequency [Hz]

Original gradient
Optimized gradient

Fig. 14. Comparison results of the turbulent self-noise reduction and STL of the FRP-rubber FGM acoustic window before
and after the turbulent self-noise suppression and sound transmission performance optimization: a) STL of the optimized

FGM; b) STL at f = 10 kHz; c) comparison of the turbulent self-noise reduction.

the obtained phase velocity dispersion curve, as shown
in Fig. 15.

The vertical narrow fringe with a strong STL ap-
pears near the critical angle (28○) of the total internal
reflection of the longitudinal wave in the FRP. The lon-
gitudinal wave formed by the refraction of the incident
wave propagates along the surface of the plate, and the
critical angle corresponds to the velocity of the longitu-
dinal wave. The curved fringe on the left of the critical
angle is caused by the high-order Lamb surface wave
in the elastic plate, of which the trajectory can be pre-
dicted according to the phase velocity of the high-order
elastic wave. The internal material properties of the
functional gradient materials gradually change along
the plate thickness. The internal material properties
of the functional gradient materials can be approxi-
mated as a single material by gradual changes along
the plate thickness direction (Brekhovskikh, 2012).
The equivalent Young’s modulus Ee is:

Ee =
N

∑
i=1

Eih/H. (31)

The other equivalent acoustic parameters are also
calculated based on Eq. (31). Then, according to
Eq. (31) and Snell’s law, the equivalent longitudinal
wave velocity c2Le = Ee

(1−σ2
e)ρe

and the estimated critical

angle θ = arcsin ( c
cLe

) of the FGM acoustic windows
before and after the optimization are shown in Table 6.

As shown in Table 6, the critical angle predicted
by the equivalent longitudinal wave velocity is basi-
cally consistent with the actual critical angle, indicat-
ing that the peak value position of STL is derived
from the critical angle of the equivalent longitudi-
nal wave, which can be predicted precisely. To ana-
lyze the peak values of the STL of the FGM acoustic
windows before and after optimization, thin-plate the-
ory ignoring secondary factors is selected for analysis
(Brekhovskikh, 2012). When the acoustic wave is
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Fig. 15. Dispersion characteristics and STL results of the FRP: a) dispersion curve; b) critical angle of elastic waves;
c) angle-frequency spectrum of STL.

Table 6. Equivalent longitudinal wave velocity and the estimated critical angle of the FGM acoustic windows
before and after optimization.

Equivalent longitudinal
wave velocity cLe

[m/s]

Estimated
critical angle θ

[○]

Actual
critical angle

[○]
Origin 2782 32.6 32.7

Sound transmission performance optimization 2969 30.3 30.2
Self-noise reduction performance optimization 2781 32.6 32.9
Sound transmission and self-noise suppression 2971 30.2 30.7

incident at the critical angle of the longitudinal wave,
the mechanical impedance of the longitudinal wave is
Zs = 0, and the transmission coefficient is:

1

∣W ∣2
= ∣ Z
Za

+ 1∣
2

, (32)

where Za is the mechanical impedance of the shear
wave, which is approximately −iωm/2 at the critical
angle of the longitudinal wave; Z = ρc/ cos θ, where

ρ and c are the density and acoustic velocity, respec-
tively, and θ is the critical incident angle. Then, the
STL is satisfied as:

STL ∝ 1 + ( 2ρc

ωm cos θ
)

2

. (33)

Combined with the results in Figs. 9 and 13, the
optimized FGMs have a larger equivalent mass m and
a lower equivalent Poisson’s ratio compared with the
initial FGMs but also have a higher equivalent Young’s
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modulus. Compared with the magnitude difference of
the equivalent Young’s modulus, the density and Pois-
son’s ratio changes are both minuscule. As a result, the
equivalent longitudinal wave velocity increases, while
the critical angle θ of the longitudinal wave decreases.
Combined with Eq. (32), the peak value of the STL un-
der the longitudinal wave critical angle will decrease.

The change in the STL before and after optimiza-
tion at lower incident angles can be explained using the
thin-plate theory (Morse, Ingard, 1986), as shown
in Eq. (34):

TL = 20 log ∣ iγ

ρN+1
(Dk4

ω2
−m) + 2∣ , (34)

where
γ =

√
k2
N+1 − k2,

the bending stiffness is

D = Eeh
3

12 (1 − σ2
e)
,

and m is the mass per unit length. By combining
Eqs. (32) and (34), although the equivalent mass m
is improved after optimization, the bending stiffness
D is proportional to the equivalent Young’s modulus
and has the order of the fourth power of the wavenum-
ber k. Therefore, the higher equivalent Young’s mod-
ulus of the optimized FGM acoustic windows leads to
an increase of the STL at lower incident angles. So,
when the composition of the FRP in the FRP-rubber
FGM acoustic window is increased, the correspond-
ing equivalent Young’s modulus is higher, which in-
duces a decrease in the peak value of STL because
Young’s modulus of rubber is smaller than that of
the FRP. A higher equivalent Young’s modulus induces
an STL decrease at the critical angle, a shift of the
critical angle towards lower incident angles, and an in-
crease in the STL at lower incident angles, but the total
STL decreases, corresponding to better sound trans-
mission performance.

5.2. Turbulent self-noise suppression characteristics
of FGM acoustic windows before

and after optimization

To analyze the reasons for the increase in the tur-
bulent self-noise reduction of FGMs before and after
optimization, the wavenumber-frequency spectrum re-
sults of the spatial filtering function are calculated at
R = 0.3 and L = 0.5 m. Figure 16 shows the calculation
results of FRP with H = 3 cm.

Three characteristic identification lines are clearly
seen in Fig. 16. A relatively clear dividing line is formed
between the lower left corner and the upper right cor-
ner of the figure, which corresponds to the acoustic
wavenumber k0 in water at each frequency. This is
called the dividing line of the acoustic wavenumber,

Acoustic 
wavenumber

Longitudinal 
wavenumber

Sonar cavity standing 
wave

Fr
eq

ue
nc

y 
[H

z]

k(1/m)

Fig. 16. Wavenumber-frequency spectrum results
of the spatial filter function of FRP.

indicating that the spatial filter composed of the acous-
tic window and sonar cavity has the characteristics of
a low-wavenumber passband and a high-wavenumber
stopband. There is a lighter stripe from the lower left
corner to the upper right corner, which corresponds
to the longitudinal wavenumber of FRP. In addition,
there are prominent periodic ripple lines in the fig-
ure, which are derived from the standing wave field
formed in the sonar cavity by self-noise, and this fea-
ture is also the reason for the periodic fluctuation in
the turbulent self-noise reduction. Figure 17 shows the
wavenumber-frequency spectrum results of the spatial
filtering function of the FGMs acoustic window before
and after turbulent self-noise suppression and sound
transmission performance optimization (STL and NR
optimization).

As shown in Fig. 17, the corresponding equivalent
longitudinal wave velocities of the FRP-rubber FGM
acoustic windows before and after optimization are dif-
ferent according to Eq. (30), which results in differ-
ent slopes of the characteristic lines of the longitudinal
wavenumber. For the original FRP-rubber FGM, the
reason for the small slope is that a small longitudinal
wave velocity corresponds to a large wavenumber. Be-
fore and after optimization, the periodic fringe remains
consistent because the acoustic medium and the height
inside the sonar cavity remain unchanged. The reso-
nance period of the standing wave field formed inside
the sonar cavity meets the following requirements:

f = ncN+1

2L
, (35)

where n is the number of fringe periods. Figures 12d
and 14d show that an increase in the turbulent self-
noise reduction of the FRP-rubber FGM acoustic win-
dow before and after optimization is positively corre-
lated with the frequency. To analyze the reason for the
increase in self-noise reduction, Fig. 18 shows the spa-



492 Archives of Acoustics – Volume 48, Number 4, 2023

a)
Fr

eq
ue

nc
y 

[H
z]

k(1/m)

b)

Fr
eq

ue
nc

y 
[H

z]

k(1/m)

Fig. 17. Wavenumber-frequency spectrum of the spatial filtering function of the FRP-rubber FGM acoustic windows before
and after optimization: a) original FGM; b) optimized FGM for STL and NR’ optimization.
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Fig. 18. Comparison of the spatial filtering functions of various acoustic windows at f = 10 kHz: a) FRP, rubber and FRP-
rubber FGM acoustic window before and after the turbulent self-noise performance optimization (NR’); b) FRP, rubber
and FRP-rubber FGM acoustic window before and after the turbulent self-noise and sound transmission performance

optimization (TL, NR’).

tial filtering function of the FRP-rubber FGM acoustic
window before and after optimization at f = 10 kHz.

As shown in Fig. 18, the characteristic valley value
is caused by the equivalent longitudinal wave of the
various acoustic windows made from the FRP, rubber
and FRP-rubber FGM before and after optimization.
The original FRP-rubber FGM acoustic has a small
equivalent longitudinal wave velocity corresponding to
a large wavenumber of the characteristic value. For
the optimized FRP-rubber FGM acoustic window, the
equivalent longitudinal wave velocity is high, corre-
sponding to a small wavenumber of the characteris-
tic value. In addition, as shown in Figs. 18a and 18b,
the rubber composition is beneficial for improving the
filtering performance of higher wavenumbers, and the
composition of FRP is beneficial for improving the fil-
tering performance of lower wavenumbers in the re-
gion smaller than the acoustic wavenumber. The opti-

mized specific ratio of rubber and FRP components
brings about an FGM acoustic window with better
filtering properties in the higher wavenumber region
(Fig. 18b) and with better filtering properties in the
lower wavenumber region (Fig. 18a), which can effec-
tively suppress and shield the self-noise caused by the
TBL pulsating pressure.

6. Conclusions

Considering the sonar self-noise suppression excited
by the TBL pulsating pressure and sound transmission
performance excited by the incident acoustic source for
FGM acoustic windows, an internal gradient optimiza-
tion method for FGMs is proposed in this paper, which
can be used to design optimized FGM acoustic win-
dows with better turbulent self-noise suppression abil-
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ity and sound transmission performance. The theoreti-
cal modeling for FGM acoustic windows to evaluate the
turbulent self-noise reduction and STL is completed in
the proposed optimization method, in which the accu-
racy is verified by the finite element results of COM-
SOLMultiphysics. Using the optimization method pro-
posed in this paper, the optimization calculations of
the sound transmission performance, and the turbulent
self-noise suppression performance, the sound trans-
mission and turbulent self-noise suppression perfor-
mance for the FRP-rubber FGM acoustic window are
completed, and the results of the five optimization vari-
ables in the gradient function are separately obtained
using the Bernstein polynomial as the deviation func-
tion. Finally, the mechanism of the sound transmis-
sion and turbulent self-noise suppression performance
before and after optimization is explained based on
the gradient material equivalent model and thin-plate
model, respectively. The main conclusions are as fol-
lows.

The optimization results of the sound transmission
performance, the self-noise suppression performance,
and the sound transmission and self-noise suppression
performance for the FRP-rubber FGM acoustic win-
dow show that the sound transmission or self-noise
suppression performance of the optimized FGM acous-
tic window is effectively improved, indicating the effec-
tiveness of the optimization method.

The peak position of the STL originates from the
S0 wave, which corresponds to the longitudinal wave
velocity at the low frequency. The peak STL value
and position and the STL at lower incident angles are
mainly determined by the equivalent Young’s modulus.
Appropriately increasing the composition of the FRP
can improve the equivalent Young’s modulus, which is
beneficial to improve the sound transmission perfor-
mance of the FRP-rubber FGM acoustic window.

The periodicity of the turbulent self-noise reduc-
tion with frequency arises from the standing wave re-
sonance inside the sonar cavity; the slope identification
feature of the spatial filter function arises from the
equivalent longitudinal wavenumber and the acoustic
wavenumber.

A spatial filter consisting of an acoustic window and
sonar cavity has the characteristics of a low wavenum-
ber passband and a high wavenumber stopband. The
spatial filtering performance of the sonar cover can be
improved by optimizing the internal gradient form. In
the lower wavenumber passband (less than the acous-
tic wavenumber), rubber enhances higher wavenumber
filtering, while FRP is good for lower wavenumber fil-
tering. The optimization results show that reasonable
adjustment of the ratio of FRP and rubber can im-
prove not only the sound transmission performance,
but also the overall filtering performance, correspond-
ing to improving the turbulent self-noise suppression
performance.

The research results of this paper provide a refer-
ence value for the future design of FGM acoustic win-
dows for sonar hoods.

Appendix

The matrix I is:
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

I11 I12 I13 I14

I21 I22 I23 I24

I31 I32 I33 I34

I41 I42 I43 I44

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

The elements in the matrix I in the layer l are:

I11 = ik cos(
√
k2
Ll − k2z) ,

I12 = k sin(
√
k2
Ll − k2z) ,

I13 = i
√
k2
Tl − k2 cos(

√
k2
Tl − k2z) ,

I14 =
√
k2
Tl − k2 sin(

√
k2
Tl − k2z) ,

I21 = −
√
k2
Ll − k2 sin(

√
k2
Ll − k2z) ,

I22 = −i
√
k2
Ll − k2 cos(

√
k2
Ll − k2z) ,

I23 = k sin(
√
k2
Tl − k2z) ,

I24 = ik cos(
√
k2
Tl − k2z) ,

I31 = − (λlk2
Ll+2µ (k2

Ll − k2)) cos(
√
k2
Ll − k2z) i/ω,

I32 = i (λlk2
Ll+2µl (k2

Ll − k2)) sin(
√
k2
Ll − k2z) i/ω,

I33 = 2µlk
√
k2
Tl − k2 cos(

√
k2
Tl − k2z) i/ω,

I34 = −2iµlk
√
k2
Tl − k2 sin(

√
k2
Tl − k2z) i/ω,

I41 = −2iµlk
√
k2
Ll − k2 sin(

√
k2
Ll − k2z) i/ω,

I42 = 2µlk
√
k2
Ll − k2 cos(

√
k2
Ll − k2z) i/ω,

I43 = −iµl (k2
Tl − 2k2) sin(

√
k2
Tl − k2z) i/ω,

I44 = µl (k2
Tl − 2k2) cos(

√
k2
Tl − k2z) i/ω,

where λl and µl represent the lame constant in the
layer l.
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