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To predict the scattered acoustic field for underwater targets with separate transmission and reception
points, a forecasting method based on limited scattered acoustic pressure data is proposed. This method repre-
sents the scattered acoustic field as the product of an acoustic scattering transfer function and a source density
function. By performing numerical integration, the transfer function is obtained using the model surface grid
information as input. An equation system concerning the unknown source density function is then derived us-
ing the computed scattering transfer matrix, the principle of acoustic reciprocity, and the geometric properties
of the target. The unknown source density function is solved using the least squares method. The scattered
field with separate transmission and reception points is then obtained by multiplying the calculated trans-
fer matrix with the estimated source density function. This paper applies the finite element method (FEM)
to solve the scattering field for a benchmark model with separate transmission and reception points. Using
a subset of the elements as input, predictions of the omnidirectional scattered field were made. The predicted
results were subsequently compared with those obtained from FEM simulations. The simulation results demon-
strate that the proposed method maintains high computational accuracy and is applicable to the prediction
of low-frequency scattered fields from underwater targets with spatially separated source and receiver. Fur-
ther comparison with the FEM-calculated target strength patterns across varying incident–reception angles
reveals a high level of agreement, indicating that accurate bistatic target strength predictions can be achieved
with a limited amount of input data.
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target strength.
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1. Introduction

Acoustic waves are the only physical field capable
of transmitting information effectively over long dis-
tances in the ocean. Devices that use acoustic waves
for underwater detection, positioning, navigation, and
communication are collectively referred to as sonar
(Tang et al., 2018). Currently, sonar technology and

detection methods are undergoing significant transfor-
mation, with increasingly complex underwater acous-
tic environments. Future developments in sonar tech-
nology are expected to integrate active and passive
systems, multi-band capabilities, and multifunctional-
ity. Key directions include low-frequency, high-power,
adaptive array processing, and distributed transmis-
sion and reception systems.
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The rise of big data and artificial intelligence has
also enabled the possibility of coordinated networks
and formations of sonar-equipped tools, such as un-
manned surface and underwater vehicles (UUVs).
However, complex hull structures face unprecedented
challenges from these three-dimensional underwater
detection networks.
Research methods for studying the echo character-

istics of complex hull structures can be categorized into
theoretical solutions, numerical methods, and approx-
imation methods. Theoretical solutions are primarily
used to analyze the scattering acoustic fields of regu-
lar models, such as spheres and infinitely long cylin-
ders. For more complex shapes and materials, numeri-
cal methods like the T-matrix method (Waterman,
2005), the finite element/boundary element method
(FEM/BEM) (Zhou et al., 2009), and the finite differ-
ence time domain (FDTD) method (Schneider et al.,
1998). Numerical methods offer a broad range of ap-
plications and are capable of solving target scatter-
ing problems under virtually any conditions. For high-
frequency, large-scale models, the computational speed
of numerical methods is often slow, necessitating the
use of approximation methods for more efficient calcu-
lations. Fan and Zhou (2006) proposed a modified pla-
nar element method that incorporates considerations
for occlusion and secondary scattering effects. Peng
et al. (2018) presented a method to predict echo char-
acteristics of surface targets using the Kirchhoff ap-
proximation. Xue et al. (2023) improved the compu-
tational efficiency of the patch element method by re-
placing planar elements with surface elements, thereby
enhancing the overall calculation speed of the method.
The bistatic target detection offers advantages such

as an excellent, wide detection range, and strong anti-
jamming capability, leading many scholars to con-
duct in-depth studies on the bistatic acoustic scatter-
ing characteristics. Chen et al. (2024) proposed and
validated a prediction method for underwater acous-
tic scattering. Liu et al. (2012) proposed a modifica-
tion to the scattering integration region on the target
surface, thereby extending the applicability of phys-
ical acoustics to arbitrary separation angles. Wang
et al. (2022) developed a time-domain transforma-
tion method based on the Kirchhoff approximation
for calculating bistatic acoustic scattering of under-
water rigid targets. In the field of bistatic underwa-
ter maneuvering target tracking. Gunderson et al.
(2017) discussed the interference and resonance struc-
tures present in the frequency responses of the targets,
and presented bistatic spectra for a variety of elastic
sphere materials. Meng et al. (2024) proposed a high-
light model for predicting bistatic acoustic scattering
characteristics. Schmidt (2001) studied bistatic scat-
tering from buried targets in shallow water. Agounad
et al. (2023) systematically analyzed the guided wave
propagation characteristics of cylindrical shells under

bistatic acoustic scattering configurations from both
theoretical and experimental perspectives, and pro-
posed a time–frequency analysis-based method to es-
timate the group velocities of waves propagating in
different directions. Cheng et al. (2010) established
a bistatic scattering strength model for underwater
targets under far-field conditions based on the Kirch-
hoff approximation. Park et al. (2006) studied the
bistatic acoustic scattering phenomena of a hemispher-
ical closed cylinder. Gu et al. (2025) proposed an im-
proved rapid prediction method for solving the full-
space bistatic scattering acoustic field of underwater
vehicles. Zhang et al. (2011) conducted a thorough
review of the existing research, summarizing key ad-
vancements and trends in this area. Long et al. (2022)
demonstrated through research that, in bistatic sys-
tems, detection performance for configurations such as
quadrilateral, hexagonal, rhombic, and checkerboard
layouts consistently outperforms that of collocated
transmission and reception configurations. Schenck
et al. (1995) developed a hybrid method to predict the
complete three-dimensional acoustic scattering func-
tion from limited data by using computational mod-
els and least-squares problems. Currently, research on
underwater bistatic scattering acoustic fields primar-
ily focuses on typical configurations such as collocated
transmission and reception, as well as forward scatter-
ing. There is relatively little research on the relation-
ship between collocated and bistatic scattering fields.
In early radar systems, a method known as the sepa-
ration theorem was used to estimate the bistatic tar-
get strength based on the known monostatic target
strength. However, the separation theorem is only ap-
plicable for small separation angles. There is currently
no well-established method for calculating and relating
the scattering echoes in bistatic systems.
This paper investigates the transmit-receive sep-

aration echo characteristics for large angles and om-
nidirectional scenarios, focusing on the prediction of
transmit-receive separation scattering acoustic fields
based on limited data. A prediction method for transmit-
receive separation scattering acoustic fields is estab-
lished, combining limited data, model geometry prop-
erties, numerical integration, acoustic reciprocity, and
the least squares method. Using the integral formula
of the acoustic field and the surface integral equa-
tion, the far-field scattering sound pressure is expressed
as the product of the unknown sound source den-
sity function and the sound scattering transfer matrix.
Through numerical integration, the target surface grid
model is used as input to obtain the sound scattering
transfer matrix. Based on the calculated sound scat-
tering transfer matrix, the principle of acoustic reci-
procity, and the geometric properties of the target,
a system of equations for the unknown sound source
density function is derived. The unknown density func-
tion is then solved using the least squares method. The
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calculated sound scattering transfer matrix and the un-
known sound source density function are multiplied
to obtain the transmit-receive separation scattering
acoustic field. The FEM is used to solve the transmit-
receive separation scattering acoustic field for a Bench-
mark model. Several elements from the model are
used as input to predict the omnidirectional transmit-
receive separation scattering acoustic field. A compari-
son is made between the predicted results and the FEM
results. The simulation results show that the method
has good computational accuracy and can be used for
calculating the transmit-receive separation scattering
acoustic fields of complex underwater targets.

2. Theoretical method

The scattered acoustic field can be expressed as
the product of the sound transfer function and the
equivalent surface source density function of the target
(Schenck et al., 1995). As shown in Fig. 1, under the
plane wave incidence from the direction x̂ inc, the sound
pressure at the receiver point x can be expressed as

ps (x, x̂ inc
) =

1

4π
∫

s

q (ξ, x̂ inc
) [

∂

∂nξ
+ i]

⋅

e−ikr(x,ξ)

r(x, ξ)
dS(ξ), (1)

where q is the unknown source density function; S rep-
resents the target surface; x̂ inc is the unit vector in the
direction of the incident point; ξ denotes a point on
the target surface and n̂ is the unit normal vector at
a point on the target surface. Where R(x) is the dis-
tance between the target and the receiver point in the
far field, and r(x, ξ) is the distance between a point ξ
on the target surface and the receiver point in the near
field. The target surface S is discretized intoNs surface
elements, Eq. (1) is expressed as

ps (x, x̂ inc
) =

1

4π

Ns

∑

l=0

ql(x̂
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Fig. 1. Schematic diagram of target sound scattering.

when the receiver point x is defined in the far
field of the integration surface S, r(x, ξ) =̇R(x) and
divided by the spherical wave propagation factor
e−ikR(x)/R(x), the far-field scattered sound pressure
is defined as follows:

psff (x, x̂
inc
) =

1

4π

Ns

∑

l=0

q(x̂ inc
)

⋅∫

S

[ikx̂ n̂(ξ) + i] e−ikx̂δ(ξ) dS(ξ). (3)

Define the scattering acoustic field matrix S, where
the elements are denoted as Smn = p

s
ff (x̂m, x̂ inc

n ). Ad-
ditionally, define the source density matrixQ, with the
elements represented as Qln = ql (x̂

inc
n ), therefore, we

have the following relationship:

S =CffQ. (4)

The vectors Sex, Qex, and Cex are expressed as

Sex = [S11,S12, ...,S1n,S21,S22, ...,S2n, ...,

Sm1,Sm2, ...,Smn]
T, (5)

Qex = [q11,q12, ...,q1n,q21,q22, ...,q2n,⋯,

qm1,qm2, ...,qmn]
T, (6)

Cex = [C
1
e,C

2
e, ...,C

m
e ]

T, (7)

Ci
e =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

Ci 0 ⋯ 0
0 Ci ⋯ 0
⋮ ⋮ ⋱ ⋮

0 0 ⋯ Ci

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (8)

where, the matrix element S corresponds to the acous-
tic pressure, C to the transfer function, and q to the
source density function.
The sound scattering matrix S is an m×n matrix,

the sound scattering transfer matrixCff is anm×l ma-
trix, and the source density matrixQ is an l×n matrix.
The sound scattering transfer matrix can be computed
using the Gaussian–Legendre quadrature method for
numerical integration. The sound scattering matrix S
and the source density function matrix Q can be
rewritten as column vectors Sex and Qex, respectively.
Simultaneously, the matrix Cff undergoes a matrix
transformation to yield Cex:

Sex =CexQex. (9)

According to the principle of acoustic reciprocity,
the ratio of the excitation applied at point A to the
response at point B is equal to the ratio of the exci-
tation applied at point B to the response at point A.
The elements of the sound scattering matrix satisfy:

Smn = Snm. (10)
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For the bistatic scattering matrix S, it is a sym-
metric matrix where the upper triangular elements are
equal to the lower triangular elements. By perform-
ing elimination while retaining the diagonal elements,
m1(m1 + 1)/2 equations are obtained:

Sre =CreQre , (11)

where Sre is composed of the monostatic scattered
acoustic pressure and a zero vector.
Assuming that the monostatic acoustic scattering

matrix Sre is known, a portion of the scattered sound
pressure data Sad from the receive-transmit separated
configuration is added to the vector Sre . At the same
time, the corresponding row vector in the matrix Cex

that corresponds to Sad is found. These are then com-
bined to form the matrix Cad, which is subsequently
appended to the matrix Cre . This results in a sound
scattering matrix Ss that contains both monostatic
and partial bistatic configurations, as well as the cor-
responding matrix Cs is:

Ss= [
Sre

Sad
], Cs= [

Cre

Cad
]. (12)

The least squares method is used to approximate
the solution of Eq. (6), resulting in the source density
matrix Qex. The obtained column vector Qex is then
transformed into an l1 × n1 matrix Q. This matrix Q,
along with the calculated bistatic scattering transfer
matrix Cff

ml, is substituted into Eq. (3) to obtain the
bistatic scattered sound pressure S. The detailed pro-
cedure is illustrated in Fig. 2.
The target strength is calculated using the follow-

ing expression, assuming an incident acoustic pressure
of 1Pa:

TS = 20 log(abs(Ss)). (13)

To evaluate how much input data is required to
achieve accurate prediction results, the ratio η between

the elements of the input scattered sound pressure data
and the predicted scattered sound pressure data can be
expressed as

η =
k(k + 1) + 2m1

2m2
1 − k(k + 1) − 2m1

× 100%. (14)

3. Case studies

The finite element software COMSOL Multi-
physics, a multi-physics coupling software, is used to
solve the scattering sound field under planar wave in-
cidence. Partial sound scattering data obtained from
simulation calculations and the target surface mesh
are used as input to predict the separated transmit-
receive scattering sound field. Finally, the prediction
results are compared and analyzed with the finite ele-
ment results.

3.1. Cylinder

Figure 3 is a schematic diagram of the triangular
mesh model for column targets. The acoustic scatter-

 
Fig. 3. Cylindrical target surface geometry mesh model.
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ing transfer function is calculated according to the grid
model Cff

ml, the calculation frequency is 100Hz–1 kHz,
the step length is 50Hz, the incidence angle and re-
ceiving angle are 0○–360○, and the step length is 2○,
different quantities of finite element calculation data
are taken as input for prediction.
According to the grid model, the calculation condi-

tions for the sound scattering transfer function remain
consistent with those described earlier. Predictions are
performed using varying amounts of finite element sim-
ulation data as input. Bistatic target strength predic-
tions for cylindrical targets are conducted using a rigid
cylinder as shown in Fig. 4.
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Fig. 5. Comparison of frequency-angle spectra of rigid cylinder predictions and FEM target strength.
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Fig. 6. Prediction of rigid cylindrical target strength maps and calculation using the finite element method
for separate transmission and reception.
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Figure 7 Benchmark single-hull submarine model 
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The bistatic scattering sound field matrix S is con-
structed by sorting out the finite element calculation
results, the bistatic scattered sound field is predicted
by controlling the ratio η of the input element and
the prediction element. Figure 5 shows the compari-
son results of the target strength frequency-angle spec-
trum between forecast results and finite element cal-
culation results. Figure 6 compares the target strength
predicted by the proposed method and the finite el-
ement method under different incident and receiving
angles.

3.2. Benchmark model

The applicability of the method discussed in this
paper is examined by selecting the Benchmark single-
shell model, which has a total length of 62m. The spe-
cific dimensions are shown in Fig. 7.
The underwater vehicle model is subjected to the

finite element simulation, where the hull is set as rigid.
The incident wave is a harmonic plane wave with unit
amplitude in the xOy plane. The calculation conditions
are the same as those for the cylinder.
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Fig. 8. Comparison of the predicted and finite element target strength frequency-angle spectra
for the Benchmark scaled model.

As shown in Fig. 8, the predicted results for the
Benchmark scaled model are similar to the predic-
tion trends for the cylindrical model. As the num-
ber of input elements increases, the predicted results
become more consistent with the analytical solution.
However, the prediction accuracy decreases as the fre-
quency increases. Figure 8 presents the bistatic tar-
get strength maps for the Benchmark scaled model
and the FEM; Figs. 8a–8c show the finite element
results, Figs. 8d–8f present the predicted results for
η = 3.15%; and Figs. 8g–8i show the predicted results
for η = 1.91%. Figure 9 compares the predicted and
finite element computed bistatic target strength maps
for the Benchmark scaled model.

4. Conclusion

This paper presents a prediction method for
bistatic scattering sound fields based on limited data.
The bistatic scattering sound field is expressed as
the product of the target’s sound scattering transfer
function and the source density function. The target
surface mesh is used as input to numerically integrate
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Fig. 9. Comparison of the predicted and finite element computed bistatic target strength maps
for the Benchmark scaled model.

and obtain the bistatic target sound scattering transfer
function. Using the known co-located transmit-receive
scattered sound pressure, n sets of separated transmit-
receive scattered sound pressures, and their corre-
sponding sound scattering transfer functions as input,
the source density function is solved using the least
squares method. This method establishes a connec-
tion between single-base and bistatic scattering sound
fields, offering significant practical value in acoustic
scattering experiments, numerical calculations, and
underwater countermeasure applications. The pro-
posed prediction method has the following features:

1) This prediction method is applicable to low-
frequency bistatic scattering sound field forecast-
ing. In theory, it can be used to calculate the scat-
tering sound field for any complex target model
without relying on the internal structure of the
target. It only requires the input of the sur-
face geometric mesh and known scattered sound
pressure data to predict the bistatic scattering
sound field for targets with complex structures.
The method demonstrates good computational ef-

ficiency for low-frequency, small target bistatic
scattering sound field calculations.

2) The prediction accuracy of this method is depen-
dent on both the precision and location of the in-
put elements. The higher the precision of the input
elements, the more accurate the prediction. Addi-
tionally, the location of the input elements has
a significant impact on the prediction accuracy.
When the known input elements correspond to
the peaks of the scattering sound field, the pre-
diction performs better. For bistatic scattering
sound fields, the strongest scattered echoes typ-
ically occur in the forward scattering direction
of the target, while strong echoes are also found
in the backscattering direction, i.e., the co-located
transmit-receive direction. Furthermore, scatter-
ing echoes from the mirrored reflection directions
are also significant. In contrast, the scattering
echo in the vertical direction of the incident wave
is relatively weak. Therefore, using elements from
these directions as known data for prediction re-
sults in higher computational efficiency.
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3) The method proposed in this paper estimates the
target strength of any complex shape and struc-
ture at any given angle of view based on a small
amount of known data. It can be used for the
engineering prediction of bistatic target strength
for complex underwater targets and is applicable
in underwater bistatic experiments. This method
only requires the target surface mesh, making the
modeling process simple and the calculation speed
relatively fast, which holds certain potential ap-
plication value in numerical calculations and un-
derwater countermeasures. However, this method
is suitable for low-frequency bistatic scattering
sound field prediction, and the accuracy of the
predictions is dependent on the position and pre-
cision of the input elements.

Fundings

This research did not receive any specific grant
from funding agencies in the public, commercial, or
not-for-profit sectors.

Conflict of interest

The authors declare that they have no known com-
peting financial interests or personal relationships that
could have appeared to influence the work reported in
this paper.

References
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