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A system of in-plane periodic perfectly conducting strips is considered embedded in an
preexisting electric field which, in applications, can result from propagation of an elastic
wave in a piezoelectric material supporting strips on its surface. The spatial spectrum
of charge distribution in the plane of strips is of our primary interest. In spite of the
functional dependence between the spectrum and the spatial distribution of charge by
means of the Fourier transform, its direct application leads to a considerable numerical
error caused by poor numerical representation of the singular field at the strip edges.
Carrying out the analysis in the spectral domain instead of direct evaluation of the spatial
charge distribution overcomes this difficulty.

1. Introduction

A system of parallel conducting strips residing on a piezoelectric substrate surface
interacts weakly with a Rayleigh wave [1]. When supplied with alternate voltages, the
strips excite the wave in the media [2]. In a reciprocal phenomenon, strips detect the
propagating wave by collecting electric charge. In this paper a periodic system of groups
of strips is considered and evaluation of the spatial spectrum of electric charge distribution
on the plane of strips is the main task of the analysis. The strips in one group can have
arbitrary width and spacing, and the period of group of strips is also arbitrary. The
introduced periodicity allows one to exploit the convenient fast Fourier transform in
computations.

As mentioned above, there are two distinct sources of the charge distribution on
strips: the first are voltages set on the strips by external time-harmonic voltage source of
angular frequency w (sometimes, the strip charge is set, like on an isolated strip of total
charge zero), and the second is the incident Rayleigh wave propagating with velocity
vr accompanied by the electric field on the plane of strips. Neglecting weak mechanical
interactions, the field is governed by electrostatic theory. Strips modify the field distribu-
tion that otherwise would be a spatial-harmonic function of spatial frequency w/vg. This
is the “incident” wave of the title “electrostatic” scattering phenomenon by strips. The
former problem of the supplied strips has been already discussed in literature [3]. Here,
we extend the method of the analysis developed there to solve the scattering problem.
For readers’ convenience, the method is presented shortly in the following sections.
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2. Functions of partial solution

There are two complementary identities involving Legendre polynomials P, [4]

V2

% , VS 0<d<A,
D)= 3 Paleos A)eit+1/29 — | Veoso—cos A
n=—00 0, A<d<m,
(1)
0, 0<¥ <A,
iE(9) = Z Sn Py (cos A)ei(”H/Qﬁ9 = iS9V/2 CA<9<n

n=-—00 vecos A—cos 1)

where S, = 1 for v > 0 and —1 otherwise. Here, D is real or zero, and ¢F is imaginary
or zero, in alternate domains. Both functions on left are well defined for either positive
and negative ¥. Replacing ¥ by Kz, —o0o < & < 00, Egs. (1) describe the periodic field
distribution over z; the strip width is 2w = 2A/K and period A = 27/ K; K is the strip
wavenumber.

COROLLARY 1. D(z) and E(x) are respectively the normal electric induction above
the plane of strips, and electric tangential field in the plane of strips, resulting from the
charge distribution on strips.

Indeed, D(z) = 0 between strips, and E(xz) = 0 on strips as required, and we only
need to show that the pair (D, E) belongs to the class of field vanishing at y — oo when
extended to the whole space (x,y). Given the electric potential ¢(x,y) = exp(ire —
Vr2|y|), Re{v/r2} > 0, satisfying the Laplace equation VZ¢ = 0, the tangential electric
field on y = 0 plane is £ = —jre from the definition £ = —V¢. For a medium of
unitary dielectric permittivity ¢ = 1 applied here, the normal induction at y = 40 is
D = cE, = Vr2p, yielding

iE = Dr/Vr? = S,D. (2)

This is exactly the relation between each harmonic component of D and ¢F in Egs. (1)
of the same wave number (n 4+ 1/2)K; P, is their amplitude.
Combining D and E yields the complex function v/2/v/cos Kz — cos A

De(z; A) = D(z) +iE(z) = i (14 5,,)P,(cos A)e i nH1l/DKz (3)

n=—oo

the domain of which spans an entire x-axis, provided that the square-root values are
chosen according to Egs. (1). It takes real or imaginary values in alternating domains of
real z. Considering one period only, x € (—A/2,A/2), De is real and different from zero
if |z| < w, and imaginary in the domain w < |z| < A/2.
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For convenience, the function describing the periodic system (the superscript 1 indi-
cating one strip per period) is rewritten in the form (A; = Kwy)
oo
DeM(x) = De(x —z1;4,) = Z (14 S, FDeilm+1/2)Kz

D = ZFr(Ll)ei(”H/z)Km # 0 if cos K(x — x1) > cos Ay,

- . (4)
1E = Z SnF,(Ll)el("H/Q)KI # 0 if cos Ay > cos K(x — 1),

m ?

FT(’}) — efi(erl/Q)lepm(CosAl), F£1n)1,1 _ F(l)*

where asterisk means a complex conjugate value (note: P_,_1 = B,).
For two strips per period, the function of interest is
De® () = De(l)(x)De(:v — x9; Ag)
o0 oo

=3 S (180 (14Sm) Pilcos Ag)ei B2 K @) (D ittt /2)Ke ()

k=—o0c0 m=—00

that takes real or imaginary values in alternating domains of «: it is real in the domains
where both the multiplied functions are either real or imaginary, and it is imaginary
in the domains where one of the multiplied functions is real and the other imaginary.
Explicitly,

o0

De?(z) = Z (14 8,)FPeinke
n=—oo
F'r(LQ) — 267’&TLKI2 Z Pm_n(cosAQ)Fr(rLl)ei(m+1/2)K12’ (6)
0<m<n
n<m<0

Re(De(Q)) — ZF,SZ)eme, Z'Im(De(Q)) — Z SnFT(LQ)einK.q;.

Note that the finite summation domain involved in the expression for F(?) is empty if
n = 0, what means that F(EQ) = 0. Moreover, replacing n by —n, one obtains that

FO = p@=  F® (7)

—n

Similarly are defined the harmonic functions for more strips, with corresponding prop-
erty that Fﬁlxll =0 if n € N = [Ny, Ny); explicitly for N = 3

o0
De®(x) = Y (1+8,)FPelml/aKe,
F®) = 9e—i(n+1/2)Kas Z P, _p(cos Ag)F(2) eimEaes,
0<m<n
n<m<0

s

—n—1

= F®* F 15=0.



34 E. DANICKI

Generally, for odd (N = 2k + 1) and even (N = 2k) number of strips:
FEMHD — pERDx - ang FCRD =0 if —k—1<n<k,

—n—

(8)
FOW — peRx g FOW —0 i —k<n <k

It is convenient to make the expressions for D and iF similar for both cases of odd or
even number of strips IV; it is sufficient to replace F(N) by F(N) Sn F(N) if NV is even.
Applying this and noticing that mod(N,2) = 1 for N odd, otherwise 0, one may prove
the following

COROLLARY 2.

ﬁ£2k+1) — F(2k+), E(sz) — S, F(2H),

D = Z E(N)gilntv) K v =mod(N,2)/2, and (9)
iE = Z SnﬁT(LN)ei(n-&-u)Kr

have alternate support, corresponding to electric conditions on the plane of strips: normal
electric induction D vanishes between the strips and tangential field E vanishes on the
strips.

Consider the periodic harmonic function

De(m(x)ameimm” = Z am(l+Sn,m)ﬁ£]filei(”+”)K$,

v =mod(N,2)/2,
where ., is arbitrary and m is an integer. This is a harmonic expansion of
am2N/? exp(imK )
V]cos K(z —x1) — cos Ay] - -+ [cos K (z — zy) — cos Ap] .

(11)
THEOREM 1.

D = a,, Z ﬁélfznei(nJru)Kx

n=—oo

(12)
iE = a, Z SpomEN) cilnty)Ke

n=—oo

are respectively the normal electric induction above the plane of strips and the tangential
electric field resulting from strips’ charges, if m € M = [My, Ms]. The domains M for
odd and even N are explicitly:

—(N-1)/2<m < (N-1)/2, forodd N, or
—N/2<m < N/2-1, foreven N,

(13)

there are N such coefficients o, altogether.
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P r o o f. Following Corollary 2, these functions satisfy conditions on the plane of
strips. Thus we only need to prove that they are components of the field that vanish at
y — o00. In the above domain of m, S,,_,, # S, only when simultaneously amﬁ,(ﬁzn =0
on the strength of Corollary 2. That means that S,,_,, can be replaced by S, in Egs. (12).
The rest of proof exploits Eq. (2) like in Corollary 1 (here, F®™) ig the field harmonic
amplitude).

REMARK. x; and A; determine the [-th strip edges and the corresponding square-root
singularities of (11). It is evident that there are multiple ways of evaluation of DeV ) by
applying different z;, 4; yielding singularities of (11) at the same = but not necessarily
belonging to the same strip. These different choices may affect the numerical accuracy or
the computation time, or both; the matter is not discussed here. It is also evident that
De(F) Del) = Delk+D),

It results from (1 +S,) = 0 if n < 0 that the discrete spectrum of De(™) in Eq. (10)
has a semifinite support. This can be nicel exploited in evaluation of harmonic spectra of
subsequent De®) (that is, evaluation of F ) using the FFT algorithm like in a numerical
code presented in the paper [5].

3. Given strip voltages or charges

Kirchhofl’s laws, when applied to the system of interconnected strips, result in a
number of conditions for strip voltages V;, i = 1,..., N (N is the number of strips in
one period A), and/or currents I; = iw2(@Q); flowing to strips, where 2(Q) is the total strip
charge. There are sufficient number of conditions to solve the problem accounting for
that the external voltage source sets the voltage differences U;; = V; — V;; between strips
rather than their absolute potentials V; (both the source ports are connected to different
strips in the system). An equivalent physical requirement is that the total charge on strips
vanishes, meaning the system electric neutrality. Below, strips’ charges and potentials are
evaluated; they are necessary in formulation of N — 1 circuit equations resulting from
Kirchhoff’s laws.

An arbitrary electric field satisfying the “radiation” condition at infinity (vanishing
at infinity) is constructed by superposition

= Z Z am'(1+S"_m)F7()N2n Z(7l+l/) w? (14)

meM n=—oo

with unknown a,, which will be evaluated from the circuit equations; m € M following
Theorem 1. The electric charge 2Q(z) on the plane of strips and electric potential V(z)
on this plane are integrals of 2D and —F, exphc1t1y

Qr) = —== Z ZQZ —:um glntvKe,

mEM -
A (15)

E : 2 :S O/m “min—m z(n+u) T
K n—m )

meM —oo

=
&
!
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using informal notation that o, Fy,—m/n = 0 at n = 0 provided that a_ /o = 0 is already
assumed if N is even, and because of vanishing F, according to Eq. (8). This, in fact,
is the necessary and sufficient condition for the system electric neutrality. Indeed, for
even number of strips, the electric field is A-periodic, and such is Q(z). It is easily seen
from Egs. (15) that the total charge on strips over one period is Q(A/2) — Q(—A/2) =0
provided that @ is finite. For odd number of strips, the field (14) satisfies the neutrality
condition automatically because Q(z + A) = —Q(z), thus the average charge over 24
period in this case vanishes.

Let the strips’ centers be placed at @;, ¢ = 1, ..., k, and the spacings’ centers between

strips be at T;, assuming that Top = —A/2 and T11 = A/2 are points on both sides of
the discussed group of strips, outside the strips. Thus
Uij = V(xz) — V(ij), Qi = Q(fl) — Q(fifl), i=1,..k, (16)

depend on unknown a,,. There are N — 1 unknowns if NV is even (a_x/2 = 0 has been
already set), or N unknowns if NV is odd, what follows from (13). Taking into account that
there are N —1 circuit equations resulting from the circuit theory, the system of equations
for even number of strips is complete and can be solved, while the system of odd number
of strips requires one additional equation. This can be the condition that the group of
strips is electrically neutral over the period A: Q(A/2) — Q(—A/2) = 0 (they are neutral
automatically over 24 so that this is a new and independent condition; however, one
can apply any other independent condition, by setting strip voltages directly in this case
instead of voltage differences between strips, for instance). This completes the system of
equations in this case, too.
Summarizing, the system of equations resulting from the circuit theory

ZAlmam = Bl, (17)

where B; are known U,; or Q;, and the matrix [A;,,] describes the strip interconnections,
can be solved for a,,, which substituted into Eqgs. (15), allows us to evaluate the other
circuit quantities (strip currents and voltages), and the main objective of this analysis
that is the Fourier coefficients D,,

n—m?

D(z) =Y Dyeke D, = an, YY) (18)

of the discrete spatial spectrum of charge distribution. The computationally most difficult
task is met in evaluation of the sums (15) which are not fast convergent (numerical hint:

evaluation of Y Fy,_, expi(n + v) Kz, suffices).
1

4. The “scattering” problem

It is convenient to consider the preexisting field (D!, ET) exp ipz, p # 0, on the plane of
strips like an incident wave field in the theory of scattering of waves: while the “scattered”
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field resulting from the induced strip charges obeying the “radiation condition” vanish
at infinity, the preexisting or “incident” field does the opposite, grows at infinity. This
results in the different relations between the electric field harmonic components at the
plane of strips (D at y = +0, above the plane) in both cases: Eq. (2) for the “scattered”
field resulting from the strips’ charges, and

iB' = —S,D’, (19)

for the “incident” field, that is for the preexisting field.
In the “scattering” problem considered here, both D! and E! are known, and the full
field being the sum of incident and scattered fields

{D,E} = {D! E'} + {D* E*} (20)

must obey the conditions on strips: not only the normal induction D(z) must vanish
between the strips and tangential field £ must vanish on the strips, but also the resulting
strips’ voltages and charges must obey Eq. (17) resulting from the circuit theory.

The first condition is satisfied by expanding D and iE into the series like (12), ac-
counting for the Theorem 1, that is replacing (n + v)K by nK +r, where r = vK is the
reduced wave number of the incident field

p=I1K+r, 0<r<K, (21)

and I is integer. (Within the presented theory, the wavenumber of the incident wave can
take only the values allowed by the spectrum of general solution (14). Thus r must take
value either 0 or K/2; that is r = vK.) Explicitly,

D = ZOérnl;‘nimei(nK-‘,—'r)ar:7
m,n

N (22)
1B = Zamsn—an—mei(nKJrr)xv

m,n

with summation over n € (—oo,00) and over m as discussed below.
Applying Eq. (2) to harmonic components of the scattered field evaluated from Eq. (20)
and using Eq. (19), results in

Z(l - Snfm)ﬁnfmam = 2D15n17 (23)

m

for each n € —o0, 0o separately, where ¢ is Kronecker delta. The matrix of this system
of equation has a very specific triangular form presented below for n € [n~ < 0,n* > 0]
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and m € [m] < 0,m5 > 0]

_.n*,ml’ 0---0 O'
[ ]

L . 0---0

) T 0 0 0 0 0 0

[(1 — Snfm)anm] = .—1,7711 L4 ._17m2 (24)
0 0 00 0--0 e & g
[}

0 0---0 . .
_0 0---0 —y

as can be proved by inspection, where the pairs of indices (n,m) are presented for sig-
nificant elements discussed below. Only the components marked by bullets are different
from zero.

Indeed, triangular form results from 1—S,,_,,, = 0if n > m, that is if either m > n < 0
or m < n > 0. The vertical strip of zeros results from ﬁn =0if n € N, see Corollary 2.
Detailed analysis shows that

m; = —1—DMy—n", my, = —My—2,
(25)
mi = 1- My, my = 1— M +n',
with M 2 defined in Theorem 1, Eq.(13). For n = —1, all elements with m > mg

vanish; similarly for n < —1, all elements with m > —1 —n + m; vanish. Analogously,
all elements vanish if n = 0 and m < mf, aswellasif n >0and m <n+ mf, because
either 1 — Sp_pm, = 0, or F,_,,, = 0. It is clearly seen from Eqs. (24), (25) that none of
Qm, m € M, are involved in Egs. (23) governing the scattered field.

Let I < 0, thus we apply n~ = I and account only for equations (23) with I < n < 0,
allowing m € [mj,m5]. The resulting system can be solved sequentially starting from
O UP to the last Uy Similarly, if 7 = n™ > 0: accounted for are equations with
0<n<Iand m{ <m <mJ,and the system is solved starting from Q- Accounting
for more equations (23), with n™ < I <0 or nt > I > 0, with a,, from a wider domain
of m, is superfluous and results only in a,,, = 0 for all m outside the domain specified
above. Summarizing the solution to Eq. (23), the scattered field at y = 0 is

Ds(l‘) _ Zam i ﬁn—mei(7lK+T)I7

n=—oo

(26)

m n=—oo

N
S|
B
8
~—
I
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with summation extended over all o, evaluated above, which after integration, yields
Q*(z) and V*(x) like in Egs. (15) but with (n + v)K replaced by nK +r

s - - amﬁ(k) i(n )T
Qx) = ~iy nKJrre( o,
m —0o0
s > IS Oémﬁ(k) i(nK+r)z (27)
v (T) = ;2 n—mme .

Now, the strip charges and potentials can be evaluated like in Eq. (16).

The solution (27) has exactly the form of (14), and superposition of properly chosen
solutions from Sec.3 with the above scattered field can satisfy Eq.(17) resulting from
circuit theory. This superposed solution includes «,,, m € M, and these are evaluated
from Eq.(23). The superposed domain of m is then [-1 — Ny — I, Ms] for I < 0, or
[M1,1— Ny + 1], for I > 0.

The above mentioned “properly chosen” «,,, m € M are the solution to Eq. (17) with
its right-hand side modified by the earlier evaluated V;% and @; resulting from Egs. (27)
(with specific r as assumed above). The case r = 0 needs further discussion, however,
concerning integration of the superposed fields, (27) and (15). Naturally, to make the
integration possible, the superposed fields resulting in n = 0-harmonic component must
be set to zero, yielding the condition of Zamﬁn,m = 01if n = 0. It can be satisfied

m
by proper choice of a_ /s (the same a_p/, that was set to zero in Sec.3). This is the

condition of the strip electric neutrality, modified here by the charge generated by the
incident field, or rather by the charge resulting from normal induction of preexisting field.
Like in Sec. 3, this additional condition (17) makes the system complete, and all a,, can
be evaluated. Substitution into Eqgs. (22) (with all the o, accounted for) yield the spatial
spectrum of electric charge at the plane of strips.

5. Conclusions

The applied systems of strips, the interdigital transducers of Rayleigh waves, may have
tens or even hundreds of strips, and evaluation of Fourier integrals must, practically, be
based on the fast Fourier transform (FFT). This requires discretization of V (1), Q(r) in a
grid of equally spaced r; = iAr over the domain (0, K). This corresponds to the analysis
of spatial periodic system of groups of strips, with period A = 1/Ar. This practical
necessity is respected in the above analysis from the beginning. Moreover, while for finite
(aperiodic) system of strips the Bessel functions (which are the Fourier transforms of
(w? — 22)71/2 [5]) would be involved in the analysis and subsequent computations, in
the present theory the Legendre polynomials P, take their place, which are easier for
computation.
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