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The first of two companion papers theoretical and experimental results are presented for
a Helmholtz resonator subject to external excitation by an acoustic plane wave. The response
of the resonator was analysed in terms of the relation between the pressure induced in the
interior of the resonator and the driving pressure. Equations for the resonance frequency and
the quality factor were developed for the cavity that was a rectangular parallelepiped with a
centered circular orifice. The flow from the cavity had a constant velocity profile. The res-
onator was modelled by an equivalent impedance circuit, predicted from the classic theory of
sound radiation, with an additional resistive term connected with the viscous action inside the
orifice. The theoretical results were compared with experimental data for a frequency chosen
so as to tune the system to the lowest resonance mode. The experiment has shown that the
acoustic response of resonator was changed considerably when mechanical vibrations of the
resonator elements were excited. A phenomenon of flow-induced resonance in the considered
system geometry will be presented in the companion paper.

1. Introduction

The Helmholtz resonator has found application in a wide variety of technologically
significant problems [1–3] and has been the subject of many papers [4–9]. Essentially,
the resonator is a cavity of relatively large volume connected with the outside space
through an orifice or neck. The classical physical model of the Helmholtz resonator
includes an air spring (the cavity), a mass (the air mass in an orifice or neck plus co-
vibrating mass) and a damper arising from the radiation of sound, and from the presence
of viscosity forces. An extensive review of the lumped-elements approach (the spring-
mass damper model) can be found in the work of INGARD [10]. The characteristic
property of the resonator is its ability to absorb sound waves of a particular frequency,
the so-called resonance frequency. Therefore in practical applications, it is important to
determine the resonance frequency and absorption properties of the system as precisely
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as possible since an inaccurate design can considerably reduce the efficiency of the
device.

In the present paper the Helmholtz resonator in a form of rectangular parallelepiped
with a circular orifice placed in an infinite rigid baffle is considered. The resonator is
excited by a plane wave incident upon the baffle. The purpose of the theoretical part
is to predict a response of the resonator to an acoustic excitation as a relation between
the driving pressure and the pressure induced inside the resonator cavity. The result will
be used to determine the resonance frequency, where the absolute value of a resonator
impedance has a minimum, and the quality factor characterizing selective properties
of the system. In the second part of the paper results of measurements of the resonator
response for varying resonator length are presented. These results confirm the usefulness
of the theoretical analysis. The experiment shows also that the resonator response may
be considerably deformed when mechanical vibrations of the resonator elements are
excited.

2. Theoretical model

The details of the resonator geometry are shown in Fig. 1. The excitation of the
resonator is achieved by the plane pressure wave pi(z, t) = Pie

j(kz−ωt), where ω is
the angular frequency, k = ω/c is the wave number and c is the sound speed. Since
a driving acoustic signal consists of incident and reflected plane pressure waves, the
amplitude P of the excitation is twice as large as Pi.
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Fig. 1. Nomenclature and co-ordinate system for the resonator under consideration.

2.1. Pressure induced inside the cavity

The pressure p in the resonator interior can be determined with the aid of the clas-
sical theory of sound radiation, where the air flow through the orifice is modelled by an
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oscillating piston [11]. If the origin of a cylindrical coordinate system (r, φ, z) lies at
the center of the orifice and the plane z = 0 covers the baffle surface on the cavity side,
then this theory yields the pressure p induced inside the cavity as (the factor e−jωt was
excluded)

p(r, φ, z) = −jρωu

2π∫

0

a∫

0

G(r, φ, z |rs, φs, zs = 0) rsdrsdφs , (1)

where ρ is the air density, u is the velocity amplitude in the resonator orifice, G is the
Green’s function in the resonator cavity and (rs, φs, zs) is the position of the source
point. The function G is a solution of the wave equation and satisfies the boundary
condition

∂G

∂x

(
x = ±s

2

)
=

∂G

∂y

(
y = ±w

2

)
=

∂G

∂z
(z = 0) =

∂G

∂z
(z = l) = 0 , (2)

then it may be expressed as follows [12]

G = j

∞∑

m=0

∞∑

n=0

gmn

{
cos(kmnzs)[sin(kmnz) + cos(kmnz) cot(kmnl)], z ≥ zs,

cos(kmnz)[sin(kmnzs) + cos(kmnzs) cot(kmnl)], z ≤ zs.
(3)

The function gmn in Eq. (3) is given by

gmn =
jεmn

Ackmn
cos(2mπr cosφ/s) cos(2mπrs cosφs/s)

· cos(2nπr sinφ/w) cos(2nπrs sinφs/w), (4)

where Ac = sw is the cross-sectional area of the cavity, kmn =
√

k2 − [(2mπ/s)2

+(2nπ/w)2] and εmn is the Neumann factor, ε00 = 0, εm0 = ε0n = 2, εmn = 4 for
m, n > 0. Using Eq. (1) together with Eqs. (3) and (4), the expression for the pressure
p can be found as

p(r, φ, z) =
2jρckU

Ac

∞∑

m=0

∞∑

n=0

εmnJ1(aβmn) cos(2mπr cosφ/s) cos(2nπr sinφ/w)
aβmnkmn

·[sin(kmnz) + cos(kmnz) cot(kmnl)], (5)

where J1 is the Bessel function of first order, U = Au is the volume velocity in the
orifice, A is the orifice area and βmn =

√
(2mπ/s)2 + (2nπ/w)2). The complex form

of Eq. (5) results from a contribution of cross-modes to the resonator response.

2.2. Impedance of the resonator

The relation between the amplitude P of the driving pressure and the volume veloc-
ity U can be written as

P/U = Z = Ze + Zi + Zo , (6)
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where Ze and Zi denote the exterior and interior impedances, respectively, and Zo is
the orifice impedance. For the circular orifice placed in an infinite baffle MORSE and
INGARD [11] have made an exact calculation of the exterior impedance and found that

Ze =
ρc

A

[
1− J1(2ka)

ka
− jS1(2ka)

ka

]
, (7)

where S1 is the Struve function of first order. The real and imaginary components of
Ze represent respectively the loss resistance due to the radiation of acoustic energy into
the surrounding medium and the reactance connected with the co-vibrating mass effect
on the exterior side of the orifice. The interior impedance is defined as the ratio of the
average pressure at the orifice to the velocity U . Using Eq. (5) one obtains

Zi =

2π∫
0

a∫
0

p(r, φ, z = 0) rdrdφ

AU
=

4jρω

Ac

∞∑

m=0

∞∑

n=0

εmnJ2
1 (aβmn) cot(kmnl)
a2kmnβ2

mn

, (8)

where the zero order component in the series is the reactance for a plane wave motion
inside the cavity. The thickness d of the orifice is assumed to be small, so the fluid
inside the orifice acts as a mass and thus provides the orifice reactance. The additional
component of Zo, which was customarily included, is the viscous loss resistance [10],
thus finally

Zo =

√
2ρµω

A

(
2 +

d

a

)
− jρckd

A
, (9)

where µ is the coefficient of viscosity, and the orifice reactance is negative because of
the time dependence e−jωt of the incident wave.

2.3. Low-frequency approximation

In the following we will concentrate on the low-frequency range, where ω is much
smaller than the lowest frequency of cross-modes. Since in this case the plane wave
contribution is dominant, Eq. (5) for the pressure p assumes a simple form

p(z) = jρcU [sin(kz) + cos(kz) cot(kl)]/Ac (10)

and it is easy to see that a maximum of p appears at the bottom end of the cavity. This
is the place, where a pressure in the resonator interior is usually measured, then owing
to practical purposes a proper choice for z is to put z = l in Eq. (10). In this case from
Eq. (10) and Eqs. (6)−(9) one obtains the following expression

p(l) =
jρcP

Ac(R + jX) sin(kl)
, (11)
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where R = Ro + Rr is the resonator resistance and Ro is the real component of the
orifice impedance Zo and Rr = ρck2/2π is the radiation resistance in the low-frequency
range. The reactance of the resonator is given by

X = ρc

[
cot(kl)

Ac
− k(d + ∆)

A

]
, (12)

where ∆ is the sum of the external and internal end corrections

∆e =
8a

3π
, ∆i =

4π

Ac

∞∑

m=0

∞∑

n=0

χmnJ2
1 (aβmn) coth(βmnl)

β3
mn

(13 a,b)

and χ00 = 0, χm0 = χ0n = 2, χmn = 4 for m,n > 0. Equation (13b) implies that due
to the factor coth(βmnl) the internal end correction ∆i not only depends on the orifice
and cavity transverse dimensions but also on the cavity length l. However, in most cases
it is possible to assume coth(βmnl) ' 1 because this factor can considerably differ
from unity for very shallow cavities only.

The internal end correction may be calculated by use of a numerical method. How-
ever, in some cases it is possible to find a simple expression for ∆i. An important ex-
ample for the practical use is a resonator with a square cross-section and a transverse
dimension that does not exceed the cavity length. In this case from Eqs. (13a) and (13b)
one obtains

∆i

∆e
=

3πA

2Ac

∞∑

m=0

∞∑

n=0

χmnJ2
1

(
2πa

√
m2 + n2/s

)

(
2πa

√
m2 + n2/s

)3 . (14)

The calculated dependence of ∆i/∆e on the ratio a/s ranging from 0 to 0.5 is shown
in Fig. 2, where a/s = 0 corresponds to the case when s and l go to the infinity. It is
easy to see that for the values of a/s, which are smaller than 0.2, the exact calculation
results can be well approximated by the simple linear relation

∆i/∆e = 1− 2.27a/s . (15)

A resonance in the system will occur when the reactance X is equal to zero; then using
Eq. (12) the resonance equation can be written as

cot(kl) = Ack(d + ∆)/A. (16)

Frequencies computed from this condition correspond to the natural resonance frequen-
cies of the system. Now, assume that a frequency of excitation was chosen as to tune the
system to the lowest resonance mode. It is easy to see that it is equivalent to the condition
kl < π/2 in Eq. (16). When the resonator geometry is such that the non-dimensional
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Fig. 2. Ratio of the internal end correction ∆i to the external end correction ∆e versus a/s for the resonator

cavity with a square cross-section. Solid line – Eq. (14), dashed line – Eq. (15).

parameter kl at resonance is much smaller than unity, the solution of Eq. (16) gives the
classical formula for the frequency of the Helmholtz mode

f0 ' c

2π

√
A

V (d + ∆)
, (17)

where V is the volume of the resonator cavity. The range of values of kl can be extended
if one uses the approximation: cot(kl) ' 1/kl − kl/3. In this case Eq. (16) yields

f0 ' c

2π

√
A

V (d + ∆) + (1/3)Al2
. (18)

As may be seen, the term preceded by 1/3 is the difference between the classical for-
mula and Eq. (18) only. When kl is close to π/2 the expression cot(kl) ' π/2 − kl is
a better approximation of the cotangent function and its use gives

f0 ' c

4 [l + Ac(d + ∆)/A]
, (19)

which is the well-known formula for the frequency of one quarter-wave resonance.
The sharpness of resonance is characterized by the quality factor Q of the system

which for the Helmholtz mode is defined by [13]

Q =
ω0M

R0
=

ρc

k0R0V
, (20)
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where ω0 = 2πf0, k0 = ω0/c, M = ρ(d + ∆)/A is the total effective mass in the
resonator orifice and R0 is the resistance R determined for the resonance frequency. If
one uses Eq. (20) as the definition of the quality factor for higher values of the parameter
kl, then comparing Eq. (11) with Eq. (20) it is easy to see that

Q =
∣∣∣∣
p(l)
P

∣∣∣∣
0

sin(k0l)
k0l

, (21)

where the index “0” denotes that the ratio p(l)/P is determined for the resonance fre-
quency. Equation (21) shows that the quality factor can be determined experimentally
when the frequency f ′0, at which |p(l)/P | peaks, is very close to f0. The difference
between f ′0 and f0 is the result of energy loss in the resonator, therefore f ′0 is usually
called the damped resonance frequency. The relation between f ′0 and f0 can be simply
determined for the Helmholtz mode only. If the radiation resistance Rr is much larger
than the viscous loss resistance Ro, then from Eq. (11) one obtains

∣∣∣∣
p(l)
P

∣∣∣∣ =
1

f

f0

√(
f

f0
− f0

f

)2

+
1

Q2

(
f

f0

)4
. (22)

From Eq. (22) a formula for the frequency f ′0 can be found and the result is

f ′0 =
f0√
3

√
Q

√
Q2 + 6−Q2 . (23)

Now, if the viscous loss resistance is much larger than the radiation resistance, from
Eq. (11) the following expression can be derived

∣∣∣∣
p(l)
P

∣∣∣∣ =
1

f

f0

√(
f

f0
− f0

f

)2

+
1

Q2

f

f0

, (24)

which leads to the following formula for the frequency f ′0

f ′0 =
f0(

√
64Q4 + 9− 3)

8Q2
. (25)

Figure 3 shows the dependencies of f ′0/f0 on Q calculated from Eqs. (23) and (25).
From these data it results that the frequencies f ′0 and f0 substantially differ for small
values of Q. However, when the quality factor is larger than 10, the difference between
f ′0 and f0 becomes negligible. Thus, if the value of Q for the considered resonator is
within this range, from the measured frequency dependence of |p(l)/P | it is possible to
predict:

• the natural resonance frequency f0 as the frequency at which |p(l)/P | peaks,
• the quality factor Q as a product of the maximum value of |p(l)/P | and sin(k0l)/k0l.
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Fig. 3. Dependence of the ratio f ′0/f0 on the quality factor Q. Solid line – Eq. (23), dashed line – Eq. (25).

3. Experimental investigations

3.1. Procedure and equipment

The resonator used in the tests had the form of a parallelepiped with a square cross-
section (s = w = 5 cm) and the length l ranging from 1 to 16 cm (Fig. 4). A sharp-edged
circular orifice with the radius a = 6 mm and the thickness d = 0.5 mm was located
symmetrically with relation to the lateral cavity walls. The tests were carried out in the
laboratory arrangement shown in Fig. 5. The acoustic signal in the form of a plane wave
was produced by the broad-band Goodmans loudspeaker having a diameter of 30 cm.
The loudspeaker was supplied by Brüel and Kjær (B&K) type 1024 generator. The white
noise with a total sound level of 100 dB was applied as the excitation signal.

In the tests a B&K type 2033 narrow-band analyser was used. The analyser has one
channel only, but it possesses a number of modes which are very useful in the spectra
analysis and some of them, which seem to be the most important, are: the linear spec-
tra averaging, the recording of one spectrum in the internal memory and the function
“Input/Memory” which enables the determination of the ratio between the signal on
the analyser input and the signal recorded in the memory. The first stage of the tests
contained a measurement of the amplitude |P | of the incident pressure signal within
the considered frequency range. It was performed for a closed resonator orifice in order
to eliminate the signal radiated by the resonator. The incident pressure was measured
by a 1/4

′′
B&K microphone mounted just before the rigid plate closing the resonator
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Fig. 4. Sketch of the resonator construction. 1 – resonator cavity, 2 – rod joining the casing of the mecha-

nical system with the piston closing the resonator cavity.

cavity (Fig. 5). To eliminate the errors due to pressure fluctuations, the linear averag-
ing with 1024 samples was used. A spectrum of the incident pressure was recorded in
the analyser memory. In the second stage of the tests, the resonator orifice was opened
and for the same generator settings the pressure amplitude |p(l)| was measured. It was
done by the 1/4

′′
B&K microphone mounted at the bottom end of the resonator cav-

ity (Fig. 5). A spectrum of |p(l)| was determined after the linear averaging with 1024
samples also. Finally, the ratio between |p(l)| and |P | was found using the function
“Input/Memory” of the analyser.

��
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Fig. 5. Setup for the resonator response measurements.

With the analyser 2033 the frequency analysis of the pressure signal can be made
within the defined frequency range. The accuracy of the frequency measurement is the
same at a given frequency range. In order to locate the maximum in the |p(l)/P | curve,
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the preliminary tests were performed within the frequency range up to 2000 Hz where
the accuracy of the frequency readout is 5 Hz. The graph in Fig. 6 is an example of the
measured frequency response of the resonator. It was obtained for the resonator length l
of 10 cm. In this case the resonance frequency f0 and the quality factor Q of the system
as measured from the response curve were 370 Hz and 25, respectively.

250 300 350 400 450 500� ����0

5

10

15

20

25

30

����	
��
Fig. 6. Frequency dependence of |p(l)/P | for the resonator length l = 10 cm.

3.2. Comparison of experimental data to theoretical predictions

In the resonance frequency measurements the “Zoom” function of the analyser 2033
was used giving the frequency readout with the accuracy of 0.5 Hz. In Fig. 7a exper-
imental data compared with the three resonance frequency contours are shown. The
graph marked by the solid line was computed numerically from Eq. (16) – the exact
resonance equation, however the theoretical data denoted by the dashed line and the
dashed-dotted line were obtained from Eq. (17) for the frequency of the Helmholtz mode
and Eq. (19) for the frequency of the one-quarter wave resonance. The internal end cor-
rection ∆i, which is necessary for the frequency prediction, was calculated numerically
from Eq. (13b) for small resonator lengths (l ≤ 4), whereas for the remaining values
of l, the approximate formula (15) was used. The results calculated from Eq. (18) are
not presented in Fig. 7a because for the considered resonator lengths they agree almost
exactly with the results obtained from Eq. (16). The disagreement between Eq. (16) and
the approximate formula is less than 0.6% and corresponds to the frequency difference
smaller than 1.5 Hz.
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Fig. 7. Comparison of experimental data to theoretical predictions, (a) resonance frequency: solid line –
Eq. (16), dashed line – Eq. (17), dashed-dotted line – Eq. (19), points – experiment, (b) quality factor: solid

line – Eq. (20), dashed line – Eq. (20) without viscous loss resistance, points – experiment.

As shown in Fig. 7a, the theory predicts reasonably well the resonance frequency f0

of the system. The discrepancy between the experimental data and the results obtained
from Eq. (16) is less than 6.8% for all resonator lengths, and the agreement is improv-
ing as the resonator length l is increased. The precision of Eq. (17) in predicting the
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resonance frequency is sufficient for l ≤ 6 cm, however for larger values of l a higher
deviation from the experimental data, connected with the approximation of the cotan-
gent function by only the first term of the series expansion, is clearly seen. In contrast to
Eq. (17), the accuracy of the formula (19) increases with growing resonator length and
is satisfactory for the largest values of l.

In Fig. 7b a comparison of the quality factor experimental data to theoretical pre-
dictions is presented. Calculation results denoted by the solid line were obtained from
Eq. (20), in which all resistive components were included. These results follow the ex-
perimental data, but are slightly higher, suggesting that the theory predicts somewhat
lower losses in the resonator under consideration. The curve marked by the dashed line
depicts computational results obtained in the case when the viscous dissipation in the
resonator orifice is neglected and acoustic energy losses in the system are due to a radi-
ation only. From a comparison of the theoretical curves it follows that radiation losses
are dominant in a range of very small resonator lengths and they result from the fact that
the radiation resistance is proportional to a square of the wave number.

3.3. Influence of mechanical vibrations on the resonator response

It was found that for some resonator lengths the acoustic response of the system
was considerably deformed because of sudden drops in the cavity pressure near two
frequencies. The first pressure drop was observed for the resonator length ranging from
0.8 to 1.1 cm and it appeared at the frequency close to 1320 Hz. The second pressure
drop, which occurred near the frequency of 750 Hz, was detected for l = 2 − 3 cm.
Figure 8 depicts experimental and theoretical response curves obtained for some values
of l from this range. From this figure it results that the frequency fd, at which a maximal
pressure drop was noted, increases little by little with growing the resonator length and
the acoustic response of the resonator is much deformed when the frequency fd is very
close to the resonance frequency of the system (Fig. 8b).

In order to locate the source of the acoustic response deformation, the behavior of a
mechanical system of resonator under a force excitation was investigated. The mechan-
ical vibration was induced by a impulse force source and its construction was based on
the mechanical pendulum scheme. The moving element was a steel frame with a sharp
ended rod falling on one of the lateral walls of the resonator. The induced acoustic pulse
was measured by the 1/4

′′
B&K microphone mounted at the bottom end of the resonator

cavity. The tests were performed for the resonator length l from the range 0.8−3.5 cm.
They have shown that in the frequency band 500−1500 Hz there are two resonance
frequencies fr1 and fr2 of the resonator mechanical system.

The data collected in Table 1 show that fr1 and fr2 are close to the frequencies fd at
which a pressure drop was observed, thus the deformation of the acoustic response was
caused by vibrations of the resonator mechanical system. Moreover, a comparison of fd

to the frequencies f2 and f3 indicates that these vibrations are due to the excitation of
the second and third eigenmodes of the brass rod joining the casing of the mechanical
system with the piston closing the resonator cavity (see Fig. 4). Thus, the response
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Fig. 8. Deformation of the response curve for the resonator lengths: (a) 2.4 cm, (b) 2.6 cm (c) 2.8 cm.
Solid lines – experimental data, dashed lines – calculation results obtained from Eq. (11).
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Table 1. Frequencies fd, fr1 and fr2 compared with frequencies f2 and f3 calculated from Eq. (26).

l [cm] fd [Hz] fr1, fr2 [Hz] f2, f3 [Hz]

1 1325 695, 1315 666, 1305

1.5 715 705, 1335 689, 1352

2 735 725, 1365 714, 1400

2.5 750 745, 1390 740, 1452

3 755 750, 1415 768, 1506

3.5 765 770, 1445 797, 1563

deformation results from a suppression of the acoustically excited pressure signal by a
mechanically induced acoustic wave. The frequencies f2 and f3 were computed from
the formula for the rod rigidly supported at both ends [14]

f1 =
0.89D

L2

√
Em

ρm
, f2 = 2.76f1, f3 = 5.4f1, (26)

where ρm is the brass density, Em is the Young’s modulus for brass, D = 5 mm is the
rod diameter and L = Lmax − l is the rod length, where Lmax = 30 cm.

4. Conclusions

The response of the Helmholtz resonator to external excitation by a plane acoustic
wave has been investigated in this paper. The theoretical analysis has been presented
in order to describe the resonator response as a relation between the pressure induced
inside the resonator cavity and the incident pressure. The model of the resonator was
based on a lumped-elements approach valid for low frequencies of the excitation.

The theory has shown that for the resonator with a very shallow cavity the internal
end correction ∆i strongly depends on the resonator length [Eq. (13b)]. Moreover, it was
found that for a small diameter of the resonator orifice and a cavity with a square cross-
section it is possible to calculate ∆i correctly by using a simple approximate formula
[Eq. (15)].

The theoretical analysis has proved that for a lightly damped resonator (Q > 10),
the natural resonance frequency f0 of the system and the quality factor Q may be de-
termined directly from the response curve showing the frequency dependence of the
ratio of the pressure amplitude at a bottom end of the cavity to the amplitude of the
incident pressure. This property was exploited in experimental investigations including
measurements of f0 and Q with a varying resonator length.

A comparison of experimental data to theoretical predictions has shown that for the
considered resonator lengths Eq. (18), obtained by retaining the two first terms in the
expansion of the cotangent function, approximates very well the frequency calculated
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numerically from the exact resonance equation [Eq. (16)], whereas the formulae (17)
and (19) have limitations of their range of validity for large and small resonator lengths,
respectively. The quality factor predictions are found to be in satisfactory agreement
with the experiment.

Finally, the cause of an unexpected deformation of the response curve was investi-
gated. It was found that this deformation was a result of the excitation of the second and
third eigenmodes of the brass rod joining the casing of the mechanical system with the
piston closing the resonator cavity. These mechanical vibrations produced an acoustic
signal in such a phase that a suppression of the pressure inside the resonator cavity
occurred.
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