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The normal mode solution for the form function and target strength (TS) of a solid-filled spherical shell is
derived. The calculation results of the spherical shell’s acoustic TS are in good agreement with the results of
the finite element method (FEM). Based on these normal mode solutions, the influences of parameters such
as the material, radius, and thickness of the inner and outer shells on the TS of a solid-filled spherical shell are
analyzed. An underwater spherical shell scatterer is designed, which uses room temperature vulcanized (RTV)
silicone rubber as a solid filling material and does not contain a suspension structure inside. The scatterer has
a good TS enhancement effect.

Keywords: solid-filled spherical shell; room temperature vulcanized silicone rubber; target strength enhance-
ment.

Copyright © 2024 The Author(s).
This work is licensed under the Creative Commons Attribution 4.0 International CC BY 4.0
(https://creativecommons.org/licenses/by/4.0/).

1. Introduction

In underwater acoustic engineering, spherical acous-
tic scatterers have good directivity and are often used
as standard test objects for the calibration of under-
water active acoustic testing systems (Anstee, 2002;
Foote et al., 2007; Stanton, Chu, 2008; Islas-
Cital, Atkins, 2012; Atkins et al., 2017). The acous-
tic target strength (TS) represents the reflection ability
of underwater targets with respect to acoustic waves.
When the TS is larger, the target can be detected more
easily by active sonar systems. To obtain a larger TS,
spherical acoustic scatterers with geometric scattering
as the primary mechanism are usually large in volu-
me and mass, resulting in challenges for offshore de-
ployment. Therefore, the current research focuses on
the design of TS enhancement of spherical scatterers
with constant volume, including the design of medium
frequency thickness resonance (Xu et al., 2020) and
acoustic focusing. In recent years, the calibration of
liquid-filled focusing spheres as standard scatterers has

also been applied in some scenarios (Deveau, Lyons,
2009; Foote, 2018). Research on focusing spheres,
which are thin spherical shells filled with liquids, has
been carried out on the focusing effects of different fill-
ing liquids (Jia et al., 2020). However, since the ma-
terial CCL4 (carbon tetrachloride) commonly used in
liquid-filled spheres is toxic and the focusing effect is
affected by external water temperature (Deng et al.,
1982), studying solid-filled spherical shells with the
TS enhancement effect becomes crucial and meaning-
ful. Similar to the focusing effect of liquid, solid fillers
that meet certain sound velocity and density condi-
tions should also have a focusing effect to enhance TS,
which needs further research.

In the construction process of underwater spherical
acoustic scatterers, to meet certain TS design require-
ments, it is necessary to establish a calculation method
and discuss the influence of the spherical shell diam-
eter, thickness, material, and acoustic characteristics
of filling materials on the TS. In the earliest research
on spherical sound scatterers, a common assumption
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was that the scatterer was a rigid material, and an ap-
proximate solution was proposed in which the wave-
length was larger than the spherical diameter scat-
tering sound field. Then, the normal series solution
of a thin shell filled with air was studied (Junger,
1952; Goodman, Stern, 1962). With the demand
for spherical targets with small volume and large TS,
researchers have studied liquid-filled spherical shells
with a certain focusing effect, obtained the normal se-
ries solution of spherical acoustic scatterers placed in
water, further analyzed the relationship between the
parameters of the liquid as the filling material and
TS, and carried out experimental verifications (Ka-
duchak, Loeffler, 1998; Fawcett, 2001). In ad-
dition, researchers have theoretically derived the an-
alytical solution of the double-layer elastic spherical
shell in water (Tang, Fan, 1999), and researched the
echo characteristics of the double-layer elastic spheri-
cal shell in the case of equivalent laying layers (Fan,
Tang, 2001; Tang et al., 2018). The derivation pro-
cess and condition settings provide important inspi-
ration for the theoretical derivation of other spherical
shells. In addition, the impact of an elastic sphere com-
posed of new materials on TS was studied (Zhou et al.,
2019; 2020).

In this paper, the method of separating variables
is used to derive the normal mode solutions of the TS
of a solid-filled spherical shell. Based on the normal
mode solution, the far field form function of the echo
of the spherical shell is calculated. We also discuss the
influence of the outer spherical shell material, thick-
ness, acoustic characteristics of the inner solid-filled
material, and radius on the TS of the spherical shell.
Finally, the feasibility of the specific RTV material as
the filling material is discussed, which provides theore-
tical support for the design of the solid-filled spherical
shell.

2. Normal mode solution of the scattering sound
field from a solid-filled spherical shell

The problem of sound scattering from a solid-filled
spherical shell can be simplified as the solution of
the sound field of sound propagating in a four-layered
medium, as shown in Fig. 1a. The areas (1), (2), (3), (4)
are marked. Each area represents one of the four-
layered media. Area (1) is the surrounding medium of
water in which the spherical shell is located. Area (2) is
a spherical shell. Area (3) is the interlayer between the
solid core and the spherical shell. Area (4) is a solid
core and, in this study, RTV material is used as the
solid filling material. Figure 1b illustrates acoustic fo-
cusing in multilayer targets, the scattered wave con-
sists of an elastic wave and a focused wave, and the
incident plane waves converge on the spherical shell
and reflect.
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Fig. 1. Structure and focusing phenomenology of a solid-
filled spherical shell: a) structure of a solid-filled spherical

shell; b) acoustic focusing in multilayer targets.

In underwater acoustics, form function f(x, θ) is
commonly used to describe the far-field scattering
characteristics of targets:

f(x, θ) =
2r

a

Ps(x, θ)

P0(x)
e−ikr, (1)

where P0 is the incident pressure, Ps is the scat-
tered pressure, r is the distance, a is the size of the
scatterer, x = ka – is the dimensionless frequency, k is
the wave number, and θ is the scattering angle.

The acoustic TS represents the backscattering abil-
ity of the target, and its relationship to the form func-
tion:

TS = 10 log ∣

a

2
f(x,π)∣

2

, (2)

where TS is the target strength.
When a steady plane wave is incident, the sound

pressure can be expressed as:

P0 = p0
∞
∑

n=0
in(2n + 1)jn(k1r)Pn(cos θ). (3)

In the formula, the amplitude of the incident sound
pressure p0 is 1. We omit the time factor e−jωt both
here and below.

The outer layer is water, the range is r > a, and only
the compressional wave propagates. The total sound
pressure of the outer sound field is:

P1 = p0
∞
∑

n=0
in(2n + 1)

⋅ [jn(k1r) + bnh
(1)
n (k1r)]Pn(cos θ). (4)

The scalar potential φ is used in fluid, and scalar
potential φ and vector potential ϕ (considering sym-
metry, only the component in the P0 direction) are
used in the elastic body to express the sound field.

The second layer is a solid spherical shell, and the
range is b < r < a, including the compressional wave
and shear wave.

The compressional wave field in a spherical shell is
expressed as follows:

φ2 = p0
∞
∑

n=0
in(2n + 1)

⋅ [cnjn(kd2r) + dnyn(kd2r)]Pn(cos θ). (5)
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Similarly, the shear wave field in a spherical shell
is expressed as:

ϕ2 = p0
∞
∑

n=0
in(2n + 1)

⋅ [enjn(ks2r) + fnyn(ks2r)]Pn(cos θ). (6)

The third layer (middle layer) is the fluid layer,
with the range of R1 < r < b and only compressional
waves:

p3 = p0
∞
∑

n=0
in(2n + 1)

⋅ [gnjn(k3r) + qnyn(k3r)]Pn(cos θ). (7)

The fourth layer is a solid sphere with the range
r < R1, including the compressional wave and shear
wave.

The compressional wave field in the fourth layer of
the solid sphere is as follows:

φ4 = p0
∞
∑

n=0
in(2n + 1)snjn(kd4r)Pn(cos θ). (8)

The shear wave field in the fourth layer of the solid
sphere is:

ϕ4 = p0
∞
∑

n=0
in(2n + 1)unjn(ks4r)Pn(cos θ). (9)

In Eqs. (4)–(9), n is the order, jn(X) is the n-th-
order Bessel function, yn(X) is the n-th-order Neu-
mann function, h(1)n (X) is the n-th-order Hankel func-
tion of the first kind, and Pn(X) is the n-th-order as-
sociated Legendre function.

Mentioned k1 is the wavenumber of the outer wa-
ter, kd2 is the compressional wavenumber of the second
layer, and ks2 is the shear wavenumber of the second la-
yer, k3 is the wavenumber of the fluid medium in the
middle layer, kd4 is the compressional wavenumber of
the fourth layer’s solid sphere, and ks4 is the shear
wavenumber of this solid sphere.

In addition, bn, cn, dn, en, fn, gn, qn, sn, and un
are the undetermined coefficients.

There are nine boundary conditions:

T (2)rr ∣r=a = −p1, u(1)r ∣r=a = u(2)r ∣r=a, T
(2)
rθ ∣r=a = 0,

T (2)rr ∣r=b = −p3, u(2)r ∣r=b = u(3)r ∣r=b, T
(2)
rθ ∣r=b = 0,

T (4)rr ∣r=R1 = −p3, u(3)r ∣r=R1 = u
(4)
r ∣r=R1, T

(4)
rθ ∣r=R1 = 0,

where T (2)rr is the normal stress of the (2) layer bound-
ary, u(1)r is the displacement of the (1) layer boundary,
and T (2)rθ is the tangential stress of the (2) layer boundary.

The undetermined coefficient bn can be solved ac-
cording to the following formal solution and boundary
conditions:

bn = −Bn/Dn, (10)

where Bn and Dn are presented in Appendix.
The expression of the far-field form function of the

backscattering of a solid-filled spherical shell is:

∣f(k1a, π)∣ =
2

k1a
∣

∞
∑

n=0
(−1)n(2n + 1)bn∣ . (11)

Accordingly, the expression of the spherical shell
TS is:

TS = 10 log ∣

a

2
f(k1a, π)∣

2

. (12)

3. Comparison between the normal mode
and numerical solutions

To verify the normal mode solution derived above,
the calculation results, using COMSOL Multiphysics
version 5.5 – a common numerical calculation tool, are
compared with the results of the normal mode solution.
The numerical calculation tool uses the finite element
method (FEM). Mesh size is selected as 1/6 of the wave-
length corresponding to the highest frequency. The cal-
culation conditions are as follows: the outer layer of the
spherical shell is water, the spherical shell is steel with
a radius of 1 m and a thickness of 0.1 m, the middle
fluid layer is water, and the inner solid filler is a steel
sphere with a radius of 0.8 m. See Table 1 for the spe-
cific parameter selection.

Table 1. Parameters of materials used in the paper.

Material Density
[kg/m3]

Compressional
wave

velocity
[m/s]

Shear
wave

velocity
[m/s]

Water 1000 1482 –
Air 1.02 344 –

Aluminum 2700 6420 3040
Steel 7900 5940 3100

RTV (SDL-1-41) 1031 1030 202

Equation (11) involves the calculation of infinite
series; according to (Tang et al., 2018), the accuracy
of the above infinite series can be guaranteed as long as
the highest number of terms n > ka+5 is taken; ka is the
non-dimensional frequency, k is the wavenumber, and
a is the radius. In the calculation process, speed and ac-
curacy are comprehensively considered. The order n
is ka + 20, where ka is the non-dimensional frequency
and the product of wavenumber k and target apparent
scale a. Figure 2 shows the comparison results between
the normal mode solution and the numerical solution.
It can be seen that in the range of ka < 30, the normal
mode solution and the finite element numerical solu-
tion are in good agreement overall. When ka is small
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Fig. 2. Comparison of the normal mode solution and the numerical solution.

(ka < 10 with the same size target and low frequency),
the two solutions are completely consistent. In the case
of large ka (ka > 10 with the same size target and high
frequency), the peak position and trend of the mor-
phological function calculated by the two methods are
consistent. However, there are differences in the indi-
vidual peak amplitudes, mainly because the grid size
of the finite element calculation is limited after the fre-
quency increases. Figure 2 can prove the accuracy of
the normal mode solution derived in this paper, which
provides a theoretical basis for the property analysis of
the TS of the solid-filled spherical shell discussed next.

4. Analysis of the influencing factors on the TS
of a solid-filled spherical shell in water

According to the structural characteristics of the
solid-filled spherical shell, the main factors affect-
ing the TS include the diameter, thickness and ma-
terial of the spherical shell, the material of the middle
layer, and the radius and material of the fourth layer
of the solid sphere. The conclusion, “the larger the ra-
dius of the spherical shell, the stronger the TS”, has
been reached in classical underwater acoustics books
and will not be analyzed here. In the following, we
first discuss the material and thickness of the spheri-
cal shell, and then we select the material of the mid-
dle layer. Finally, we analyze and select the solid-filled
material and the radius of the fourth layer solid sphere,
and discuss the impact on the TS.

In the comparative analysis, the TS of a rigid sphere
with the same radius is taken as the standard, and the
calculation formula for the TS of a rigid sphere is:

TS = 10 log
a2

4
, (13)

where a is the radius of this sphere.

The applicable condition of Eq. (13) is ka ≫ 1. In
general, if the geometric optical zone of the rigid sphere
is satisfied (ka > 2π), Eq. (13) can be used to estimate
its TS.

4.1. Selection and analysis of the material
and thickness of the spherical shell

In underwater acoustics, when spherical acoustic
scatterers are used as underwater targets, common ma-
terials with reasonable costs include aluminum and
steel. In addition, spherical acoustic scatterers made
from the same material and diameter but with different
shell thicknesses will also affect the TS of the spherical
acoustic scatterers. This paper simulates the TS of an
aluminum spherical shell and a steel spherical shell and
obtains the comparison results (see Figs. 3–6). In our
calculations, the shell material is aluminum or steel,
the radius of the shell is 1 m, the ratio of the shell thick-
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Fig. 3. TS of the aluminum spherical shell containing air
varying with the thickness to radius ratio.
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Fig. 4. TS of the steel spherical shell containing air varying
with the thickness to radius ratio.
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Fig. 5. TS of the aluminum spherical shell containing water
varying with the thickness to radius ratio.
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Fig. 6. TS of the steel spherical shell containing water vary-
ing with the thickness to radius ratio

ness to the radius is 0.1–50%, the step size is 0.1%, and
the inner layer is air or water. Other material proper-
ties are shown in Table 1.

Figures 3 to 6 illustrate the four conditions of an
air-filled aluminum spherical shell, an air-filled steel
spherical shell, a water-filled aluminum spherical shell,
and a water-filled steel spherical shell, respectively.
Due to the existence of resonance under these con-
ditions and with the gradual increase in the thick-
ness to radius ratio, the maximum value of the TS
moves to the small ka, that is, to the low frequency.
However, when the thickness reaches a certain level
(in this calculation, the ratio of thickness to radius of
the aluminum shell is greater than 0.3, and the ra-
tio of thickness to radius of the steel shell is greater
than 0.25), the peak value of the TS disappears. It
can be seen from the comparison between Fig. 4 and
Fig. 6 that the main peak value of the air-filled structu-
re is more obvious than that of the water-filled struc-
ture. Because the acoustic parameters of the air in the
sphere and the water outside the spherical shell dif-
fer greatly, the sound field distribution is simpler than
that of the water-filled structure. It can be seen from
the TS color scale that the maximum TS of the water-
filled structure is larger than that of the air-filled struc-
ture. The TS of the water-filled steel spherical shell is
slightly higher than that of the water-filled aluminum
spherical shell. Both steel and aluminum can be used
as solid-filled spherical shells. In engineering design
and processing, the shell material can be selected by
comprehensively considering the processing difficulty,
project cost, placement, and storage conditions.

To analyze the influence of the thickness of the solid
spherical shell on the TS, the spherical shell is filled
entirely with air, and the typical TS values of the
spherical shell with different thickness to radius ratios
are selected for comparison. The calculation results are
shown in Fig. 7. The calculation conditions are as fol-
lows: the radius of the spherical shell is 1 m, the ma-
terial is steel or aluminum, the spherical shell is filled
with air, and the material outside the spherical shell is
water. Other parameters are listed in Table 1.

When the ratio of shell thickness to radius is 1%
(Figs. 7a and 7b) and ka is between 119 and 138,
the steel spherical shell will exhibit resonance, and the
TS can be increased by more than 6 dB. If ka is be-
tween 150 and 170, the aluminum spherical shell will
resonate. With the increase in the thickness to radius
ratio, the enhancement effect gradually moves to low
frequency. When the ratio of thickness to radius is 2%
(Figs. 7c and 7d) and ka is between 55 and 67, the steel
spherical shell will resonate, and when ka is between
63 and 81, the aluminum spherical shell will resonate.
When the thickness to radius ratio is 10% (Figs. 7e
and 7f) and ka is between 5 and 11, the steel spherical
shell will resonate, and if ka is between 6 and 14, the
aluminum spherical shell will resonate.

By comparing the TS of the steel spherical shell and
aluminum spherical shell with the ka change curve, it
can be seen that the values of ka corresponding to the
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Fig. 7. Calculations of TS of spherical shells with different thickness to radius ratios: a) steel shell and the ratio is 1%;
b) aluminum shell and the ratio is 1%; c) steel shell and the ratio is 2%; d) aluminum shell and the ratio is 2%; e) steel

shell and the ratio is 10%; f) aluminum shell and the ratio is 10%.

middle-frequency enhancement of different materials
are different under the same thickness of the spher-
ical shell. When the steel spherical shell is strength-

ened, its ka value is slightly smaller than that of the
aluminum spherical shell. Therefore, when designing
a solid-filled spherical shell with specific requirements
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for frequency applicability, to reduce the volume of
the spherical shell, steel materials can be used for low-
frequency spherical shells, and a spherical shell suitable
for high-frequency can be made of aluminum.

4.2. Analysis and selection of solid materials filled
in the spherical shell

The fourth layer of the solid-filled spherical shell
is a solid sphere. The acoustic properties of the solid
sphere’s materials have a strong influence on the TS
of the overall spherical shell. Therefore, it is necessary
to discuss the acoustic scattering capabilities of solid
spheres made of different materials. We note that re-
search on focusing spheres filled with liquid has been
relatively mature (Jia et al., 2020). One of the im-
portant conditions for selecting the fourth layer’s solid
sphere material is the slow propagation speed of sound
waves in the solid material. In addition, to conveniently
place solid-filled spherical shells in water, the density of
the inner spherical solid filler should be as close as pos-
sible to the density of the water. According to the rel-
evant literature, an RTV rubber material meets the
above requirements (Niu, Zhang, 1982). The specific
parameters are as follows: SDL-1-41 material, density
1031 kg/m3, longitudinal wave velocity 1030 m/s, and
transverse wave velocity 201.98 m/s. Of course, other
alternative materials can also be used if the sound
speed and density conditions are met.

In summary, the inner solid sphere materials dis-
cussed in this paper are steel, aluminum, and RTV
materials with low sound velocity characteristics. The
results are compared with the rigid sphere’s TS of
the same radius. The material parameter settings are
shown in Table 1. The other calculation conditions
are as follows: the radius of the spherical shell is 1 m
and the medium outside the spherical shell is water.

Figure 8 shows that the TS of the steel sphere and
aluminum sphere fluctuates near the theoretical value
of the rigid sphere, while the TS of the RTV sphere
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Fig. 8. TS of solid spheres with different materials.

is significantly higher than that of the remaining three
spheres. Compared with the theoretical value of the
rigid sphere, the TS of the RTV solid sphere is 6–16 dB
higher, and the acoustic enhancement effect is obvious.
Therefore, during the design of the spherical shell filled
with a solid, if we want to improve its TS, the inner
solid sphere can be made of RTV material.

4.3. Selection and analysis of the materials
of the middle layer

The coupling (middle) layer is a layer of fluid (liquid
or air) positioned between the inner solid sphere and
the outer spherical shell. The selection of the coupling
layer material and the design of its thickness will have
a certain impact on the TS of the solid-filled spherical
shell. In this paper, air or water is used as the coupling
layer material, and the influence of the coupling layer
thickness on the TS is discussed.

Calculation condition 1: the spherical shell is made
of steel with a radius of 1 m, the thickness of the spher-
ical shell is 1% of the radius (thin spherical shell), the
solid sphere material is RTV, the middle coupling layer
material is air or water, the radius of the inner solid
sphere is 0.5–0.99 m, the corresponding coupling layer
thickness is 0.49–0 m, and the other material proper-
ties are listed in Table 1.

Figure 9a shows that when the material of the mid-
dle coupling layer of the thin spherical shell is water,
the thickness of the coupling layer gradually decreases
with the increase in the radius of the inner solid sphere
between 0.5 m and 0.99 m, and the TS of the solid-
filled spherical shell fluctuates but increases overall.
When the radius of the solid sphere is 0.99 m, the
thickness of the coupling layer is close to 0, that is,
the inner solid sphere is close to the spherical shell.
When the value of ka is large, the TS has a maximum
value of approximately 20 dB, which is 26 dB higher
than the TS (−6 dB) of a rigid sphere with the same
radius.

Figure 9b reveals that when the medium of the mid-
dle coupling layer of a thin spherical shell is air, as the
acoustic impedance of air and water has a large differ-
ence and acoustic waves are approximately totally re-
flected, the TS, in this case, is similar to that of a rigid
sphere (−6 dB under calculation conditions). However,
with increasing frequency, the thin spherical shell in
calculation condition 1 gradually gains the character-
istics of a thick spherical shell. Therefore, at high fre-
quency, its TS is higher than that of a rigid sphere with
the same radius.

Calculation condition 2: the spherical shell is made
of steel with a radius of 1 m, the thickness of the sphe-
rical shell is 10% of the radius (so we have a thick
spherical shell), the inner solid sphere material is RTV,
the middle coupling layer material is air or water, the
inner solid sphere’s radius is 0.5–0.9 m, and the cor-
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Fig. 9. Calculation of TS of a thin shell sphere changing
with coupling layer thickness: a) water filling; b) air filling.

responding middle coupling layer thickness is 0.4–0 m.
Other material properties are given in Table 1.

Figure 10a shows that when the medium of the mid-
dle coupling layer of the thick spherical shell is water,
there is an obvious peak near the low-frequency band
(ka = 10) due to the thickness of the outer shell, and
the TS is greater than 12 dB. Due to the influence
of the middle coupling layer and inner solid sphere,
the TS of the solid-filled spherical shell has strong and
weak periodic variations.

Figure 10b shows that when the medium of the
middle coupling layer of the thick spherical shell is air,
similar to Fig. 10a, there is a stable and obvious peak
near the low-frequency band, and the TS is approxi-
mately 10 dB. Due to the poor coupling effect of air,
the influence of solid-filled spheres in the inner layer
is almost not reflected, resulting in the same change
in the TS with ka for all thicknesses, as shown in the
figure.

To better compare the influence of different materi-
als as coupling layer materials on the TS of solid-filled
spherical shells, the TS calculation results of these
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Fig. 10. Calculation of TS of a thick shell sphere changing
with coupling layer thickness: a) water filling; b) air filling.

shells with different coupling layer materials under the
same conditions are selected for comparison. In the cal-
culation, the material of the spherical shell is steel, the
radius is 1 m, the shell thickness is 0.05 m, the inner
solid sphere’s material is RTV, the middle coupling
layer material is air or water, the inner solid sphere ra-
dius is 0.9 m, and other material properties are given
in Table 1.

In summary, the fourth layer solid sphere plays
a major role in enhancing the TS. The strengthening
effect of the outer-thickness spherical shell is weaker
than that of the inner-filled sphere. The TS strength-
ening effect of the outer-layer-thickness spherical shell
has a certain frequency selectivity. When the middle
layer is water, the coupling effect is good (Fig. 11), en-
abling the full utilization of the TS enhancement effect
of the inner solid sphere. When the middle layer is gas,
the coupling effect is poor, and the enhancement effect
of the inner solid sphere cannot be realized. There-
fore, when a high TS is needed, the middle coupling
layer uses water. Of course, other liquids can also be
used. However, the use of water as a coupling material
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Fig. 11. Comparison of TS of solid-filled spheres with dif-
ferent coupling materials.

has another advantage: the shell structure can be de-
signed to allow water penetration to reduce the weight
of solid-filled spherical shells resulting from their closed
design, and this, in turn, facilitates the implementation
of offshore tests.

5. Conclusions

The normal mode solution of the scattering sound
field from a solid-filled spherical shell derived in this
paper is in good agreement with the finite element nu-
merical solution, which proves that the solution can be
used to calculate the sound scattering characteristics
of solid-filled spherical shells.

The sound scatterer of the spherical shell-water-
RTV structure has the underwater acoustic focusing
ability, which can improve the TS.

Due to the frequency-selective enhancement char-
acteristics of spherical shells with different thicknesses,
when designing underwater acoustic standards and
markers, the thicknesses of spherical shells can be de-
signed to match the working frequency band of the
available underwater acoustic equipment.

Appendix

Solution of the scattering coefficient bn of the solid-
filled spherical shell.

bn = −
Bn
Dn

,

Bn =

RRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRR

A1

A2

d31
d41
d51
d61
d71
d81
d91

d12
d22
d32
d42
d52
d62
d72
d82
d92

d13
d23
d33
d43
d53
d63
d73
d83
d93

d14
d24
d34
d44
d54
d64
d74
d84
d94

d15
d25
d35
d45
d55
d65
d75
d85
d95

d16
d26
d36
d46
d56
d66
d76
d86
d96

d17
d27
d37
d47
d57
d67
d77
d87
d97

d18
d28
d38
d48
d58
d68
d78
d88
d98

d19
d29
d39
d49
d59
d69
d79
d89
d99

RRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRR

,

Dn =

RRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRR

d11
d21
d31
d41
d51
d61
d71
d81
d91

d12
d22
d32
d42
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d72
d82
d92

d13
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d43
d53
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d83
d93

d14
d24
d34
d44
d54
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d94
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d95
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d26
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d96
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d97

d18
d28
d38
d48
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d88
d98

d19
d29
d39
d49
d59
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d79
d89
d99

RRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRR

,

where

d11 = (ρ1/ρ2)k
2
s2a

2h(1)n (k1a),

d12 = [2n (n + 1) − k2s2a
2
] jn (kd2a) − 4kd2aj

′
n(kd2a),

d13 = [2n (n + 1) − k2s2a
2
] yn (kd2a) − 4kd2ay

′
n(kd2a),

d14 = 2n(n + 1) [ks2aj
′
n (ks2a) − jn(ks2a)] ,

d15 = 2n(n + 1) [ks2ay
′
n (ks2a) − yn(ks2a)] ,

d16 = 0,

d17 = 0,

d18 = 0,

d19 = 0,

d21 = −k1ah
(1)′
n (k1a),

d22 = kd2aj
′
n (kd2a) ,

d23 = kd2ay
′
n (kd2a) ,

d24 = n(n + 1)jn (ks2a) ,

d25 = n(n + 1)yn (ks2a) ,

d26 = 0,

d27 = 0,

d28 = 0,

d29 = 0,

d31 = 0,

d32 = 2 [jn(kd2a) − kd2aj
′
n(kd2a)] ,

d33 = 2 [yn(kd2a) − kd2ay
′
n(kd2a)] ,

d34 = 2ks2aj
′
n(ks2a)+[(ks2a)

2
− 2n(n+1)+2] jn(ks2a),

d35 = 2ks2ay
′
n(ks2a)+[(ks2a)

2
− 2n(n+1)+2] yn(ks2a),

d36 = 0,

d37 = 0,

d38 = 0,
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d39 = 0,

d41 = 0,

d42 = [2n(n + 1) − (ks2b)
2
] jn(kd2b) − 4kd2bj

′
n(kd2b),

d43 = [2n(n + 1) − (ks2b)
2
] yn(kd2b) − 4kd2by

′
n(kd2b),

d44 = 2n(n + 1) [ks2bj
′
n(ks2b) − jn(ks2b)] ,

d45 = 2n(n + 1) [ks2by
′
n(ks2b) − yn(ks2b)] ,

d46 = (ρ3/ρ2)(ks2b)
2
jn(k3b),

d47 = (ρ3/ρ2)(ks2b)
2
yn(k3b),

d48 = 0,

d49 = 0,

d51 = 0,

d52 = kd2bj
′
n(kd2b),

d53 = kd2by
′
n(kd2b),

d54 = n(n + 1)jn(ks2b),

d55 = n(n + 1)yn(ks2b),

d56 = −k3bj
′
n(k3b),

d57 = −k3by
′
n(k3b),

d58 = 0,

d59 = 0,

d61 = 0,

d62 = 2 [jn(kd2b) − kd2bj
′
n(kd2b)] ,

d63 = 2 [yn(kd2b) − kd2by
′
n(kd2b)] ,

d64 = 2ks2bj
′
n(ks2b) + [(ks2b)

2
− 2n(n+1)+2] jn(ks2b),

d65 = 2ks2by
′
n(ks2b) + [(ks2b)

2
− 2n(n+1)+2] yn(ks2b),

d66 = 0,

d67 = 0,

d68 = 0,

d69 = 0,

d71 = 0,

d72 = 0,

d73 = 0,

d74 = 0,

d75 = 0,

d76 = (ρ3/ρ4)(ks4R1)
2
jn(k3R1),

d77 = (ρ3/ρ4)(ks4R1)
2
yn(k3R1),

d78 = [2n (n + 1) − (ks4R1)
2
] jn (kd4R1)

− 4kd4R1j
′
n(kd4R1),

d79 = 2n(n + 1) [ks4R1j
′
n (ks4R1) − jn(ks4R1)] ,

d81 = 0,

d82 = 0,

d83 = 0,

d84 = 0,

d85 = 0,

d86 = −k3R1j
′
n(k3R1),

d87 = −k3R1y
′
n(k3R1),

d88 = kd4R1j
′
n(kd4R1),

d89 = n(n + 1)jn(ks4R1),

d91 = 0,

d92 = 0,

d93 = 0,

d94 = 0,

d95 = 0,

d96 = 0,

d97 = 0,

d98 = 2 [jn(kd4R1) − kd4R1j
′
n(kd4R1)] ,

d99 = 2ks4R1j
′
n(ks4R1)

+ [(ks4R1)
2
− 2n(n + 1) + 2] jn(ks4R1),

A1 = (ρ1/ρ2)(ks2a)
2
jn(k1a),

A2 = −k1aj
′
n(k1a),

where ρ1 is the density of (1) layer, j′n(X) is the deriva-
tive of the n-th-order Bessel function, y′n(X) is the
derivative of the n-th-order Neumann function, and
h
(1)′
n (X) is the derivative of the n-th-order Hankel

function of the first kind.
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