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Abstract 

This study addresses motion robust synthetic aperture sonar by coupling deep learning-based 

phase error estimation with hydrophone array optimization under 6 degrees of freedom. The 

objective is to deliver low sidelobe and high-fidelity imagery when surge, sway, heave, roll, 

pitch, and yaw inject residual phase errors that conventional autofocus and inertial aiding do 

not fully remove. The method is physics informed and trains an optimized array to predict 

residual phase from profile stacks and small image patches using a composite loss that blends 

image consistency, smooth proxies for peak and integrated sidelobe ratios, and phase 

smoothness. Array geometry is expressed in closed form and is co tuned in the loop with the 

corrector so that motion sensitivity is reduced before phase correction. Four hydrophone arrays 

are examined, namely a planar dual spiral, two helices on a cylinder, a hemispherical Fibonacci 

layout, and an optimized oblate hemisphere with equatorial densification and a mild tilt. 

Evaluation spans 24 scenarios across 6 motion axes over a 16 targets grid with PSLR, ISLR, 

PSNR, and RMSE as metrics. Three dimensional and nearly isotropic layouts consistently 

outperform planar and cylindrical baselines after correction. The optimized array ranks first 

overall, typically reaching side-lobe floors near −26 to −27 dB with PSNR near 49 to 50 dB 

and RMSE near 0.0033 and shows aggregated gains over the planar baseline of about −8 dB in 

sidelobe metrics and about +12 dB in PSNR, while retaining smaller but measurable advantages 

over the hemi-spherical Fibonacci design. The contribution unifies physics informed deep 

correction with interpretable array design that advances motion robust SAS image quality and 

offers actionable guidance for future hydrophone arrays. 

Keywords: Synthetic Aperture Sonar; Deep Learning; Phase-Error Estimation; Motion 

Compensation; Hydrophone Array; Six Degrees of Freedom. 
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PSLR – Peak Sidelobe Level Ratio, 

ISLR – Integrated Sidelobe Level Ratio, 

PSNR – Peak Signal-to-Noise Ratio, 

RMSE – Root Mean Square Error, 

PDS – Planar Dual-Spiral Array, 

CTH – Cylindrical Two-Helix Array, 

HF-A – Hemispherical Fibonacci Array, 

OPT – Optimized Oblate Hemispherical Array. 

1. Introduction 

Synthetic aperture sonar (SAS) achieves fine cross-range resolution by coherently integrating 

echoes acquired along the platform trajectory. The resulting image quality, however, depends 

critically on phase consistency across pings. Under six-degree-of-freedom (6-DoF) motion, 

residual translational and rotational errors perturb the two-way propagation path, reduce 

coherent gain, broaden the mainlobe, and elevate sidelobes. These effects are especially 

harmful in high-resolution SAS, where even small phase errors can noticeably degrade PSLR, 

ISLR, and overall point-spread-function (PSF) compactness (Hayes and Gough, 2009; Zhang 

X. et al., 2022). 

The problem becomes more demanding in multi-receiver SAS. Because the receivers occupy 

different phase centers, the residual phase error is receiver-dependent and spatially variant. 

Existing approaches, including subaperture motion compensation and multi-receiver image 

formation, substantially reduce the motion-error budget, yet a non-negligible residual phase 

term often remains in practice (Zhang J. et al., 2023; Zhang X. et al., 2023). This residual is 

particularly detrimental when the scene is reconstructed with coherent back-projection, since 

uncompensated phase errors directly contaminate the complex summation. 

Array geometry also plays a fundamental role in motion robustness. The spatial distribution 

of hydrophones determines angular coverage, beampattern regularity, nominal PSF behavior, 

and the first-order sensitivity of the received phase to platform perturbations. Recent work on 

three-dimensional sonar arrays and non-uniform sampling has shown that properly distributed 

arrays can reduce sidelobes and stabilize imaging performance over wider viewing conditions 
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(Baron et al., 2021; Reijniers et al., 2020; Zeng et al., 2022; Wu et al., 2018). In particular, 

Fibonacci-based point sets provide nearly uniform spherical distributions and offer a 

principled way to generate low-clustering sampling patterns on circular and spherical 

manifolds (González, 2010; Keinert et al., 2015; Marques et al., 2021). 

In parallel, physics-informed deep learning has emerged as a promising strategy for phase-

error estimation. Rather than replacing the forward model, such approaches use physics-based 

structure to regularize the learning problem and improve generalization under incomplete or 

noisy motion information (Karniadakis et al., 2021; Lee et al., 2021; Feng et al., 2023). 

However, most existing studies optimize either the reconstruction algorithm or the array 

geometry in isolation. The coupled design of a motion-robust hydrophone array together with 

a deep residual phase corrector remains insufficiently explored for SAS. 

This paper addresses that gap by jointly studying hydrophone array geometry and physics-

informed deep phase-error correction in multi-receiver SAS under 6-DoF motion. Four array 

geometries are considered: a planar dual-spiral array, a cylindrical two-helix array, a 

hemispherical Fibonacci array, and a proposed optimized oblate hemispherical array with 

equatorial densification and mild tilt. The proposed framework learns to estimate residual 

phase from beam-profile, patch, and signal-snippet features, while the geometry is selected to 

reduce motion sensitivity before correction. 

The main contributions of this work are as follows: 

(1) We formulate residual phase-error correction in multi-receiver SAS as a physics-informed 

learning problem under full 6-DoF motion; 

(2) We compare four interpretable hydrophone array geometries within a unified back-

projection and correction framework; 

(3) We propose an optimized oblate hemispherical design that reshapes hemispherical 

Fibonacci sampling through vertical compression, equatorial densification, and controlled tilt; 

(4) We evaluate the coupled geometry-correction framework over 24 scenarios and 16-target 

scenes using PSLR, ISLR, PSNR, and RMSE; and 

(5) We show that near-isotropic 3-D layouts consistently outperform planar and cylindrical 

baselines after correction, with the proposed design achieving the best overall robustness. 
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The remainder of the paper is organized as follows. Section 2 presents the signal model, first-

order motion sensitivity, and the array geometries considered in this study. Section 3 describes 

the physics-informed deep phase-error estimator and the in-the-loop array optimization 

framework. Section 4 details the proposed optimized array. Section 5 summarizes the 

simulation setup, motion models, mechanical constraints, and evaluation metrics. Section 6 

reports the experimental results and comparative discussion. Section 7 concludes the paper. 

2. Signal Model, First-Order Motion Sensitivity, and Baseline Array Geometries 

This section presents the signal model adopted for synthetic aperture sonar (SAS) image 

formation and describes the first-order sensitivity of the received phase to translational and 

rotational platform motion. It then introduces the baseline array geometries considered in this 

study, including planar, cylindrical, and hemispherical layouts. Together, these elements 

establish the physical and geometrical framework used to analyze motion robustness and to 

compare the corrected imaging performance of the candidate hydrophone arrays. This 

formulation also provides the basis for understanding why three-dimensional and near-isotropic 

spatial sampling can improve robustness against residual phase errors. 

2.1. Back-Projection Image Formation and First-Order 6-DoF Sensitivity 

The back-projection (BP) image is reconstructed by coherently summing delayed and phase-

corrected returns from all pings and receiver elements. For a scene point x, each contribution is 

sampled at the corresponding two-way delay and weighted before summation. BP is adopted 

here because it remains valid under arbitrary platform motion and near-field geometry, which 

makes it appropriate for a fair comparison among all arrays and motion axes. Throughout this 

study, the same BP operator, apodization, and time-gating are used so that the observed 

differences can be attributed to array geometry and phase correction rather than to changes in 

image formation. 

,
4 ( )

, ,
1

( ) i m
N j R x

i m i m
m i

I x w s t e
π
λ

−

=

= × × ×∑∑  (1) 

This nonparametric imager tolerates near-field effects and arbitrary motion, at the cost of 

heavier computation. It is also the natural place to apply phase correction because phase enters 

multiplicatively inside the coherent sum. For consistency, we use the same BP across all arrays 

and DoFs. Apodization and time-gating are kept fixed to isolate geometry and phase-correction 
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effects. Rotational sensitivity (first-order Jacobian). For a small rotation by angle α, the range 

sensitivity is : 

ˆ ˆ
ˆ ˆ ˆ

ˆ ˆ

y z z y

z x x z

x y y x

p u p u
R p u p u p u

p u p u
α

− 
∂  

≈ × = − ∂  − 

 (2) 

Here, 𝑝𝑝 = [𝑝𝑝𝑥𝑥,𝑝𝑝𝑦𝑦,𝑝𝑝𝑧𝑧]⊤is the sensor position with respect to  the phase center and 𝑢𝑢� =

[𝑢𝑢�𝑥𝑥,𝑢𝑢�𝑦𝑦 ,𝑢𝑢�𝑧𝑧]⊤  is the unit look vector. The structure shows why height matters: it creates a lever 

arm against roll/yaw components, reducing equivalent phase perturbations at broadside. Arrays 

restricted to 𝑧𝑧 = 0 (planar) lack this protection and are more vulnerable to yaw/heave 

interactions. For receiver 𝑖𝑖 in ping m, the first-order one-way range error to scene point x under 

small rigid-body offsets is: 

,
,

,

ˆ ( ) i m
i m

i m

x p
u x

x p
−

=
−

 (3) 

( ), , , ,ˆ ˆ( ) ( ) ( )i m i m m i m i m mR x u x r p u x α∆ ≈ ∆ + ×
•

•

 
(4) 

Here, 𝑝𝑝 = [𝑝𝑝𝑥𝑥,𝑝𝑝𝑦𝑦,𝑝𝑝𝑧𝑧]⊤is the sensor position with respect to  the phase center and 𝑢𝑢� =

[𝑢𝑢�𝑥𝑥,𝑢𝑢�𝑦𝑦 ,𝑢𝑢�𝑧𝑧]⊤  is the unit look vector. The structure shows why height matters: it creates a lever 

arm against roll/yaw components, reducing equivalent phase perturbations at broadside. Arrays 

restricted to 𝑧𝑧 = 0 (planar) lack this protection and are more vulnerable to yaw/heave 

interactions. Equations (2)–(4) show that the sensitivity of the range history to rigid-body 

motion depends directly on the receiver coordinates relative to the phase center. Genuine three-

dimensional layouts provide vertical leverage against roll, pitch, and yaw components, whereas 

planar layouts lack this degree of freedom and are therefore more vulnerable to coupled 

translational and rotational perturbations. This observation motivates the comparison of the 

candidate array geometries considered below. 

2.2. Baseline Array Geometries 

All four candidate arrays contain 36 hydrophones. Their coordinates are expressed in a right-

handed Cartesian frame (x,y,z), with dimensions in meters and angles in radians. The designs 

deliberately span planar, cylindrical, hemispherical, and optimized hemispherical layouts so 

that the roles of vertical extent, angular isotropy, and non-uniform sampling can be isolated. 

Fibonacci or golden-angle sampling is used where appropriate because it yields low-clustering 

point distributions and nearly uniform angular coverage on circular or spherical manifolds. 
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2.2.1. PDS (Planar Dual-Spiral) Array 

A strictly planar layout on the z=0 plane built from two Archimedean spiral arms that interleave 

to fill the disk without clustering. Each arm carries 18 sensors. The sensor angles along each 

arm follow a Fibonacci progression so that successive points land at approximately irrational 

angular increments, preventing azimuthal aliasing. The second arm is rotated by π to interleave 

with the first and equalize tangential spacing. Radial growth is linear with angle, so near the 

origin the points are closer (higher sampling density) and gradually spread out, which mimics 

a well-apodised aperture in the plane.  

  

(a) (b) 

Fig. 1. Geometry of a Planar Dual-Spiral Sensor Array; (a): Side View, (b) Top View. 

( )r a bθ θ= + ×  (5) 

}{( )
max ( 1) , 0,1,...,17, 1,2

(1 5) 2
h

k
k h ak hθ θ π

τ
= + − = ∈

= +
 (6) 

( ) ( )

( ) ( ) ( )

( ) cos

( )sin
0

h h
k k

h h h
k k k

r

p r

θ θ

θ θ

 
 

=  
 
 

 (7) 

That 𝑝𝑝𝑘𝑘
(ℎ) = [𝑥𝑥 𝑦𝑦 𝑧𝑧]⊤ is the sensor position. To better illustrate the geometry,  the PDS array 

specifications are summarized in Table 1 that 𝑎𝑎 is the initial spiral offset that prevents overlap 

at the origin, 𝑏𝑏 is the spiral pitch governing radial growth per radian, 𝜃𝜃𝑚𝑚𝑚𝑚𝑚𝑚 is the maximum 

angular extent traced by each arm, ℎ is the arm index (1 or 2), 𝑘𝑘 is the within-arm sample index. 
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Table 1. PDS Array Specification. 
Parameter Value Notes 

Sensors (N) 36 (18 per arm) Two planar arms, Phase shift 𝜋𝜋 
a 0.01 [m] Spiral offset 
b 0.055 [m/rad] Spiral pitch 

𝜃𝜃𝑚𝑚𝑚𝑚𝑚𝑚 4.6𝜋𝜋 [rad] Angular span 
Fibonacci use 〈𝑘𝑘 𝜏𝜏⁄ 〉 𝑖𝑖𝑖𝑖 𝜃𝜃𝑘𝑘

(ℎ) Blue-noise 2-D sampling 
 

2.2.2. CTH (Two Helices on a Cylinder) Array 

We consider a genuinely three-dimensional arrangement consisting of two counter-phased 

helices wrapped around a right circular cylinder. Each helix carries 18 sensors. A stratified 

Fibonacci parameter drives both the azimuthal progression and the vertical coordinate, ensuring 

that as the sensors wind around the cylinder they also distribute uniformly along height. The 

second helix is phase-shifted by π and slightly offset in the stratified index to decorrelate the 

two strands. This layout yields a tall, hollow aperture with balanced coverage around the vehicle 

and along the vertical axis useful for mitigating sensitivity to sway/roll while providing vertical 

leverage. 

 

Fig. 2. Geometry of a Two Helices on a Cylinder Sensor Array. 

( )
1 20, 1 2

(1 5) 2
h h

k
k qs q q

τ
+

= → = =
= +

 (8) 

( ) ( )2 ( 1)h h
k kt T s hπ π= × × + −  (9) 

{ }

( )

( ) ( )

( )

cos

sin 0,1,...,17, 1,2

h
c k

h h
k c k

h
k

R t

p R t k h

z

 
 

= → = ∈ 
 
 

 (10) 

That 𝑝𝑝𝑘𝑘
(ℎ) denotes the position vector of the 𝑘𝑘-th sensor element on the ℎ-th helix.  𝑅𝑅𝑐𝑐  denotes 

the cylinder radius, 𝑇𝑇  represents the total number of turns, and 𝑧𝑧𝑘𝑘
(ℎ)specifies the axial coordinate 
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of each element along the cylinder.  This configuration forms two intertwined helices uniformly 

distributed around the cylindrical surface, enabling improved angular coverage and denser 

spatial sampling compared to planar spiral designs. 

Table 2. CTH Array Specification. 
Parameter Value Notes 

Sensors (N) 36 (18 per helix) Two helices, π phase separation 
𝑅𝑅𝑐𝑐 0.1 [m] Cylinder radius 
H 0.19 [m] Cylinder height 
T 6 Helix turns 

Fibonacci use 𝑠𝑠𝑘𝑘 = 〈𝑘𝑘 + 𝑞𝑞ℎ 𝜏𝜏⁄ 〉 Azimuth–height stratification 

Consider a cylindrical array populated by N = 36 sensors; let dnn denote the approximate 

nearest-neighbor spacing between sensors on the lateral surface. 

2 5.8c
nn

R Hd cm
N

π
≈ ≈  (11) 

2.2.3. HF-A (Hemispherical Fibonacci Array) 

The hemispherical Fibonacci array (HF-A) distributes N = 36 hydrophones over the upper 

hemisphere using spherical Fibonacci sampling. Let ∅ = (1 + √5)/2 denote the golden ratio. 

The element coordinates are generated by a golden-angle progression in azimuth together with 

an equal-area vertical coordinate on the hemisphere: 

0.5
i

iz
N
−

=  (12) 

2
2

i
iψ

ϕ
Π

=  (13) 

21i ip z= −  (14) 

cos( )
sin( )

i i

i i i

i

p
p R p

z

ψ
ψ

 
 =  
  

 (15) 

Where 𝑅𝑅 is the radius of the hemisphere, 𝑧𝑧𝑖𝑖 controls the vertical position, 𝜓𝜓𝑖𝑖 is the azimuth 

angle, 𝜌𝜌𝑖𝑖 ensures the points lie on the hemisphere surface. This arrangement provides nearly 

uniform angular coverage and can be considered as a reference 3D isotropic array configuration. 
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3. Physics-Informed Deep Phase-Error Estimation 

This study casts residual phase correction as a supervised (synthetic) and physics-informed 

learning problem (Karniadakis et al., 2021). The network receives motion-corrupted evidence 

(profiles/patches and signal snippets) and predicts a ping/sensor–indexed residual phase, which 

is then applied before coherent imaging. To stabilize learning and reduce the degrees of 

freedom, the residual phase is parameterized by a low-order basis with an optional space-variant 

term. 

3.1. Network Inputs, Outputs, Loss, and Optimization 

Residual phase correction is formulated here as a supervised synthetic-learning problem with 

physics-informed regularization. The network receives motion-corrupted evidence in the form 

of beam-profile stacks, local image patches, and short baseband signal snippets, and predicts 

ping- and receiver-indexed residual phase terms that are removed prior to coherent imaging. To 

stabilize learning, the residual phase is parameterized by a low-order physically interpretable 

basis, with an optional space-variant component for non-rigid residuals. 

1) Inputs (features) 

For each ping 𝑚𝑚 and element 𝑖𝑖, we extract: 

- A 1-D beam/profile stack (radial magnitude slices through the PSF); 

- Small image patches around bright targets; 

- Short baseband snippets 𝑥𝑥𝑖𝑖,𝑚𝑚(𝑡𝑡) near the expected two-way delay. 

2) Output (prediction) 

The network returns coefficients 𝑎𝑎𝑚𝑚 (rigid-like), 𝑏𝑏𝑚𝑚 (non-rigid), and optional space-variant 

coefficients 𝑐𝑐𝑚𝑚 over a small angular/range basis. The predicted residual phase is: 

, , , ,
4ˆ ˆ ˆ( ) ( )i m i m m i m i m mt u r p uπϕ α
λ

 = ∆ + × 
• •

 

(16) 

Where λ is wavelength, 𝑢𝑢�𝑖𝑖,𝑚𝑚 is unit look vector and 𝑝𝑝𝑖𝑖,𝑚𝑚 is element position. In the application 

stage (complex demodulation), the estimated residual phase 𝜑𝜑�𝑖𝑖,𝑚𝑚 is removed by multiplying 

each complex baseband datum by 𝑒𝑒−𝑗𝑗𝜑𝜑�𝑖𝑖,𝑚𝑚 for space-variant terms. This unit-modulus operation 

preserves amplitude/SNR while re-phasing all pings/sensors prior to coherent imaging. 

After demodulation, the corrected data sum coherently in back-projection/FFT beamforming, 

narrowing the main lobe and suppressing sidelobes (improving PSLR/ISLR). 
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.
,

, )ˆ ( ,
, ( , ) ( ), i mj t

i m i mx t x t e ϕ ϑ ρϑ ρ −= ×
 

(17) 

{ },
ˆ ( )i mI B x=

 
(18) 

That 𝑥𝑥𝑖𝑖,𝑚𝑚(𝑡𝑡) is input baseband, 𝑥𝑥�𝑖𝑖,𝑚𝑚(𝑡𝑡) is corrected baseband, 𝐵𝐵 is imaging operator (back-

projection in our study) and 𝐼𝐼 is corrected image. 

3) Training data (synthetic supervision) 

For each scenario we generate paired (𝐼𝐼𝑟𝑟𝑟𝑟𝑟𝑟, 𝐼𝐼𝑒𝑒𝑒𝑒𝑒𝑒) by simulating ideal phase, adding 6-DoF 

residuals, and forming images. The network sees 𝐹𝐹𝑖𝑖,𝑚𝑚 from the erroneous case and learns to 

predict 𝜑𝜑�  that recovers 𝐼𝐼𝑟𝑟𝑟𝑟𝑟𝑟. 

The total loss combines a physics informed data consistency term with decision driven image 

quality terms such as PSLR, ISLR and task accuracy, ensuring the network respects wave 

physics while optimizing final performance. 

2
min2

2
0, 0, 12

1

ˆ

ˆ ˆ ˆ

ref ps PSLR IS ISLR

sm tv m m
m

L I I L Lλ λ λ

λ ϕ λ ϕ ϕ −

= + − +

+ ∇ + −∑
 

(19) 

Where 𝐼𝐼 denotes corrected image, 𝐼𝐼𝑟𝑟𝑟𝑟𝑟𝑟 is ideal image, 𝐿𝐿𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 , 𝐿𝐿𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 are differentiable proxies, 

∇𝜑𝜑� is temporal gradient (smoothness), TV denotes total variation and its term enforces ping-

to-ping continuity in the residual-phase estimates, PSLR and ISLR denote the peak sidelobe 

level ratio and the integrated sidelobe level ratio, which quantify sidelobe behavior in the 

reconstructed image; 𝑖𝑖𝑖𝑖𝑖𝑖 labels the image-fidelity term and 𝑠𝑠𝑠𝑠 labels a smoothing regularizer. 

The total loss is a weighted sum with nonnegative weights λim, λim, λPS, λIS, λsm, λtv ≥ 0 that 

tune each component: λim balances image fidelity, λPS , λIS penalize excessive sidelobes, λsm 

promotes smooth solutions, and λtv encourages continuity across pings; together these weights 

ensure the network respects wave physics while optimizing task performance. 

4) PSLR proxy (smooth max on sidelobe set S) 

The peak sidelobe level is approximated in a differentiable way using a smooth maximum over 

the sidelobe set S excluding the main lobe. This yields a stable PSLR surrogate that penalizes 

the strongest sidelobe while remaining suitable for gradient based optimization. The value can 

also be normalized by the main lobe peak to form the sidelobe ratio. 

{ }
10

max ( ) :
20log

max ( )PSLR
x M

soft h x x S
L

h x
τ

∈

 ∈
=   

   

(20) 
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{ } /max log ka
k

k
soft a e τ

τ τ= ∑
 

(21) 

Where ℎ(𝑥𝑥) denotes PSF magnitude around a bright point, 𝑀𝑀, 𝑆𝑆 are main/side regions, 𝑤𝑤𝑀𝑀, 𝑤𝑤𝑆𝑆 

related to smooth windows and 𝜏𝜏 is temperature. 

5) Optimization 

We train the network using the Adam optimizer with learning rate 𝜂𝜂, 𝜃𝜃 and early stopping based 

on validation PSLR/ISLR. The rigid head stabilizes training; the non-rigid head captures small, 

consistent deviations beyond first-order physics. 

( )t batch tg Lθ θ= ∇  (22) 

1 1 1(1 )t t tm m gβ β−= + −  (23) 

2
2 1 2(1 )t t tv v gβ β−= + −  (24) 

1 2

ˆ ˆ,
1 1

t t
t tt t

m vm v
β β

= =
− −

 
(25) 

1
ˆ

ˆ
t

t t
t

m
vθθ θ η

ε+ = −
+

 
(26) 

where 𝐿𝐿𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏ℎ denotes the mini-batch version of the total training loss, 𝑔𝑔𝑡𝑡 is the gradient with 
respect to the network parameters 𝜃𝜃𝑡𝑡, and 𝛽𝛽1,  𝛽𝛽2 and 𝜀𝜀 are the standard Adam hyperparameters. 

3.2. In-the-Loop Geometry Optimization 
The proposed framework co-designs array geometry and the deep phase corrector so that the 

selected geometry maximizes corrected-image quality under explicit mechanical constraints. 

Let 𝜸𝜸 denote the geometry parameters (e.g., 𝒌𝒌𝒛𝒛,𝜷𝜷,𝒌𝒌,𝜽𝜽𝒕𝒕,𝑹𝑹 for OPT), and 𝜽𝜽 denote the network 

parameters. The ideal bilevel objective selects the geometry that yields the highest expected 

corrected-image score after inner-loop training of the phase estimator. 

1) Bilevel objective (Ideal form) 

This part in its ideal form separates the optimization into two levels where the inner problem 

enforces data fidelity and physical constraints while the outer problem optimizes high level 

performance metrics. The inner problem determines the optimal network parameters for a fixed 

geometry, whereas the outer problem selects the geometry that maximizes the expected 

corrected-image quality under the prescribed constraints. 

*max ( ( , ( ); ))wC
E Score I w

γ
γ θ γ

∈
 Π    

(27) 
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[ ]*( ) arg min ( , ; )wE L w
θ

θ γ γ θ= Π
 

(28) 

Where, 𝐶𝐶: feasible set (spacing, envelope, mass, tilt); 𝜔𝜔: scenario (array, DoF, motion draw); 

𝛱𝛱: scenario prior; 𝐼𝐼: corrected image; 𝐿𝐿: training loss; 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆: ranking metric; 𝜃𝜃∗(𝛾𝛾): inner 

optimum. 

This expression states that the optimal array design 𝜸𝜸 is chosen within the feasible set 𝑪𝑪𝒎𝒎𝒎𝒎𝒎𝒎 so 

as to maximize the expected score of the reconstructed image. The expectation is taken over 

environmental or scenario variations ω drawn from the distribution Π. Here 𝑰𝑰(𝜸𝜸,𝜽𝜽∗(𝜸𝜸);𝒘𝒘) 

denotes the image formed using design 𝜸𝜸 with its corresponding optimal reconstruction 

parameters 𝜽𝜽∗(𝜸𝜸) and the function 𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺 evaluates image quality through chosen performance 

metrics such as PSLR, ISLR, or resolution. 

2) Practical alternating optimization 

Exact bilevel optimization is costly, so it alternates: 

- Inner step: train 𝜃𝜃 for 𝐾𝐾 epochs at fixed 𝛾𝛾 via 𝑚𝑚𝑚𝑚𝑚𝑚𝜃𝜃𝐸𝐸𝐸𝐸 

- Outer step: update 𝛾𝛾 to increase score using gradients or sample efficient search, 

followed by a projection onto 𝐶𝐶:𝛱𝛱𝐶𝐶 → 𝛾𝛾 . 

3) Composite score 

The composite score aggregates multiple quality metrics into a single performance index that 

reflects overall image fidelity. A higher value indicates better sidelobe suppression, sharper 

resolution, and improved robustness of the array design. 

3( ) ( ) (10 ); , , , 0Score PSLR ISLR PSNR RMSEα β γ δ α β γ δ= − + − + − × ≥  (29) 

All metrics are computed on Corrected images. we use α=1.0, β=0.7, γ=0.15 and δ=0.2. 

4) Gradient estimation 

- Differentiable route: the geometry map 𝑝𝑝𝑖𝑖0 = 𝐺𝐺(𝑖𝑖, 𝛾𝛾)  is analytic and our proxy losses 

are differentiable; use back-prop through 𝛽𝛽 or its surrogate to obtain ∂Score/∂γ;  

- Derivative-free route: low-dimensional 𝛾𝛾 (e.g., [𝑘𝑘𝑧𝑧 ,𝛽𝛽, 𝑘𝑘,𝜃𝜃𝑡𝑡], use CMA-ES/Bayesian 

optimization on batches of scenarios (Hansen, 2016); enforce constraints by projection. 

Constraint projection: With minimum spacing 𝑑𝑑𝑚𝑚𝑚𝑚𝑚𝑚 and envelope E, project by: 

2

2
( ) arg minC Cγ
γ γ γ




∈
Π = −

 
(30) 
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{ }min 0 max: ( (.; ) , (.; ) , tC d G d Gγ γ γ ε θ θ≥ ∈= ≤  (31) 

Where 𝑑𝑑𝑚𝑚𝑚𝑚𝑚𝑚 is minimum inter-element spacing induced by 𝛾𝛾 , 𝑑𝑑0 is required spacing, 𝐸𝐸 is size 

envelope and 𝜃𝜃𝑚𝑚𝑚𝑚𝑚𝑚  is tilt limit. This joint design guarantees that the geometry that wins is the 

one that still wins after DL correction, not merely in an uncorrected or differently corrected 

regime. 

 

Fig. 3. Deep Learning Driven hydrophone Array optimization: System Flow. 

3.3. System-Level Design Relations 

Design formulas describe how system parameters affect imaging and they guide experiment 

setup, ensure adequate sampling, and predict SNR and resolution trends under coherent 

processing while clarifying where deep learning and geometry provide the greatest benefit, 

including relations for range resolution, unambiguous range, ping spacing, and time bandwidth 

product. 

𝛿𝛿𝑟𝑟(𝛾𝛾) =
𝑐𝑐

2𝐵𝐵
  , 𝑅𝑅 𝑚𝑚𝑚𝑚𝑚𝑚(𝛾𝛾) =

𝑐𝑐

2𝑃𝑃𝑃𝑃𝑃𝑃
  , ∆𝑥𝑥 =

𝑣𝑣

𝑃𝑃𝑃𝑃𝑃𝑃
  , 𝑇𝑇𝑇𝑇𝑇𝑇 = 𝐵𝐵 × 𝑇𝑇 (32) 

Where 𝜹𝜹𝒓𝒓 denotes range resolution; 𝑹𝑹𝒎𝒎𝒎𝒎𝒎𝒎: unambiguous range; Δx: along-track ping spacing;  

𝑻𝑻𝑻𝑻𝑻𝑻: time–bandwidth product; 𝒄𝒄: sound speed; 𝑩𝑩: bandwidth; T: pulse duration; 𝑷𝑷𝑷𝑷𝑷𝑷: ping 

repetition frequency and 𝒗𝒗: platform speed. 
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Azimuth resolution characterizes the cross-range sharpness of the image and in synthetic 

aperture sonar it improves as the effective aperture length increases (Hayes, Gough, 2009). At 

broadside the resolution scales inversely with the synthetic aperture size so longer coherent 

integration yields narrower beams and finer target separation. 

2 2az az
R

L L
λ λθ δ∆ ≈ ⇒ ≈

 

(33) 

Where ∆𝑎𝑎𝑎𝑎: beamwidth; 𝛿𝛿𝑎𝑎𝑎𝑎: cross-range resolution; 𝜆𝜆: wavelength;  𝐿𝐿 = 𝑁𝑁𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝛥𝛥𝛥𝛥: synthetic 

aperture length and 𝑅𝑅: slant range. 

Along track sampling must satisfy a Nyquist like condition to avoid azimuth aliasing in 

synthetic aperture formation. The ping spacing is therefore chosen small enough relative to the 

wavelength and geometry so that coherent processing produces an unambiguous and well-

focused image. 

2 eff

Rx
D
λ

∆ ≤
 

(34) 

Where 𝑫𝑫𝒆𝒆𝒆𝒆𝒆𝒆: effective real-aperture width in azimuth (depends on array’s projected extent and 

apodization). This heuristic mirrors SAS sampling: longer real apertures (larger 𝑫𝑫𝒆𝒆𝒆𝒆𝒆𝒆) or shorter 

ranges demand denser pinging (smaller 𝜟𝜟𝜟𝜟). 

1) Coherent integration gain (ideal matched filtering) 

Design the output SNR increases linearly with the number of coherently combined pings, or 

equivalently grows by ten times the logarithm of the ping count in decibels. In practice 

residual phase errors reduce this gain, which motivates the use of deep learning correction and 

robust array geometries. 

( ) ( )

sin 1010 log
dB dB

out gle pingSNR SNR N≈ +
 

(35) 

Where 𝑵𝑵𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑 denotes coherent pings in the aperture; 𝑺𝑺𝑺𝑺𝑺𝑺𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔: per-ping matched-filter SNR. 

Residual phase error reduces coherent gain, motivating DL correction and robust geometry. 

Phase-error variance and image blur (rule-of-thumb): It provides a rule of thumb link between 

motion induced phase noise and image blur. As the variance of phase errors grows beyond a 

fraction of a radian squared the main lobe widens and sidelobes rise, leading to degraded 

resolution and contrast in the reconstructed image. 

1 12 2
2 2ˆ(

10( ) 10log ( )jE e e Coherentloss dB e
σ σϕ ϕϕ ϕ

− −∆ ∆−  ≈ ⇒ ≈   
(36) 
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Where 𝝈𝝈𝚫𝚫𝚫𝚫𝟐𝟐  denotes residual phase variance after correction (smaller is better); This captures 

how even zero-mean phase jitter broadens the main-lobe and raises sidelobes. 

2) Element spacing for grating-lobe avoidance (instantaneous array) 

Design It requires that adjacent sensors be separated by less than half the acoustic wavelength. 

This constraint suppresses spatial aliasing and ensures that the array produces a single main 

lobe without spurious repetitions in the beampattern. 

min ( , 1 )
2

d broadside periodic Dλ
≤ −

 

(37) 

Where 𝒅𝒅𝒎𝒎𝒎𝒎𝒎𝒎 denotes minimum inter-element spacing. For aperiodic/Fibonacci layouts, this 

becomes a soft limit-irregularity suppresses coherent grating lobes, but we still enforce 𝒅𝒅𝒎𝒎𝒎𝒎𝒎𝒎 

for coupling/mechanics. The system-level relations determine feasible (𝑩𝑩,𝑻𝑻,𝑷𝑷𝑷𝑷𝑷𝑷,𝑭𝑭𝒔𝒔,𝒗𝒗) and 

aperture length 𝑳𝑳. Our DL correction improves the coherent gain factor by shrinking 𝝈𝝈𝚫𝚫𝚫𝚫𝟐𝟐 , while 

our geometry reduces sensitivity Jacobians. Together they produce the observed improvements 

in PSLR/ISLR/PSNR/RMSE across 24 scenarios. 

4. Proposed Optimized Oblate Hemispherical Array 

Design This optimized variant starts from the HF-A directions and then reshapes them to better 

balance vertical sensitivity and equatorial isotropy. First, the vertical coordinate is compressed 

(oblate), reducing lever arms in 𝐳𝐳 that amplify heave-induced phase. Next, points are gently 

densified near the equator to increase lateral angular sampling where motion blur is most 

critical. Finally, the cloud is scaled and subjected to a small tilt about the y axis so that the 

effective aperture is slanted toward the scene, improving along-track conditioning without 

sacrificing azimuthal uniformity. 

 
 

(a) (b) 

Fig. 4. Geometry of a Optimized Sensor Array: (a) Perspective; (b) Bottom View. 
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( , , ) (sin cos ,sin sin , cos ), 1, 2,...,36i i i i ix y z iθ φ θ φ θ= − =  (38) 

𝑧𝑧1 = 𝑘𝑘𝑧𝑧𝑧𝑧,     𝑤𝑤 = (1 − |𝑧𝑧1|)𝛽𝛽,    𝑓𝑓 = 1 + 𝑘𝑘𝑘𝑘,    𝑥𝑥1 = 𝑓𝑓 × 𝑥𝑥 , �
𝑋𝑋
𝑌𝑌
𝑍𝑍
� = 𝑅𝑅 × 𝑅𝑅𝑦𝑦(𝜃𝜃𝑡𝑡) �

𝑥𝑥1
𝑦𝑦1
𝑧𝑧1
�   

(39) 

cos 0 sin
( ) 0 1 0

sin 0 cos

t t

y t

t t

R
θ θ

θ
θ θ

 
 =  
 −   

(40) 

𝐖𝐖𝐖𝐖𝐖𝐖𝐖𝐖𝐖𝐖 (𝒙𝒙,𝒚𝒚,𝒛𝒛) are the seed direction cosines from HF-A (on the unit sphere), 𝒛𝒛𝟏𝟏 is the ablated 

vertical coordinate, 𝒌𝒌𝒛𝒛 ∈ (𝟎𝟎,𝟏𝟏] is the oblate factor (smaller 𝒌𝒌𝒛𝒛, stronger vertical compression), 

𝒘𝒘 ∈ [𝟎𝟎,𝟏𝟏] is an equatorial weight that increases as |𝒛𝒛𝟏𝟏| decreases, 𝜷𝜷 > 𝟎𝟎 is the densification 

exponent shaping how sharply the weight grows near the equator, 𝒇𝒇 = 𝟏𝟏 + 𝒌𝒌𝒌𝒌 is a horizontal 

gain applied to (x,y), 𝒌𝒌 ≥ 𝟎𝟎 is the densification gain, (𝒙𝒙𝟏𝟏,𝒚𝒚𝟏𝟏) are the horizontally magnified 

coordinates, 𝑹𝑹 is the physical radius scale, 𝜽𝜽𝒕𝒕 is the small tilt angle about the 𝒚𝒚 axis, 𝑹𝑹𝒚𝒚(𝜽𝜽𝒕𝒕) is 

the right-hand rotation matrix and (𝑿𝑿,𝒀𝒀,𝒁𝒁) are the final sensor coordinates. 

 Table 3. OPT array specification. 
Parameter Value Notes 

Sensors (N) 36 HF-A seeds: oblate/densify/tilt 
R 0.12 [m] Physical scale 
𝑘𝑘𝑧𝑧 0.85 Vertical compression 
β 0.30 Densification exponent 
𝑘𝑘 0.15 Densification gain 
𝜃𝜃𝑡𝑡 120≈0.209 [rad] Tilt about 𝑦𝑦 

𝐴𝐴ℎ𝑒𝑒𝑒𝑒𝑒𝑒  0.0816 [𝑚𝑚2] hemisphere area 

The optimized array places 𝑵𝑵 = 𝟑𝟑𝟑𝟑 sensors on an oblate, tilted hemisphere of horizontal radius 

𝒂𝒂 = 𝑹𝑹 and polar (vertical) radius 𝒄𝒄 = 𝒌𝒌𝒛𝒛𝑹𝑹. Tilt 𝜽𝜽𝒕𝒕 is a rigid rotation and does not change surface 

area, hence it does not affect the average spacing. Let 𝒅𝒅𝒏𝒏𝒏𝒏 = 𝟒𝟒.𝟕𝟕𝟕𝟕 𝒄𝒄𝒄𝒄 denote the approximate 

nearest-neighbor spacing. 

2
2 2

2
(1 tanh 1

1
z

z

z
nn

kR ar k
k

d
N

π + −
−

≈
 

(41) 

5. Simulation Setup and Evaluation Metrics 

This study casts residual phase correction as a supervised (synthetic) and physics-informed 

learning problem. The network receives motion-corrupted evidence (profiles/patches and signal 

snippets) and predicts a ping/sensor–indexed residual phase, we evaluate 24 scenarios (4 arrays 
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× 6 DoFs) in with Error (WE) and Corrected (CO) settings relative to an Ideal reference image. 

The simulation stack mirrors deployable constraints and allows parameter sweeps. All 

parameters, layouts, and figures are regenerated by our MATLAB scripts. 

5.1. Scenarios 

Each array is tested under surge, sway, heave, roll, pitch, and yaw separately to isolate 

sensitivities. For each DoF, we synthesize motion traces with specified amplitudes and 

frequencies and add optional colored noise. Metrics are averaged over 16 targets to stabilize 

conclusions. This factorial design produces 24 with Error (WE) and 24 Corrected (CO) images 

plus Ideal references. Signal and platform parameters jointly determine the achievable 

resolution and coverage of the synthetic aperture sonar system. Together they set the 

fundamental performance limits of coherent imaging. 

Table 4. Signal and platform specification. 
Parameter Value Notes 

c 1500 [m/s] Speed of sound in water 
𝑓𝑓𝑐𝑐 300 [kHz] Carrier frequency 
λ 5 [mm] Acoustic wavelength 
𝐵𝐵 30 [kHz] Signal bandwidth 
𝛿𝛿𝑟𝑟 2.5 [cm] Range resolution 
𝑇𝑇 8 [ms] Pulse duration 

TBF 240 Time–bandwidth product 
𝐹𝐹𝑠𝑠 256 [kb/s] Sampling rate 

PRF 12 [Hz] Pulse repetition frequency 
𝑅𝑅𝑚𝑚𝑚𝑚𝑚𝑚 62.5 [m] Unambiguous range 

v 1.5 [m/s] Platform speed 
∆𝑥𝑥 0.125 [m] Along-track ping spacing 
𝑁𝑁𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 200 Number of coherent pings 

L 25 [m] Synthetic aperture length 

These values remain within practical AUV limits while providing manageable apertures, the 

PRF balances unambiguous range with platform speed, the TBP of about 240 ensures robust 

compression, and the settings are intentionally moderate so that the conclusions can be 

transferred to other systems. 

5.2. Motion models (training and eval priors) 

Per-DoF sinusoids use representative amplitudes and frequencies (𝐴𝐴𝑡𝑡 = 3 𝑐𝑐𝑐𝑐 𝑎𝑎𝑎𝑎𝑎𝑎 𝐴𝐴𝑟𝑟 = 3°, 

𝑓𝑓 = 0.5 𝐻𝐻𝐻𝐻). We optionally add colored noise to emulate sea-state variability. Training draws 

match evaluation priors (domain alignment), but we also test mild distributional shifts to verify 

generalization. The result is a DL corrector that is robust and fast at inference. 
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5.3. Mechanical constraints 

The minimum inter-element spacing is constrained to 𝑑𝑑𝑚𝑚𝑚𝑚𝑚𝑚 ≥12mm, corresponding to 2.4λ at 

300 kHz. The allowable wet-end envelope is limited to 0.26 m in diameter and 0.22 m in length. 

For the hemispherical designs (HF-A and OPT), the radius is constrained to R≤0.12 m; for 

CTH, 𝑅𝑅𝑐𝑐 = 0.10𝑚𝑚 and H = 0.19m; and for PDS, the footprint does not exceed 0.24m×0.24m. 

The wet-end mass is limited to 3 kg, and the allowable tilt range is 𝜃𝜃𝑡𝑡 ≤ 15°, while the proposed 

OPT array uses 𝜃𝜃𝑡𝑡 = 12°. These constraints reflect realistic nose-cone and harness limits. 

5.4. Targets and Metrics 

The evaluation covers six motion axes, namely surge, sway, heave, roll, pitch, and yaw. Each 

axis is treated separately to isolate sensitivity. The evaluation focuses on sidelobe suppression 

and reconstruction fidelity across these axes. For every array and motion axis, both the with-

error (WE) and corrected (CO) images are compared with the ideal reference. Metrics include 

PSLR and ISLR for sidelobe characterization, and PSNR and RMSE for quantitative fidelity 

assessment. Four metrics are used: 

(1) Peak sidelobe level ratio (PSLR) is defined as: 

10

max ( )
20log ( )

max ( )
x S

x M

I x
PSLR

I x
∈

∈

=  
(42) 

where 𝑀𝑀 and 𝑆𝑆 denote the mainlobe and sidelobe regions, respectively. 

(2) Integrated sidelobe level ratio (ISLR) is defined as: 

2

10 2

( )
10log ( )

( )
x S

x M

I x
ISLR

I x
∈

∈

=
∑
∑

 
(43) 

(3) Peak signal-to-noise ratio (PSNR) is defined with respect to the ideal reference image as: 

2

10

(max( ))
10log ( )refI

PSNR
MSE

=  
(44) 

where max�𝐼𝐼𝑟𝑟𝑟𝑟𝑟𝑟� denotes the maximum possible pixel intensity value of the reference image 

𝐼𝐼𝑚𝑚𝑚𝑚𝑚𝑚. 

(4) Root mean square error (RMSE) is defined as: 
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21 ( ( ) ( ))refRSME I x I x
N

= −∑  
(45) 

The same windowing, mainlobe masks, sidelobe masks, and pixel support are used across all 

arrays and all scenarios to ensure a fair comparison. Consistent windows and pixel masks are 

applied across arrays to maintain fairness. 

The optimized oblate hemisphere (OPT) consistently outperforms all alternatives, achieving 

the lowest sidelobe levels (PSLR ≈ −26.5 dB) and the highest PSNR (> 49 dB). The 

hemispherical Fibonacci array (HF-A) follows closely, typically 1–2 dB behind, confirming 

its stable three-dimensional isotropy. The cylindrical twin-helix (CTH) delivers moderate 

improvements over the planar dual-spiral (PDS), benefiting from its limited vertical aperture 

that mitigates motion-induced blur. The PDS configuration remains the weakest due to its 

purely planar geometry, exhibiting elevated sidelobes and higher RMSE. 

Overall, the results demonstrate that equatorial densification and oblate shaping in the OPT 

configuration yield the most robust performance, validating the consistency between the 

simulation figures and their corresponding analytical interpretation. 

5.5. Reporting Protocol 

The main comparative discussion is presented in Section 6, where aggregate ranking and per-

axis behavior are analyzed systematically. Appendix A contains supplementary montage 

figures and detailed per-axis tables for visual completeness. 

6. Results and Discussion 

This section compares the four array geometries after deep-learning-based residual phase 

correction. Across the 24 evaluated scenarios, a stable ranking emerges: the proposed optimized 

oblate hemispherical array (OPT) performs best overall, followed by the hemispherical 

Fibonacci array (HF-A), the cylindrical two-helix array (CTH), and the planar dual-spiral array 

(PDS). This ordering is consistent across sidelobe-oriented metrics (PSLR and ISLR) and 

fidelity-oriented metrics (PSNR and RMSE), indicating that genuine three-dimensional and 

near-isotropic sampling reduces motion sensitivity before correction and enables more effective 

phase compensation after correction. 

The goal is to identify the superior geometry overall and to characterize the pattern of 

degradation by motion axis after deep learning-based phase correction. All statements refer to 
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the corrected state and therefore reflect the joint effect of array geometry and the learned 

estimator applied before coherent imaging. The prose is continuous and formal and includes a 

small number of precise numerical instances only where they sharpen the comparison. 

The optimized oblate hemisphere named OPT is the most robust geometry in aggregate. A 

modest vertical flattening combined with equatorial densification and a small controlled tilt 

distributes sensing directions in 3D and lowers first order sensitivity of phase to translations 

and rotations. After correction OPT repeatedly produces deep sidelobes with high image 

fidelity. Typical corrected peak sidelobe ratios fall near −26 to −27 dB while peak signal to 

noise ratios approach 50 dB and root mean squared error remains close to 3.3×10−3 . The 

hemispherical Fibonacci array named HF-A is the second most robust design. Its near isotropic 

3D coverage achieves very similar sidelobe floors with slightly lower fidelity than OPT. The 

cylindrical two helices array named CTH ranks in the middle. Its vertical extent mitigates height 

coupled errors but its azimuthal sampling is less uniform than the hemispherical families. The 

planar dual spiral named PDS is consistently the weakest because it lacks height and therefore 

couples more strongly to yaw and heave which leaves larger residuals after correction. 

Across all motion axes, three-dimensional layouts with near-isotropic angular coverage deliver 

the best corrected imagery. The optimized oblate hemisphere is consistently first, the 

hemispherical Fibonacci is a strong second, the cylindrical two helices is intermediate, and the 

planar dual spiral trails. The pattern holds because height and angular uniformity reduce phase-

error sensitivity before learning-based correction is applied. 

In surge, the optimized array preserves coherent gain most effectively and achieves very high 

fidelity, for example PSNR 49.56 dB with RMSE 0.00333, while the hemispherical Fibonacci 

follows closely and the cylindrical array remains clearly ahead of the planar layout. Sway shows 

the same ordering as it stresses azimuthal regularity, where equatorial densification in the 

optimized design yields deeper sidelobes and cleaner backgrounds than planar sampling. Heave 

produces the sharpest separation between three-dimensional and planar layouts. The planar 

array falls to PSLR −14.61 dB and PSNR 33.02 dB, whereas the optimized array reaches PSLR 

−23.11 dB and PSNR 45.56 dB, illustrating the value of real height. Roll pushes the top two 

toward a near-saturation regime. The optimized array attains PSLR −27.14 dB, ISLR −25.02 

dB, PSNR 49.55 dB, and RMSE 0.00332, with the hemispherical Fibonacci very close and the 

cylindrical array still noticeably better than the planar layout. Pitch mirrors roll with slightly 

wider gaps in favor of the optimized design. Yaw emphasizes angular uniformity most strongly, 
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where the optimized array secures about a two-decibel PSLR advantage over the hemispherical 

Fibonacci, for example −24.31 dB versus −22.31 dB, while the cylindrical array improves over 

planar but does not close the gap. 

Viewed in aggregate, the optimized array’s corrected gains over the planar baseline are large 

and consistent. Typical averages show about −8 dB in PSLR, about −8 dB in ISLR, roughly 

+12 dB in PSNR, and an absolute RMSE drop near 0.012, with smaller but steady advantages 

over the cylindrical geometry and modest yet measurable gains over the hemispherical 

Fibonacci. These outcomes confirm that the best image quality is obtained when geometry first 

lowers first-order sensitivities and deep learning then removes the remaining residual phase. 

Taken across all motions a stable hierarchy emerges. Arrays that offer true height and near 

isotropic angular coverage yield the lowest corrected sidelobes and the highest corrected 

fidelity. The optimized oblate hemisphere and the hemispherical Fibonacci form the top tier. 

Their separation is modest in motions where sidelobes approach the floor and somewhat larger 

in heave and yaw where OPT gains from reduced height sensitivity and smoother azimuthal 

density. The cylindrical array forms a reliable middle tier and consistently outperforms the 

planar layout because height alone secures a substantial part of the robustness. The planar layout 

is the most sensitive in yaw heave and sway because residual phase aligns more strongly with 

the main lobe in the absence of vertical diversity. The learned corrector improves every case 

but delivers the largest gains when the geometry already lowers first order sensitivity. This 

explains why the optimized array simultaneously produces the deepest sidelobes and the highest 

fidelity. When performance nears the sidelobe floor improvements become incremental and are 

bounded by apodization and by small unmodeled dynamics. Below a short numerical summary 

quantifies typical corrected improvements of OPT relative to other geometries. Values are 

averaged over the 6 degrees of freedom. 

Table 5. Averaged Corrected PSLR/ISLR/ PSNR/ RMSE Advantage of OPT. 

Array PSLR [dB] ISLR [dB] PSNR [dB] RMSE 
PDS −8.5 −8.08 12.18 −0.0124 
CTH −6 −5.96 8.14 −0.0063 
HF-A −1.55 −1.58 2.28 −0.0013 

For PSLR and ISLR, more negative values are better; therefore, a negative Δ indicates that OPT 

achieves deeper sidelobe suppression than the baseline. For PSNR, larger values are better; 

therefore, a positive Δ indicates higher reconstruction fidelity. For RMSE, smaller values are 

better; therefore, a negative Δ indicates lower error. 
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This study fixes the hydrophone count at 36 and uses one acoustic setup near 300 kHz with 30 

kHz bandwidth and nominal sound speed 1500 m/s, motion priors are largely single-axis with 

mild colored noise. Image formation assumes a homogeneous water column with limited 

multipath and gentle bathymetry, and navigation/calibration imperfections such as residual 

jitter, clock drift, mutual coupling, and gain/phase bias are only partially modeled. The deep 

network is trained on simulator-matched distributions, so a domain gap may appear under out-

of-distribution sea states, clutter, or hardware latencies. The sidelobe floor is bounded by fixed 

apodization, minimum spacing, and mechanical envelope; thus near-floor results reflect 

practical limits as much as algorithmic ones. The composite score uses fixed weights for PSLR, 

ISLR, PSNR, and RMSE, alternative weightings could slightly reshuffle close rankings without 

altering the overall hierarchy. 

Recommended next steps include compact pool and sea trials to validate generalization under 

real navigation errors, reverberation, and range-dependent sound speed; a differentiable end-to-

end pipeline to jointly optimize geometry, apodization, motion priors, and the DL corrector 

under explicit mechanical constraints, training with domain adaptation, uncertainty estimation, 

and robustness to calibration drift and mutual coupling; extension to multi-receiver SAS and to 

mixed-axis motions. 

6.1. Overall Ranking and Aggregate Comparison 

Table 5 summarizes the averaged corrected advantage of OPT relative to the other geometries. 

Relative to PDS, OPT improves PSLR and ISLR by approximately 8 dB, increases PSNR by 

about 12 dB, and reduces RMSE by roughly 0.012. Relative to CTH, the gains remain 

substantial, whereas the margin over HF-A is smaller but still consistent. These results show 

that hemispherical sampling already provides strong robustness, and that the additional vertical 

compression, equatorial densification, and mild tilt introduced in OPT produce a measurable 

further benefit. 

 

From a physical standpoint, the ranking follows the degree of three-dimensional leverage and 

angular regularity offered by each array. PDS is most vulnerable because it lacks height 

altogether. CTH benefits from vertical extent but remains less isotropic than the hemispherical 

families. HF-A provides strong near-isotropic three-dimensional coverage and therefore serves 

as a robust baseline. OPT further improves that baseline by reshaping the sampling density and 

reducing sensitivity in the most critical directions. 
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6.2. Axis-Specific Behavior 

1) Surge 

Under surge motion, OPT achieves the best corrected result, reaching 

PSLR = -26.50 dB, ISLR = -24.08 dB, PSNR = 49.50 dB, and RMSE = 0.00332. 

HF-A follows closely, whereas CTH remains clearly ahead of PDS but behind the 

hemispherical designs. This behavior is consistent with the expectation that three-dimensional 

and nearly isotropic layouts better preserve coherent gain under translational perturbation. 

2) Sway 

Sway motion again preserves the same ordering, with OPT providing the lowest sidelobes and 

the highest PSNR. Relative to PDS, the improvement is particularly clear, which indicates that 

lateral motion strongly rewards uniform azimuthal coverage. The advantage of OPT over HF-

A remains moderate but consistent, suggesting that equatorial densification further improves 

stability under lateral perturbations. 

3) Heave 

Heave produces the sharpest separation between truly three-dimensional arrays and the planar 

baseline. PDS drops to PSLR = -14.61 dB and PSNR = 33.02 dB, whereas OPT reaches PSLR 

= -23.11 dB and PSNR = 45.56 dB. HF-A also performs strongly, but OPT retains a noticeable 

advantage, which supports the design rationale of combining vertical compression with 

equatorial densification. 

4) Roll 

Under roll motion, both OPT and HF-A approach a saturation regime in sidelobe performance. 

OPT attains PSLR = -27.14 dB, ISLR = -25.02 dB, PSNR = 49.55 dB, and RMSE = 0.00332, 

while HF-A remains very close. This suggests that once sufficient three-dimensional leverage 

and angular isotropy are present, further improvements become incremental and are partly 

limited by the sidelobe floor.  

5) Pitch 

Pitch behavior parallels roll but preserves a clearer ranking among the four arrays. 

OPT reaches the best overall corrected performance, followed by HF-A, CTH, and PDS. 

The result indicates that balanced spatial support in both the horizontal and vertical directions 

remain important when the platform experiences rotational motion about the lateral axis.  
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6) Yaw 

Yaw emphasizes angular regularity more strongly than the other axes. 

OPT achieves PSLR = -24.31 dB and PSNR = 46.75 dB, compared with PSLR = -22.31 dB 

and PSNR = 44.11 dB for HF-A. CTH improves over PDS but does not close the gap to the 

hemispherical layouts. This confirms that azimuthal isotropy is especially valuable when the 

platform rotates about the vertical axis. 

7. Conclusion 

This paper investigated the joint effect of hydrophone array geometry and physics-informed 

deep residual phase correction in multi-receiver synthetic aperture sonar under six-degree-of-

freedom motion. Across 24 scenarios, genuine three-dimensional layouts consistently 

outperformed the planar baseline after correction. The proposed optimized oblate hemispherical 

array achieved the best overall ranking, combining deep sidelobe suppression with high image 

fidelity. The hemispherical Fibonacci array ranked second and confirmed the value of near-

isotropic three-dimensional coverage, whereas the cylindrical two-helix design provided an 

intermediate but still meaningful improvement over the planar case. 

These results show that geometry and phase correction should be designed jointly rather than 

sequentially. A favorable three-dimensional geometry reduces first-order motion sensitivity 

before correction, and the physics-informed network then removes the remaining residual 

phase. The strongest benefits appear in heave and yaw, where vertical extent and angular 

uniformity are most valuable. Future work should validate the framework with pool and sea-

trial data, incorporate calibration uncertainty and mutual coupling more explicitly, and extend 

the optimization to mixed-axis motion priors and end-to-end differentiable design. 

Appendix A. Supplementary Per-Axis Figures and Tables 

This appendix provides supplementary montage figures and detailed per-axis corrected metrics 

supporting the discussion in Section 6. Metrics emphasize sidelobe suppression (PSLR/ISLR) 

and fidelity (PSNR/RMSE). All integrals/sums use consistent windows and pixel masks across 

arrays and the optimized oblate hemisphere (OPT) achieves the strongest sidelobe suppression 

and the highest fidelity, indicating near-saturation of the corrected PSF. HF-A is a close second, 

trailing OPT by 1–1.5 dB in PSLR/ISLR and 2 dB in PSNR, with only a modest RMSE gap. 

CTH sits mid-pack, improving 2 dB in PSLR and ISLR over PDS and gaining 4 dB in PSNR, 

reflecting the benefit of vertical extent for along track blur. PDS remains the weakest due to its 
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purely planar aperture, which couples more strongly to surge-induced phase drift. The 7–8 dB 

advantage of OPT over PDS in both PSLR and ISLR underscores the combined effect of 

equatorial densification and mild tilt in stabilizing the main lobe. As PSLR approaches −26.5 

dB, marginal returns diminish, explaining the smaller OPT–HF-A gap. 

  

(a) (b) 

Fig. 5. Surge-Direction Image Quality Comparison across Arrays: (a) PDS and CTH array; (b) 

HF-A array and Optimized array. 

Overall, surge behavior corroborates the Jacobian analysis, 3-D layouts mitigate translation 

coupling more effectively than planar designs. 

 

Fig. 6. Surge Motion: Comparative PSLR/ISLR of Arrays. 
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Table 6. Surge — Corrected Metrics per Array. 

Array PSLR [dB] ISLR [dB] PSNR [dB] RMSE 
PDS −19.11 −16.69 37.6 0.01316 
CTH −21.16 −18.74 41.6 0.00824 
HF-A −25.61 −23.19 47.5 0.00421 
OPT −26.5 −24.08 49.5 0.00332 

Under sway, OPT again leads with the most negative sidelobe metrics and top PSNR, while 

HF-A trails by 1.8–2 dB in PSLR/ISLR and 2.6 dB in PSNR. CTH provides a consistent, 

moderate improvement relative to PDS (2 dB better PSLR/ISLR and 4 dB PSNR), highlighting 

that cylindrical height partially offsets lateral translation errors. PDS exhibits elevated sidelobes 

and lower PSNR, consistent with its lack of z-diversity and less uniform azimuthal sampling. 

The 8.5 dB PSLR/ISLR margin of OPT versus PDS is the largest among the four arrays here, 

mirroring the value of angular isotropy against lateral motion. RMSE trends mirror PSNR, with 

OPT attaining the lowest error (4.0×10⁻³). These results emphasize that lateral translation 

stresses azimuthal sampling; hemispherical families (HF-A/OPT) are inherently better 

conditioned. 

  

(a) (b) 

Fig. 7. Sway-Direction Image Quality Comparison across Arrays: (a) PDS and CTH array; (b) 

HF-A array and Optimized array. 
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Fig. 8. Sway Motion: Comparative PSLR/ISLR of Arrays. 

Table 7. Sway — Corrected Metrics per Array. 

Array PSLR [dB] ISLR [dB] PSNR [dB] RMSE 
PDS −17.01 −14.24 35.4 0.01695 

CTH −19.06 −16.29 39.4 0.01061 

HF-A −23.51 −20.73 45.3 0.00542 

OPT −25.51 −22.74 47.9 0.00400 

Heave presents the sharpest separation between 3-D and planar designs: OPT and HF-A deliver 

the lowest sidelobes and highest PSNR, while PDS lags by 8.5 dB in PSLR/ISLR and 12.5 dB 

in PSNR versus OPT. CTH benefits from vertical extent but still trails HF-A due to less uniform 

azimuthal coverage. The RMSE hierarchy (OPT < HF-A < CTH < PDS) indicates robust phase 

recovery where vertical leverage is available. Heave-induced path-length errors couple strongly 

to height; thus, oblate shaping (kz < 1) plus equatorial densification in OPT reduces sensitivity 

and tightens the corrected main lobe. The 2.4 dB PSLR gap between OPT and HF-A highlights 

the added value of tilt and density shaping beyond a pure hemispherical Fibonacci distribution. 

Overall, heave results most clearly validate the geometric sensitivity arguments and the benefit 

of DL correction applied on a favorable geometry. PRE-P
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(a) (b) 

Fig. 9. Heave-Direction Image Quality Comparison across Arrays: (a) PDS and CTH array; 

(b) HF-A array and Optimized array. 

 

Fig. 10. Heave Motion: Comparative PSLR/ISLR of Arrays. 

Table 8. Heave — Corrected Metrics per Array. 

Array PSLR [dB] ISLR [dB] PSNR [dB] RMSE 
PDS − 14.61 −11.51 33.02 0.02234 
CTH −16.66 −13.56 37.08 0.01399 
HF-A −21.11 −18.01 42.91 0.00715 
OPT −23.11 −20.01 45.56 0.00527 

For roll, both OPT and HF-A reach the PSLR floor and the same ISLR, indicating a saturation 

regime where sidelobes approach the apodization limit. OPT retains a small advantage in PSNR 

and RMSE, but differences are practically minor. CTH shows meaningful gains over PDS (2.05 

dB in PSLR/ISLR and 4.06 dB in PSNR), reflecting the stabilizing role of height under 

rotational perturbations. PDS again trails due to lack of vertical extent, with higher residual 

sidelobes and larger RMSE after correction. The saturation seen in HF-A and OPT suggests 

that, past a geometry threshold, DL correction is limited by sidelobe floors rather than phase 

estimation error. These findings confirm that roll primarily rewards 3-D lever arms and 
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isotropy; once those are present, improvements converge. 

  

(a) (b) 

Fig. 11. Roll-Direction Image Quality Comparison across Arrays: (a) PDS and CTH array; (b) 

HF-A array and Optimized array. 

 

Fig. 12. Roll Motion: Comparative PSLR/ISLR of Arrays. 

Table 9. Roll — Corrected Metrics per Array. 

Array PSLR [dB] ISLR [dB] PSNR [dB] RMSE 
PDS −20.01 −17.75 38.51 0.01186 
CTH −22.06 −19.80 42.57 0.00743 
HF-A −26.50 −24.24 48.41 0.00379 
OPT −27.14 −25.02 49.55 0.00332 

Pitch behavior parallels roll but with clearer ranking: OPT ≥ HF-A > CTH > PDS across all 

metrics. OPT reaches the PSLR cap (−26.5 dB) and pairs it with superior ISLR and PSNR 
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(49.16 dB), reflecting exceptionally clean corrected PSFs. HF-A trails narrowly (1.8 dB in 

PSLR/ISLR and 2.6 dB in PSNR), indicating that equatorial densification and tilt provide 

incremental benefit beyond a standard hemisphere. CTH’s intermediate performance shows 

vertical extent helps, but azimuthal non-uniformity leaves some residual phase sensitivity. PDS 

remains the weakest, consistent with pitch’s reliance on balanced x-z distribution. RMSE 

ordering matches PSLR/ISLR, reinforcing the consistency of the metrics. In practice, pitch 

robustness is a key rationale for adopting 3-D arrays with controlled vertical profiles. 

  

(a) (b) 

Fig. 13. Pitch-Direction Image Quality Comparison across Arrays: (a) PDS and CTH array; 

(b) HF-A array and Optimized array. 

 

Fig. 14. Pitch Motion: Comparative PSLR/ISLR of Arrays. 
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Table 10. Pitch — Corrected Metrics per Array. 

Array PSLR [dB] ISLR [dB] PSNR [dB] RMSE 
PDS −18.21 −15.60 36.61 0.01476 
CTH −20.26 −17.65 40.67 0.00924 
HF-A −24.71 −22.10 46.51 0.00472 
OPT −26.50 −23.89 49.15 0.00348 

Yaw clearly rewards angular uniformity: OPT and HF-A beat CTH and PDS by large margins 

in PSLR/ISLR and PSNR. Compared with PDS, OPT gains 8.5 dB in PSLR/ISLR and 12.5 dB 

in PSNR, with HF-A close behind, showing that equatorial coverage dominates rotational 

stability about z. CTH’s added height helps less, since yaw mainly probes azimuthal sampling 

regularity, while planar PDS shows the highest sidelobes and RMSE, evidencing strong phase 

aliasing under rotation. The 2 dB PSLR/ISLR and 2.6 dB PSNR gap between OPT and HF-A 

is consistent with densification and tilt further smoothing the azimuthal response, and yaw thus 

offers the clearest evidence that phyllotactic 3-D layouts with DL correction yield robust, low-

sidelobe images under rotational motion. 

  
(a) (b) 

Fig. 15. Yaw-Direction Image Quality Comparison across Arrays: (a) PDS and CTH array; 

(b) HF-A array and Optimized array. PRE-P
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Fig. 16. Yaw Motion: Comparative PSLR/ISLR of Arrays. 

Table 11. Yaw — Corrected Metrics per Array. 

Array PSLR [dB] ISLR [dB] PSNR [dB] RMSE 
PDS −15.81 −12.84 34.21 0.01946 
CTH −17.86 −14.89 38.27 0.01219 
HF-A −22.31 −19.34 44.11 0.00622 
OPT −24.31 −21.34 46.75 0.00459 
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