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A control of environmental noise hazards requires estimation of uncertainty of
noise indices LDEN, LN. Assessment of the type A standard uncertainty in measure-
ment results – expressed as the standard deviation of the mean, calculated the most
often at the assumption of a normal distribution – is significant for the process.
Such assumption – in relation to the noise measurement results – is of a relatively
low likelihood. Thus, there is a need of looking for non-standard procedures of the
standard deviation estimation of the mean of results, without any information of
belonging to a certain class of distribution.

The aim of the hereby paper is an indication of the possibility of using non-
parametric estimators of a density function in the calculation process of the type A
standard uncertainty of environmental noise hazard indices. An attention was di-
rected towards kernel estimators. The origin of their application, advantages and
the method of constructing was described on the basis of a continuous monitoring
of a traffic noise recorded on one of the main arteries of Kraków in 2004 and 2005.
Usefulness of three forms of estimators, it means: kernel, unbiased and of maximum
likelihood, was analysed.

Keywords: acoustic monitoring of environment, analysis of the results, type A stan-
dard uncertainty in measurements, kernel estimator

1. Introduction

Analysis of acoustic conditions of using advantageously the environment (ac-
cording to the binding regulations in Poland [11], as well as in the European
Union [4]) requires estimation of noise indices LDEN and LN. The problem of
directive guidelines was described in many papers [9, 13]. Estimation of uncer-
tainty of the measurements – when taking into account its significant components
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related to the applied measurement procedures, calibrating the measuring equip-
ment, as well as input function conditions essential in the control process – is
necessary in the calculation of indices. They are distinguished and quantified at
the application of the proper analysis method.

An essential component of uncertainty is the type A uncertainty calculated by
the statistical analysis of series of singular observations, at the assumption that
the results are of a random character being submitted to the normal distribution.
The value, which is an estimation of a standard deviation of an experimental
mean, determined by classic variance estimators, is assigned to it.

The International Standard Organisation (ISO) issued the “Guide to the Ex-
pression of Uncertainty in Measurements” in 1995 [7]. The Polish version of the
Guide was issued by the Central Office of Measures in 1999 [3]. This allowed
a unified approach to several problems related to the subject. The Guide com-
prehensively explains the principles of determining uncertainty in measurements
of repeatable values.

However, the application of its recommendations in respect of the estima-
tion of the type A standard uncertainty of noise hazard indices in environment
is rather dubious. As it results from papers: Wszołek, Kłaczyński [15] as
well as Batko, Stępień [1], the assumption of a normal distribution of mea-
surement results is difficult to be accepted. This is confirmed by the analysis of
the measurement results of a traffic noise, which in significant majority required
the rejection of the hypothesis concerning the possibility of using the normal
distribution for the description. Extra-statistical information in relation to the
occurrence of certain noise expositions in environment, especially in night hours
(more than one maximum) also discredit this assumption.

An application of classic solutions of identification of probability distribution
for the tested noise indices, allowing to estimate their type A uncertainty, is ren-
dered difficult due to the fact that there are no likelihood indications on its form
in the scientific literature. Therefore the authors propose to apply non-parametric
statistical methods [5], allowing to determine the distribution of a random vari-
able without any information of its belonging to the defined distribution class.
Non-parametric estimation, especially kernel estimation [10], initiated by works
of Rosenblatt [14] and Parzen [12] is an approach, which is based on a di-
rect estimation of an unknown density function of random variable on the basis
of data contained in a sample without postulating a priori the defined prob-
ability distribution function. Thus, it meets the requirements of the problem
considered.

Properties of the proposed approach to the problem of estimation of the
type A uncertainty of noise indices as well as the results of testing the use-
fulness of kernel estimators in the calculating process constitute the subject of
the hereby paper. Considerations are illustrated by assessments of uncertainty in
the continuous monitoring of traffic noise recorded on one of the main arteries of
Kraków in 2004 and 2005.



Non-Parametric Methods of Estimation of Type A Uncertainty. . . 297

2. Indices of environmental noise hazards

Directive 2002/49/EC of the European Parliament and of the Council relating
to the assessment and management of environmental noise, was established on
25th June 2002.

One of the most important regulations of the Directive and following it the
domestic legal acts – is an obligatory introduction of the realisation of acoustic
maps.

In order to guarantee a uniform form and contents of such maps as well as
the comparability of results the maps must be based on the common indices
determined in the regulations:
• LDEN – day-evening-night sound A level, dB, defined via sound level values

determined in the characteristic day-times given by the equation [6]:

LDEN = 10 log
[

1
24

(
12× 100.1LD + 4× 100.1(LE+5) + 8× 100.1(LN+10)

)]
, (1)

where LD – day sound A level, determined within the whole day period, under-
stood as the time interval from 6:00 a.m to 6.00 p.m., dB, LE – evening sound
A level, determined within the evening period, understood as the time interval
from 6:00 p.m. to 10 p.m., dB, LN – night sound A level, determined within the
whole night, understood as the time interval from 10:00 p.m to 6.00 a.m., dB,
LD, LE, LN values needed for the determination of LDEN, can be calculated from
the following dependency [6]:

LD,E,N = 10 log

[
1
N

N∑

i=1

100.1(LAeq,T )
i

]
, (2)

where N – number of samples, (LAeq,T )i – time equivalent of sound A for the
i-th sample, dB.
• LN – night sound A level, dB.

It should be mentioned, that the above given noise index LN, being one of the
parameters for calculating LDEN level, is simultaneously the second index used
for the preparation of acoustic maps and it can be calculated from Eq. (2).

3. Kernel density estimation for mean standard deviation estimation
– as the type A uncertainty measure

When one is delivering the measurement result of a physical quantity he
should also provide quantitative information on the result quality to enable the
user of the result to estimate its likelihood. Without such information the mea-
surement results cannot be compared neither with each other nor with the ref-
erence ones given in the specification or in the standard. Thus, the procedure of
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calculating and expressing uncertainty, convenient in application, easily under-
stood and generally accepted, is really needed, [3].

Components of uncertainty of measurement results can be grouped into two
categories according to the way of calculating their numerical values:
• type A method – calculated by statistical methods,
• type B method – calculated by other methods.

Category A components are characterised both by the variance estimate and
by the standard deviation of the mean value. Trials of determination of the es-
timate of standard deviation of the expected value, which can be found from
Eq. (3) [3] were undertaken in the hereby paper:

s (x) =

√
s2 (xk)

n
, (3)

where s2(xk) – experimental variance of a random sample, n – sample size.
The experimental variance was – for the needs of this paper – determined by

three estimation methods in order to check an influence of the selected method
on the value of the estimated parameter.

The method of the kernel density estimation – belonging to the group of non-
parametric methods – was used as the first one. The kernel density estimator was
determined according to [10]:

f̂(x) =
1

nh

n∑

k=1

K

(
x− xk

h

)
, (4)

where K – kernel function. A normal kernel function determined by the following
equation was used in the paper:

K =
1√
2π

exp
(
−x2

2

)
, (5)

h – smoothing parameter, xk – elements of a random sample.
On the basis of the kernel density estimation the experimental variance of the

random sample was determined from the dependency [8]:

s2(xk) =

+∞∫

−∞

(
x− Ê(x)

)2
f̂(x) dx, (6)

where Ê(x) – estimate of the expected value, determined from the equation:

Ê(x) =

+∞∫

−∞
x f̂(x) dx, (7)

f̂(x) – kernel density estimator determined on the basis of Eq. (4).



Non-Parametric Methods of Estimation of Type A Uncertainty. . . 299

An unbiased estimator, properly describing a normal distribution variance,
was used for determining the estimate of the experimental variance [8]:

s2(xk) =
1

n− 1

n∑

k=1

(xk − x)2, (8)

where x – mean value in a sample.
In order to compare estimates determined by means of an unbiased esti-

mator (8) with biased estimators using maximum likelihood estimator – be-
longing to the group of biased estimators – was decided. This estimator is in
a form [8]:

s2(xk) =
1
n

n∑

k=1

(xk − x)2. (9)

4. The results of analysis

Noise hazard indices in the environment, which means day, evening and night
levels of sound A, as well as day-evening-night level, were determined on the
bases of the equivalent sound A levels recorded by the continuous monitoring
acoustic station operating in Krasiński Avenue in Kraków in the year 2004 and
2005.

On the basis of the obtained results the kernel estimators of a probability
density function (4) with using a normal kernel function (5) for the mentioned
above indices, which are presented in Figs. 1 and 2 together with histograms for
the year 2004 and 2005, were determined.

Estimates of the expected value Ê(x) on the basis of Eq. (7) were also calcu-
lated and compared with the mean value determined on the basis of the random
sample of the twenty-four hours indices of environmental noise hazards. The re-
sults are presented in the table below.

As can be seen from Table 1, the estimate of the expected value is equal the
mean value – made even to four places after the dot. This confirms the statement,
that the arithmetic mean from a sample, regardless of the distribution of the
variable under testing, is the most effective estimator of the mean value from the
population in the class of unbiased estimators of this parameter [5].

Then the type A standard uncertainty was determined on the basis of Eq. (3),
while the experimental variance estimate value of the random sample (appear-
ing in the numerator (3)) was determined by means of three different estima-
tors:

• estimator 1 – kernel estimator of the form (6),
• estimator 2 – unbiased estimator of the form (8),
• estimator 3 – maximum likelihood estimator of the form (9).

The results are listed in Table 2.
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Fig. 1. Kernel density estimators together with histograms (2004) for: a) day level, b) evening
level, c) night level, d) day-evening-night level.

Fig. 2. Kernel density estimators together with histograms (2005) for: a) day level, b) evening
level, c) night level, d) day-evening-night level.
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Table 1. Comparison of the estimate of the expected value with the mean value of indices.

Year 2004
Index Expected value Ê(x) [dB] Mean value x̄ [dB]
LD 73.6382 73.6382
LE 72.9380 72.9380
LN 69.3742 69.3742

LDEN 77.0914 77.0914
Year 2005

Index Expected value Ê(x) [dB] Mean value x̄ [dB]
LD 72.2828 72.2828
LE 71.7527 71.7527
LN 68.5019 68.5019

LDEN 76.0702 76.0702

Table 2. Type A, standard uncertainty.

Year 2004
Index Estimator 1 [dB] Estimator 2 [dB] Estimator 3 [dB]
LD 0.0662 0.0648 0.0647
LE 0.0556 0.0544 0.0544
LN 0.0589 0.0573 0.0573

LDEN 0.0511 0.0500 0.0499
Year 2005

Index Estimator 1 [dB] Estimator 2 [dB] Estimator 3 [dB]
LD 0.1472 0.1443 0.1440
LE 0.1470 0.1445 0.1442
LN 0.1183 0.1152 0.1150

LDEN 0.1242 0.1215 0.1213

The results given in Table 2 allow to state, that the standard deviation of
the expected value determined by means of the kernel estimator is of a higher
value than the ones determined by means of other estimates. Type A standard
uncertainty determined by means of the unbiased and maximum likelihood esti-
mator was in the year 2004 of a very similar value. However – in the year 2005
– the uncertainty values determined by means of the unbiased estimator were
higher than the ones determined by means of the maximum likelihood estimator
(belonging to the group of biased estimators). This is the most probably caused
by the bimodal distribution of noise hazard indices in the year 2005, contrary to
the distribution of indices in 2004, what can be noticed when comparing Fig. 1
and Fig. 2.
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5. Conclusions

As can be seen from the performed investigations the possibility of applying
kernel estimators for the determination of the type A uncertainty – presented
in the hereby paper – seems to be a promising tool for calculating errors in the
measuring process of assessing noise hazards in the environment. This enriches
the existing – in this scope – calculating algorithms, making them more likelihood
due to the realization assumptions accompanying their application.

Conceptual approach to constructing kernel estimators is natural, interpre-
tively clear, and its form is suitable for the mathematical analysis [2].

The statement, that the arithmetic mean of the sample is the most effec-
tive estimator of the population mean in the class of unbiased estimators, was
confirmed by the performed calculations.

Values of the type A uncertainty, determined by means of the kernel estimator
are higher than the values obtained by means of the unbiased and the maximum
likelihood estimators. As the result the probability, that the measured real value
will be contained within the assigned range, increases, which – in turn – decreases
the risk of committing the 1st degree error.
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