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In this paper the acoustic power of the circular membrane, excited both by the edge and
external exciting forces uniformly distributed over the whole surface, is examined. Some dif-
ferent amplitudes of exciting factors and some differences between the phases of excitations
were considered. It has been assumed that the source of a sound is located in a flat, rigid and
infinite baffle and is sourrounded by a lossless and homogeneous fluid medium. The vibra-
tions are axisymmetric and time-harmonic. Employing the Cauchy’s theorem of residues and
asymptotic formulae for the Bessel functions, the asymptotes for active and reactive power
consisting of elementary functions are obtained. The acoustic power radiated by the mem-
brane was shown graphically in terms of the parameters describing both kinds of excitations.

Key words: acoustic radiation power, vibrations of a spherical membrane, excitation produced
by edge and surface loads, amplitude-phase effects.

Notations

a membrane radius,
¢ propagation velocity of a wave in a fluid medium,
HY  first kind, n-th order Hankel function,
Jn  n-th order Bessel function,
ko  wave number,
p(r) acoustic pressure,
P total sound power radiated by a membrane,
Pactive  active power,
Preactive ~ reactive power,
radial variable of a point on the surface of the membrane in polar coordinates,
membrane’s area,
amplitude of the external excitation force per unit area of the surface,
time,

~ » N =
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T streching force per unit length,

n  transverse deflection of membrane’s points,
po  restdensity of the fluid medium,

o mass of membrane per unit area,

w frequency.

1. Introduction

The analysis of magnitudes determining radiation of surface sound sources such as
membranes or plates is very important from the practical point of view. The possibil-
ity of using purely theoretical results to design an acoustic system, which can exist as
damping noise components, is of essential importance. We can influence the radiation
of source in adiction to surface excitement, a driving force applied to its edge. In this
way the power of radiation is dependent on both the amplitude of excitation at the edge
and on its phase.

In the paper [5] the abilities of control amplitudes and phases of both clamped edges
of annular plate excited at the same time by external surface force were investigated.

W. J. RDZANEK, W. P. RDZANEK JR, Z. ENGEL have obtained integral formulae,
which determine the dependence of the acoustic power radiated by annular plate on
the amplitude of excitation of external edge and stiffness constants associated with the
boundary conditions [3].

It is very desirable to find elementary formulae describing the influence of parame-
ters connected with a source on the acoustic sound power. This problem is mathemati-
cally complicated and it is impossible to obtain some formulations for the power valid
for all frequencies.

The analysis of sound power radiated by a circular membrane excited to vibration
by the edge and external surface force have not been presented in the literature yet. In
spite of its simplicity, this problem has a great practical importance because it can be
applied to design and build active damping noise systems.

Making use of Cauchy’s theorem, the asymptotes for the sound power were reached
in an elementary form. The asymptotes determine the dependence of the acoustic power
on parameters characterizing the excitations.

2. Assumptions

The membrane, the radius of which equals a is stretched on the circle byTforce
referred to unit length. Further it was assumed that its mass per unit area of surface is
equal too. The source considered is embedded into a flat, rigid and infinite baffle and
vibrations are axisymmetric and time-harmonic with frequendyig. 1). The sound
wave is radiated in a homogenous, lossless fluid medium. The external exciting force is
uniformly distributed on the whole surface of the membrane and is time-harmonic. This
excitation is mathematically described by

Fy (t) = Se_i(“’t"'“’), Q)
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wheres is amplitude of excitation referred to unit area of the surface.and denote
frequency and phase.
The second kind of excitation is produced by means of the edge and can be expressed

in the form of

w(t) = e ) @

by no andyy we have denoted amplitude of excitation and its phase, respectively.
The above equality represents the boundary condition at the edge of membrane.

external exciting force

L

A membrane's surface

»
»

rigid baffle p s rigid baffle

!;\ /v

excitation of the edge

Fig. 1. The configuration of a vibrating system with both kinds of excitations.

For time-harmonic and axisymmetric vibrations a transverse deflection can be for-
mulated as

n(rt) = n(r)e”™", ®)
wheren(r) is a function determining the value of a transverse deflection’s amplitude in

terms of the radial distance.
The equation of motion for the considered source is given by the following formula

0% (r,t)
ot?
whereA, is the radial component of operatér.

Onthe basis of formulae (1), (2), (3), the equation of motion and boundary condition
can be presented in the following form [2, 8]:

TA(r,t) —o = Fy (t), (4)

(TA, + wQU) n(r) = se”, n(a) = noe=4°. (5)

Solving the above equation together with the boundary condition and introducing
the following notations:

u]20'

TkQa T7 A = ka? (6)
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we obtain
Jo(k?’)

am )

n(r) = (noe™"% — fe™¥)

whereJ,, is then-th order Bessel function.

3. The total sound power

The acoustic power is calculated according to the definition

P = 1/2/p(r)v*(r)dS, (8)
S
where o .
ple) = ™ | v(m)exp(fro_'l;(i o) g, ©)
So

is the sound pressure? is the conjugate value for the vibration velocity of membrane’s
points,|r — ry| is the distance from the membrane’s point to a point in the soundfield,
po — rest density of fluid mediunk, ¢ correspondingly denote the wave number and
propagation velocityS, Sy is membrane’s area.

The total sound power radiated by some surface sources can be expressed in its
Hankel representation

T W (z)W*(z)xdx
P = mpockd ) (20)
O/ 7
where .
W(x) = —iw/n(T)Jg(k:ga:r)Tdr (11)

0

is the function characterizing a sourges= 1 — z2for0 < z <1, u = iv/22 — 1 for
1<z<x]6,7].
On the basis of expression (10), the total sound power can be formulated briefly as

P = Pactive - Z.Preactivea (12)

whereP,tive @Nd Preactive denote the active and reactive sound power.
Substituting the solution of the equation of motion into Eq. (11) we get as a result

Wia) = i { e 20D

+(77067i<p0 - feiitp) 52 — p2

adJo(fx) — xJy(Bx) } (13)
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where the following notations have been introduced:

_ _A SN
8 = kpa, 6—5, a—JO()\). (14)
Futher some mathematical calculations lead to
2 4 r2 J2
W (o) = S {0
[0 Jo(Bx) — zJ1(Bz))?
+ (1 +¢% — 2¢cos l) (2 x2)2
—2(gcosl —1) N (fx) aéjo(ﬁ;)__;;h(ﬂx) } , (15)
where:
=7 l=v-w (16)

Since the above notations being dimensionless, they are very convenient for describ-
ing the excitations.

3.1. The active power

The formulation for the active power is derived from formula (10) by performing
integration along the real axis within the limitsc (0, 1) [6]

1
Putve = mpped, [ 17)
11—z
0
Inserting Eq. (15) into (17) and introducing the following notations:
[ J2(Br)d
Py = a2 272 B — / 1\PT xj
0 = ma”pocw” f 1 J i
1
B — / [bodo(Bz) — 2J1(B2)]? zdx
? /o @-eVie? (18)
1
B, = / J1(Bz) (adJo(Bz) — xJ1(Bx)) dx
/ (@ — 02)vi-a? !
A=1+q¢*—2qcosl, B =2(qcosl —1),
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we transform the formula for active power to the form [4]
Pactive = Py (E1 + AEy — BE3) (19)

where the magnitude df, is regarded as a unit of the acoustic power.

The integrals given by formulae (18) can be calculated on the basis of the Levine’s
and Leppington’s method and of the Cauchy’s theorem of residues. It is necessary for
computation to assume thatk 1.

Computing the integrat’; we introduce the function of complex variakle= z+iy,

Fi(2) = L , 20
W= 20)
which satisfies the following conditions:
Jt (Bz) ,
ReF; (z) = —L22 ReF’ =0, 21
1(.I) xm 1(7’y) ( )

where byHr(Ll) we have denoted the first kind;th order Hankel function.

Choosing the suitable, closed path of integratwithin and along which the con-
sidered function is analytical, regular and unique and using the Cauchy’s theorem, we
obtain [1]

j{Fl(z)dz =0. (22)
C

The obtained equation can be transformed to the symbolic form

1 e 0
1
P/+/+/+/=2%ﬁ@%
0 1 Roo 100

where symbolP denotes that the integral within the limits (0,1) is interpreted as the
Cauchy principal value.

The integral computed along the great circle when its radius increases infinitely is
equal to zero. The equality (21) results in the fact that there is also no contribution from
the integral calculated along the imaginary axes [6]. Finally we get

[e.o]

(1)
B = Re{m;ResFl(o)}+/ImJ1(ﬁx)H1 (ﬁx)dx
1

xvr? —1

(23)

The integral within the limit$1, co) can be evaluated using the stationary phase method
and the asymptotes for Bessel functions.
Taking into consideration that

Res, (0) = —%', (24)
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we obtain

_1 cos 7y
E1—2<1+\/ﬂ76>, (25)

where the following notation has been introduced:
v=20+7/4 (26)

The integralsEl; and E5 can be calculated in an analogous way by choosing the
suitable functions and path of integration [1]. For integtalthe following function is

introduced: By(2)
= Zrol\z

where

Fy(2) = o262 1o(B2)HV (Bz) + 2201 (B2) HV (82)
— adz [Jo(gz)H{”(ﬂz) + Jl(ﬁz)Ho(l)(ﬂz)] . (298)

Basing on the Cauchy’s theorem concerning the residues and on the following

relations: )
ImF2(5) . ng((S) . 20 J6] 2
2 =0 m () - 2, 29)
we obtain the final result
E2:1{ 1+a? +(1—a252)c057+35asin'y} (30)
2 | V1I=¢2 VBTA(L —02)
To evaluate the integrdls, the function is introduced in the form
~ Fs(z
F3(z) = 3(2) (31)

(22 —§2) V1=22
where
Fo(2) = 508 [1(B2)H(82) + T(52) BY (52)] — 2182 HD (82). (32)

In this case the path of integration is the same as that used in infégral
Some mathematical calculations lead to

2% gin v 4+ cos vy (33)

B — « N 1 [)\ ]
TTWI_02  BrB(1-62) | B '

The formula (19) together with the formulae (25), (30) and (33) represent the active
sound power radiated by the investigated source.
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3.2. The reactive power

The reactive power can be derived from the integral formulation [8]

22 —

(34)

—_

)
2
Preactive = 7TPOCkO /
1

Computing the above integral we use the stationary phase method and the following
asymptotic formulae for Bessel functions:

1 1
J2(Bz) ~ —— {1 +sin26z}, J3(Bz) ~ —— {1 —sin20z},
0 wlx ) ! wlx (35)
Jo(Bx)J1(Bz) ~ e cos 2(3x.

After some mathematical transformations, the reactive power according to the
Egs. (18), (26) can be expressed in the final form

—a2(1 — 952
Preactive = :TD; {f2 <1 — ;\/gsiny) + [Al 2?1(i 62§5 ) +B] 0O

1 7 [[(4A(6%a2 —1) )
-\ B K - 02 ‘B> o
SA
+ ad (1—62 + B) cosv] } , (36)
where
arcsin §
N=—. 37
M1 — 52 37)

The active and reactive sound power is expressed by the elementary formulae which
are convenient for further numerical calculations.

4. Conclusions

On the basis of the asymptotic formulae for the acoustic power and of the more
general integral formulation (17), (34) we come to a conclusion that both the active
and reactive sound power of the considered source for arbitrary values of parameters:
G, A reach maximum value when the difference of phases between excitation equals
(Fig. 3, 4). Thatis when a transverse deflection of points on the surface of the membrane
and the displacement at the edge have opposite directions.
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For some nearby resonance frequencies we observe a distinct increase of the acous-
tic power (Fig. 5). Neglecting of damping causes that the sound power increases in-
finitely when frequency of the excitations tends to the resonance value.

The acoustic sound power radiated by a source can be controlled by means of se-
lection of appropriate amplitudes, phases and frequency characterizing both kinds of
excitations. The derived formulae, having elementary form, are very useful for some
numerical calculations.
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Fig. 2. The active and reactive sound power plotted in terms of paramgtérfor 5 = 15, 6 = 0.5 and
for some values of the differences between the phases associated with the excitations.
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Fig. 3. The active and reactive sound power in terms of parametes, in the case ofjo/f = 1, 3 = 15.
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reactive

¢ -0, P =Py
Fig. 4. The active and reactive power plotted as a function of paramegtéfsandy — o for g = 15
andé = 0.5.
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Fig. 5. The active acoustic power in termswf- o for frequencies correspondingly near and far from
the resonance wheh= 15, n0/f = 1.
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