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The axisymmetric problem of acoustic impedance of a vibrating annular piston embedded into a flat
rigid baffle concentrically around a semi-infinite rigid cylindrical circular baffle has been undertaken in
this study. The Helmholtz equation has been solved. The Green’s function valid for the zone considered
has been used for this purpose. The influence of the semi-infinite cylindrical baffle on the piston’s acoustic
impedance has been investigated. The acoustic impedance has been presented in both forms: integral and
asymptotic, both valid for the steady harmonic vibrations. Additionally, the acoustic impedances of the
piston with and without the cylindrical baffle have been compared to one another. In the case without
the cylindrical baffle some earlier results have been used.

Keywords: Neumann boundary value problem; annular piston; acoustic impedance; semi-infinite cylin-
drical circular rigid baffle.

1. Introduction

The problems of scattering of acoustic waves on ob-
stacles are important from the practical point of view,
e.g. in the ultrasound imaging, in the exploration of
the sea bottom, etc. The analytical methods as well
as the numerical ones are widely used (Faran, 1951;
Hasheminejad, Alibakhshi, 2006; Martin, 2011;
Stanton, 1992). Analyzing the sound radiation by
sound sources located in the vicinity of the obstacles is
also important and the results obtained are useful in
designing the ultrasound transducers, sonars, etc. The
sound radiation phenomena of single flat sources and
of systems of such sources located on a flat rigid baf-
fle have been thoroughly examined. Mainly, the acous-
tic pressure and the acoustic impedance of the vibrat-
ing pistons, membranes and plates have been focused
(Arenas, 2008; Hashimoto, 2001;Kozień, Wiciak,
2009; Kozupa, Wiciak, 2011; Lee, Singh, 2005; Le-
niowska, 2008; Levine, Leppington, 1988; Mer-
riweather, 1969; Rdzanek, 1992; Rdzanek et al..
2010; 2011; Stepanishen, 1974; Szemela et al., 2011;
Thompson, 1971).

So far, the sound radiation made by a vibrating an-
nular piston located on a flat rigid baffle concentrically
around a semi-infinite rigid cylindrical circular baffle
has not been analyzed. The Green’s function presented
by Rdzanek, Rdzanek, and Różycka (2007) can be
used in the analysis of the problem. This function has
been adapted specifically for the sources located on
the semi-infinite cylindrical baffle being perpendicular
to the flat rigid baffle. However, it has been shown that
under some conditions it can also be used for sources
placed on the flat rigid baffle. In this study, the prob-
lem of the acoustic impedance of a source located on
a flat rigid baffle around a semi-infinite cylindrical cir-
cular baffle has been undertaken. The solution of this
problem is useful when the radiated acoustic wave-
lengths are much smaller than the cylindrical baffle
radius. Moreover, the influence of an actual cylindrical
baffle of finite height on the generated sound field will
be similar to the influence of the baffle of semi-infinite
height if the actual height is big enough as compared
with the radiated wavelengths. Both kinds of formu-
lations, integral and asymptotic, have been obtained
for the acoustics impedance of the piston’s harmonic
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steady vibrations, and both are useful for numerical
calculations.

2. Governing equations

2.1. Acoustic pressure

The axisymmetric Neumann boundary value prob-
lem has been considered for the following zone

Ω = {a ≤ r <∞, 0 ≤ z <∞}
bounded by the infinite flat rigid baffle for z = 0, and
by the semi-infinite cylindrical circular rigid baffle of
radius a arranged perpendicularly to the flat baffle (cf.
Fig. 1). A vibrating annular piston has been located
on the flat baffle concentrically around the cylindri-
cal one. The harmonic time dependence v(r, z, t) =
v(r, z) exp(−iωt) has been used for the vibration ve-
locity of the piston as well as of the acoustic particles
where ω is the circular frequency and i2 = −1. It has
been assumed that the wave processes are steady in
time t which allows conducting any further considera-
tions in the amplitude form valid for a single fixed cir-
cular frequency ω. It has also been assumed that the
processes are axisymmetric which is possible when the
axial symmetry is preserved according to the cylindri-
cal baffle and to the acoustic particle velocity distribu-
tion around the baffle. The zone Ω has been filled with
the perfectly elastic light fluid, e.g. air. The following
Neumann boundary conditions

∂

∂r
G(r, z|r0, z0)

∣∣∣∣
r0=a

= 0,

∂

∂z
G(r, z|r0, z0)

∣∣∣∣
z0=0

= 0

(1)

Fig. 1. A vibrating annular piston located on the flat rigid
baffle concentrically around a semi-infinite cylindrical cir-

cular rigid baffle.

are satisfied at the boundary SΩ of the zone Ω
which, together with the Sommerfeld radiation con-
dition (Rubinowicz, 1971), leads to the Green’s func-
tion in the following two spectral forms

G1(r, z|r0, z0) =
ik

2π

∞

−
∫

0
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√
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√
1−u2)

]
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√
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√
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·H(1)
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(2)

for two sub-zones {a ≤ r ≤ r0 < ∞, 0 ≤ z, z0 < ∞}
and {a ≤ r0 ≤ r < ∞, 0 ≤ z, z0 < ∞} of the zone
Ω, respectively, where (r, z) and (r0, z0) are the coor-
dinates of the observation and the source points, Jν ,
Yν , H

(1)
ν are the Bessel function, the Neumann func-

tion and the Hankel function of the first kind, all of the

order ν = 0, 1, and −
∫
denotes the principal value. The

Green’s function in Eqs. (2), which has been presented
earlier by Rdzanek, Rdzanek, andRóżycka (2007),
is the solution of the following non-homogeneous ax-
isymmetric Helmholtz equation

(∆ + k2)G(r, z|r0, z0) = −1

r
δ(r − r0) δ(z − z0) (3)

and satisfies the Neumann boundary conditions in
Eqs. (1) whereas the integration contour has been pre-
sented in Fig. 2.

Fig. 2. The integration contour on the complex variable
plane u = u′ +iu′′ = |u| exp(iϕ) for the Green’s function in

Eqs. (2).

Further, a vibrating surface sound source has been
located on the boundary SΩ for z0 = +0. In this case,
the above mentioned Green’s function can be used to
calculate the acoustic pressure amplitude by applying
the integral Helmholtz-Huygens equation. The acous-
tic pressure has been formulated as (Morse, Ingard,
1968)
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p(r, z) = −ik̺0c

∫

S0

vn(r0)G(r, z|r0,+0) dS0, (4)

where vn(r0) = n · v(r0) is the normal component of
the source vibration velocity v(r0), n is the unit vec-
tor normal to the source’s surface S0 and dS0 is the
element of this surface. It has been assumed that the
source of the fluid disturbance is a vibrating axisym-
metric annular piston of its internal and external radii
a1 and a2, respectively. The normal vibration veloc-
ity amplitude of the piston is v0 = |v0| exp(iϕ0) where
|v0| is the modulus and ϕ0 is the initial phase. Ad-
ditionally, it has been assumed that the amplitude
is fixed along the entire surface of the vibrating pis-
ton, i.e. |v0| = const and ϕ0 = const whereas on the
grounds of Huygens’s principle it has been assumed
that vn(r0) ≡ v0 for a1 ≤ r0 ≤ a2 and z0 = +0
(Morse, Ingard, 1968). The piston is located on the
flat rigid baffle for z0 = +0, concentrically around the
cylindrical circular baffle. The case under considera-
tion requires that the acoustic pressure amplitude be
formulated separately for the following three sub-zones

ΩI = {a ≤ r ≤ a1, 0 ≤ z},

ΩII = {a1 ≤ r ≤ a2, 0 ≤ z},

ΩIII = {a2 ≤ r <∞, 0 ≤ z}

of the zone Ω (the sub-zones have been separated with
the dashed vertical lines in Fig. 1), and the acoustic
pressure consecutively assumes the form of

pI(r, z) =− 2πi k̺0c v0

a2∫

a1

G1(r, z|r0, 0) r0 dr0

for (r, z) ∈ ΩI,

pII(r, z) =− 2πi k̺0c v0

r∫

a1

G2(r, z|r0, 0) r0 dr0

− 2πi k̺0c v0

a2∫

r

G1(r, z|r0, 0) r0 dr0

for (r, z) ∈ ΩII,

pIII(r, z) =− 2πi k̺0c v0

a2∫

a1

G2(r, z|r0, 0) r0 dr0

for (r, z) ∈ ΩIII,

(5)

where S0 = πa21 (s
2 − 1) is the annular piston’s area,

and s = a2/a1 ∈ (1,∞) is the quotient of its both
radii, external and internal, respectively.
The acoustic pressure amplitude in the sub-zone

ΩII for a given radial coordinate r has been presented

as a superposition of the two acoustic pressure am-
plitudes as suggested by Rdzanek, Rdzanek, and
Różycka (2007). Both amplitudes have been obtained
using the Green’s function from Eqs. (2). One of them
has been obtained using Eq. (2)1 for r ≤ r0 and the
other one using Eq. (2)2 for r0 ≤ r.
The acoustic pressure amplitude has been obtained

by solving the following homogeneous Helmholtz equa-
tion

(∆ + k2) p(r, z) = 0 (6)

within the entire zone Ω. Further, the Green’s function
has been inserted to the acoustic pressure amplitude,
yielding

pI(r, z) = ̺0cv0ka1
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(7)

where s1 = a/a1 ∈ [0, 1] is the quotient of the cylin-
drical circular baffle’s radius and the annular piston’s
internal radius, and

Ĵ1(s, u) = sJ1(su)− J1(u),

Ĥ
(1)
1 (s, u) = sH

(1)
1 (su)−H

(1)
1 (u).

(8)

The first term in Eq. (7)2 has been obtained us-
ing the following Wronskian (Watson, 1944) and the
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Hilbert transform of the cosine function (Bracewell,
1999)

J1(u)H
(1)
0 (u)− J0(u)H

(1)
1 (u) =

2i

πu
,

2

π

∞

−
∫

0

cos(kzu) du

1− u2
= sin(kz),

(9)

for 0 ≤ z and 0 < k. It can be proved that the continu-
ity conditions of the acoustic pressure amplitude and
of its gradient are satisfied at the boundaries of the
three considered sub-zones, i.e. at r = a1 and r = a2
for 0 < z <∞

pI(a1, z) = pII(a1, z),

∇pI(r, z)
∣∣∣
r=a1

= ∇pII(r, z)
∣∣∣
r=a1

,

pII(a2, z) = pIII(a2, z),

∇pII(r, z)
∣∣∣
r=a2

= ∇pIII(r, z)
∣∣∣
r=a2

.

(10)

The Hilbert transform of the sine function
(Bracewell, 1999)

2

π

∞

−
∫

0

sin(kzu)u du

1− u2
= − cos(kz), (11)

for 0 < z and 0 < k has been used for this pur-
pose. Obviously, satisfying the continuity conditions
from Eqs. (10) is necessary to assure that the acoustic
pressure p(r, z) from Eqs. (7) can be the solution of
the Helmholtz equation (6).

2.2. Acoustic power in the integral form

The time averaged acoustic power is equal to the to-
tal flux of acoustic intensity pv∗ passing through a sur-
face enclosing the source of fluid disturbance (Morse,
Ingard, 1968). The impedance approach has been
used while calculating the acoustic power, i.e. the en-
closing surface S has been selected near the surface S0

of a vibrating piston for z = +0. The acoustic power
Π and the reference power Π(∞) assume the following
forms

Π =
1

2

∫

S

pv∗ndS = πv∗0

a2∫

a1

pII(r,+0) r dr,

Π(∞) = lim
k→∞

Π0 =
1

2
̺0c

∫

S

|vn|2dS

=
1

2
̺0c|v0|2S0,

(12)

where pv∗n dS = p (v∗ · dS) = p (v∗ · n)dS, v∗n ≡ v∗0 ,
∗ denotes the conjugate value, n is the unit vector nor-
mal to the surface S, dS is the element of this sur-
face, pII(r,+0) is the acoustic pressure amplitude from
Eq. (7)2 valid for a1 ≤ r ≤ a2 and z = +0. The sur-
face S is equivalent to the surface S0 over which the
integration has been performed in Eq. (4) while calcu-
lating the acoustic pressure amplitude. The normalized
acoustic impedance has been formulated as follows

ζ =
Π

Π(∞)
=

2

s2−1

∞

−
∫
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H(s, s1, ka1
√
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du
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0
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√
1− u2)

du

1−u2

+
2

s2−1

∞∫

1

K(s, s1, ka1
√
u2 − 1)

du

1−u2 , (13)

where

H(s,s1, u) = sH
(1)
1 (su)Ĵ1(s, u)− Ĥ

(1)
1 (s, u)

·
[
J1(u) +

J1(s1u)

H
(1)
1 (s1u)

Ĥ
(1)
1 (s, u)

]
,

K(s,s1, u) = −2i

π

{
sK1(su)Î1(s, u)

− K̂1(s, u)
[
I1(u) +

I1(s1u)

K1(s1u)
K̂1(s, u)

]}

(14)

and

Î1(s, u) = sI1(su)− I1(u),

K̂1(s, u) = sK1(su)−K1(u).
(15)

The last form in Eq. (13) is useful for numerical cal-
culation since the singular points appear only at the
boundaries of integration interval.
In the limiting case when s1→1, Eqs. (14)1 and

(14)2 simplify to

lim
s1→1

H(s,s1, u) = s2
H

(1)
1 (su)

H
(1)
1 (u)

·
[
J1(su)H

(1)
1 (u)− J1(u)H

(1)
1 (su)

]
,

lim
s1→1

K(s,s1, u) = −2i

π
s2
K1(su)

K1(u)

·
[
I1(su)K1(u)− I1(u)K1(su)

]
.

(16)

Further, the following substitution has been per-
formed

√
1−u2 = x yielding
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ζ = ζ1 + ζ2 ≡ θ − iχ,

ζ1 =
2

s2−1
−
∫

L1

F1(s, ka1
√
1−u2) du

1−u2

=
2

s2−1
−
∫

L2

F1(s, ka1x) dx

x
√
1−x2

,

ζ2 =
2

s2−1
−
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L1

F2(s, s1, ka1
√
1−u2) du

1−u2

=
2

s2−1
−
∫

L2

F2(s, s1, ka1x) dx

x
√
1−x2

,

(17)

where θ = Re ζ is the normalized radiation resistance,
χ = − Im ζ is the normalized radiation reactance, and

F1(s, u) = sH
(1)
1 (su)Ĵ1(s, u)−J1(u)Ĥ(1)

1 (s, u),

F2(s, s1, u) = − J1(s1u)

H
(1)
1 (s1u)

[
Ĥ

(1)
1 (s, u)

]2 (18)

with the integration contours L1 =
−−→
AB+

−−→
CD and L2 =−−→

AB +
−−→
CD presented in Figs. 3a and 3b, respectively.

The integrals in Eqs. (17) are the principal values.
The component ζ1 represents the acoustic radiation

impedance of a vibrating annular piston located on
a flat rigid baffle without the cylindrical circular baffle
whereas the component ζ2 represents the correction for
the presence of the cylindrical circular baffle since for
s1 → 0 (which is equivalent with a→ 0) the cylindrical
baffle vanishes completely, and

lim
s1→0

J1(s1u)

H
(1)
1 (s1u)

= lim
s1→0

I1(s1u)

K1(s1u)
= 0

for u on the contours L1 and L2 or within their interi-
ors.
The integrals in Eqs. (17) are useless for numerical

calculations. Therefore, they have been formulated as
follow

ζ1 = 1− 2i

s2−1

∞∫

0

F1(s, ka1
√
1+y2) dy

1+y2

= 1− 2i

s2−1

∞∫

1

F1(s, ka1x) dx

x
√
x2−1

,

ζ2 = − 2i

s2−1

∞∫

0

F2(s, s1, ka1
√
1+y2) dy

1+y2

= − 2i

s2−1

∞∫

1

F2(s, s1, ka1x) dx

x
√
x2−1

(19)

a)

b)

Fig. 3. The integration contours in Eqs. (17) for r → ∞ and
ǫ → 0 on the complex variable planes u = u′ +iu′′ and x =
x′+ix′′, respectively. key: solid line – open contours l1 and
l2, dashed line – complementary parts of the corresponding

closed curves.

by using the Cauchy’s theorem (cf. Appendix A). The
obtained formulations are free of the inconvenient sin-
gularities and further they will be used in both analy-
ses: theoretical and numerical.

2.3. Sound radiation without the cylindrical
circular baffle

Applying the proper substitution and the Cauchy’s
theorem it can be proven that the integral formulations
(17)2 and (19)1 for ζ1 are equivalent with those pre-
sented earlier by Merroweather (1969); Stepan-
ishen (1974);Thompson (1971) (cf. Appendix A) and
represent the acoustic impedance of a vibrating annu-
lar piston located on the flat rigid baffle. The analysis
of this quantity will be presented in a shortened form
in order to show how the literature results can be used
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to partially express the acoustic impedance of the pis-
ton, with the semi-infinite cylindrical baffle added, in
the elementary non integral form. The axisymmetric
Green’s function for the zone Ω′ = {0 ≤ z, z0 = +0}
located above the flat rigid baffle for z = +0 has been
formulated as follows (Morse, Ingard, 1968)

G(r, z|r0,+0) =
ik

2π

∞

−
∫

0

exp(ikz
√
1−x2)

· J0(krx)J0(kr0x)
xdx√
1−x2

(20)

with the integration contour presented in Fig. 2.
This function is the solution of the non homogeneous
Helmholtz equation within the zone Ω′. The acoustic
pressure amplitude has been formulated as

p(r, z) = −2πi k̺0c v0

a2∫

a1

G(r, z|r0,+0) r0 dr0

= k2̺0c S0

∞

−
∫

0

exp(ikz
√
1−x2)

· J0(krx)M(x)
xdx√
1−x2

, (21)

where S0 = πa2 (s2 − 1) is the area of the vibrating
annular piston, s = a2/a1 and

M(x) =
v0
S0

a2∫

a1

J0(kr0x) r0 dr0

=
v0a1
S0kx

[
sJ1(ska1x)− J1(ka1x)

]
.

(22)

The acoustic power has been formulated as follows

Π1 = πk2̺0c S
2
0

∞

−
∫

0

M(x)M∗(x)
xdx√
1−x2

(23)

according to the definition in Eq. (12)1, the reference
power has been already defined in Eq. (12)2 whereas
the normalized acoustic impedance has been formu-
lated as

ζ1 =
2

s2 − 1

∞

−
∫

0

[
sJ1(ska1x)− J1(ka1x)

]2

· dx

x
√
1−x2

(24)

according to the definition in Eq. (13). The above in-
tegral can expressed as the sum of three integrals.
The two of them represent the normalized acoustic
impedance of the vibrating circular pistons of radii a2

and a1. The exact non integral impedance formulation
of such sources

∞

−
∫

0

2J2
1 (bx) dx

x
√
1−x2

= 1− J1(2b)

b
− i

H1(2b)

b
(25)

has been presented earlier, e.g. byMorse and Ingard
(1968); Thompson (1971), for 0 < b, where H1 is the
Struve function of the first order, and the integration
contour has been presented in Fig. 2. This expression
represents the acoustic impedance of a vibrating cir-
cular piston of radius b located on the flat rigid in-
finite baffle. It is worth noticing that an interesting
approximation for the Struve function has been pro-
posed by Janssem (2003). This approximation is valid
within the entire range of the argument and makes the
numerical computations considerably faster. Applying
Eq. (25) yields the following, partially non integral,
formulation

ζ1 =
−1

(s2 − 1) ka1

{
sJ1(2ska1) + J1(2ka1)

+ i
[
sH1(2ska1) +H1(2ka1)

]}
+
s2 + 1

s2 − 1

− 4s

s2 − 1

∞

−
∫

0

J1(ska1x)J1(ka1x) dx

x
√
1−x2

(26)

for the acoustic impedance from Eq. (24). Unfortu-
nately, the integral appearing in the above formulation
can not be formulated in the non integral form since
it contains the product of the two Bessel functions
of the two different arguments, ska1x and ka1x, for
1 < s. The acoustic impedance approximations valid
for small values of the wave parameter ka1 have been
presented earlier byMerriweather (1969); Stepan-
ishen (1974); Thompson (1971) whereas for big val-
ues of this parameter the method of contour integral
should be used in a similar way as it has been per-
formed in the analysis of sound radiation by a vi-
brating circular plate (Levine, Leppington, 1988;
Rdzanek, 1992, cf. also Appendix 4.). First, the inte-
gral has been formulated as

4s

s2 − 1

∞

−
∫

0

J1(ska1x)J1(ka1x) dx

x
√
1−x2

=
4s

s2 − 1

1∫

0

J1(ska1x)J1(ka1x) dx

u
√
1−x2

− 4is

s2 − 1

∞∫

1

J1(ska1x)J1(ka1x) dx

x
√
x2−1

. (27)

The asymptotic value of the integral

∞∫

1

can be calcu-

lated immediately using the stationary phase method.
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However, calculating the asymptotic value of the inte-

gral

1

−
∫

0

requires analyzing the following contour inte-

gral

−
∫

L

F (x) dx

x
√
1−x2

= 0, (28)

where L is the closed Jordan curve on the plane of
complex variable x (denoted with the solid and dashed
lines in Fig. 3b), and the following function

F (x) =
4s

s2 − 1
J1(ka1x)H

(1)
1 (ska1x) (29)

is analytic on the curve L and inside it. It is worth
noticing that using the Green’s function from Eqs. (2)
(presented earlier by Rdzanek et al., 2007) yields the
function from Eq. (29) directly in such a form that
the argument of the Hankel function is equal to or
greater than the argument of the Bessel function which
is the sufficient convergence condition of the integral in
Eq. (28) whereas it was necessary to construct a similar
function in the special way to assure the convergence of
a contour integral similar as in the studies by Levine
and Leppington (1988); Rdzanek (1992). The inte-
gral from Eq. (28) can be formulated as

1∫

0

F (x) dx

x
√
1−x2

− πi

2
Res
x=0

[
F (x)

x
√
1−x2

]

+

∞∫

1

F (x) dx

−ix
√
x2−1

+

0∫

∞

−F (iy) dy
y
√
1+y2

= 0 (30)

given that lim
R→∞, ǫ→0

−
∫

y

EF

= 0 in the virtue of the Jordan

lemma, lim
ǫ→0

−
∫

y

CD

= 0 due to vanishing of the residue

at point x = 1, and lim
ǫ→0

−
∫

y

AB

is equal to one fourth of

the residue at point x = 0 where the first order pole
appears. Taking the real part of Eq. (30), and using

the fact that lim
ǫ→0

Re−
∫

−→
FA

= 0 since ReF (iy) = 0, yields

Re

1∫

0

F (x) dx

x
√
1−x2

=
4s

s2−1

1∫

0

J1(ska1x)J1(ka1x) dx

x
√
1−x2

= Re

{
πi

2
Res
x=0

[
F (x)

x
√
1−x2

]}

+

∞∫

1

Im[F (x)] dx

x
√
x2−1

. (31)

After inserting into Eq. (27) it has been obtained that

4s

s2−1

∞

−
∫

0

J1(ska1x)J1(ka1x) dx

x
√
1−x2

=
2

s2−1

− 4is

s2−1

∞∫

1

J1(ka1x)H
(1)
1 (ska1x) dx

x
√
x2−1

(32)

which inserted to Eq. (26) results in

ζ1 =1− 1

(s2−1)ka1

{
sJ1(2ska1) + J1(2ka1)

+ i [sH1(2ska1) +H1(2ka1)]
}

+
4is

s2−1

∞∫

1

J1(ka1x)H
(1)
1 (ska1x) dx

x
√
x2−1

. (33)

This equation has been formulated partially in an ele-
mentary form and partially in an integral form, and is
it useful for numerical calculations of the normalized
acoustic impedance of a vibrating annular piston lo-
cated on a flat rigid baffle. The asymptotic formula for
the integral in the above equation has been obtained
using the following asymptotic expansion (cf. Eq. (48))

4isJ1(ka1x)H
(1)
1 (ska1x) = − 4

√
s

πka1x

·
{
exp[i(s+1)ka1x]− i exp[i(s−1)ka1x]

}

+
3
√
s

2π(ka1)2x2

{
exp[i(s−1)ka1x]

− i exp[i(s+1)ka1x]
}
+O[(ka1x)

−3] (34)

which has been inserted to the definite integral in
Eq. (33). Further, the asymptotic stationary phase
method has been used (cf. Appendix B), and the fol-
lowing substitution x2 = 1+w2 has been applied, giv-
ing

ζ1 =1− 1

(s2−1)ka1

{
sJ1(2ska1) + J1(2ka1)

+ i [sH1(2ska1) +H1(2ka1)]
}

− 2
√
2s

(s2−1)ka1
√
π

·
{(

1 +
3i

8ka1

)
exp{i[(s+ 1)ka1 + π/4]}√

(s+ 1)ka1

−
(
i +

3

8ka1

)
exp{i[(s− 1)ka1 + π/4]}√

(s− 1)ka1

+O
[
(ka1)

−1
]
}

(35)
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which represents the asymptotic formulation of the
acoustic impedance of a vibrating annular piston lo-
cated on the flat rigid baffle. It is valid for big values
of the wave parameter 1 ≪ ka1. It is worth noticing
that this formulation has been expressed partially in
the exact form, using the Bessel and Struve functions,
both of the first order, and partially in the asymptotic
form.

2.4. Correction for the cylindrical circular baffle

The cylindrical circular baffle become influencing
the sound radiation when 0 < a. In this case, the
correction ζ2 from Eqs. (17)3 and (19)2 should be in-
cluded. It can be formulated as follows

ζ2 =
2i

s2−1

∞∫

1

J1(s1ka1x)

H
(1)
1 (s1ka1x)

·
[
Ĥ

(1)
1 (s, ka1x)

]2 dx

x
√
x2−1

.

(36)

After expanding according to Eq. (8)2, the above inte-
grand contains the products of two cylindrical func-
tions of two different arguments (cf. Eqs. (8)2 and
(18)2), and therefore it is not possible to find the ex-
act formulation for the corresponding integral. The
integral formulation for the correction as well as the
asymptotic formulation have not been presented ear-
lier. In order to find the asymptotic one, the same pro-
cedure is to be conducted as in Subsec. 2.3. with the
exception that now the residue at x = 0 is equal to zero
and the asymptotic formulation of the definite integral
has been calculated using the following asymptotic ex-
pansion (cf. Eq. (48))

2i
J1(s1ka1x)

H
(1)
1 (s1ka1x)

[
Ĥ

(1)
1 (s, ka1x)

]2
≈ 2

πka1x

·
(
−s exp(2iska1x) + 2

√
s exp[i(s+1)ka1x]

− exp(2ika1x) + is exp[2i(s−s1)ka1x]− 2i
√
s

· exp[i(s+1−2s1)ka1x] + i exp[2i(1−s1)ka1x]
)

+
6i

8π(ka1x)2

(
− s exp(2iska1x)

+ 2
√
s exp[i(s+1)ka1x]− exp(2ika1x)

− is exp[2i(s−s1)ka1x]

+ 2i
√
s exp[i(s+1−2s1)ka1x]

− i exp(2i(1−s1)ka1x)
)
. (37)

Further, the zero expansion term of the stationary
phase method has been used giving

ζ2 =

√
2

(s2−1)ka1
√
π

{
−
(
1 +

3i

8ka1

)

·
(
s
exp[i(2ska1+π/4)]√

2ska1
− 2

√
s

· exp{i[(s+1)ka1+π/4]}√
(s+1)ka1

+
exp[i(2ka1+π/4)]√

2ka1

)

+

(
i +

3

8ka1

)(
s
exp[i(2(s−s1)ka1+π/4)]√

2(s−s1)ka1

− 2
√
s
exp{i[(s+1−2s1)ka1+π/4]}√

(s+1−2s1)ka1

+
exp[i(2(1−s1)ka1+π/4)]√

2(1−s1)ka1

)}

+O
[
(ka1)

−1
]

(38)

which represents the asymptotic formulation of the
acoustic impedance correction of a vibrating annu-
lar piston valid for big values of the wave parameter
1 ≪ ka1, associated with the influence of the cylindri-
cal circular baffle on the generated acoustic field.
The cylindrical baffle vanishes when s1 → 0 (a→ 0

for 0 < a1 = const). The acoustic impedance con-
sidered in Subsec. 2.3. concerns the sound radiation
of a vibrating annular piston located on the flat rigid
baffle. Although the asymptotic formulation presented
in this section has been obtained for the entire interval
0 < a < a1, it introduces a considerable error for a ∼ 0
and should not be used in this case. From a practical
point of view, the influence of the cylindrical baffle of
vanishing radius is negligible and in this case, the for-
mulations from Subsec. 2.3. are useful.
There is an even more interesting case for s1 → 1

(a → a1), i.e. when the radius of the cylindrical baf-
fle achieves the maximum value equal to the inter-
nal radius of the vibrating annular piston and the in-
fluence of the baffle on the sound field becomes the
biggest. Consequently, the asymptotic formulations for
the acoustic impedance in Eq. (38) also introduce
a considerable error and should not be used. From
a practical point of view, it is useful to assume that
a ∼ a1 and to conduct the analysis of the asymptotic
formulation separately. For this purpose, the following
limit

lim
s1→1

F2(s, s1, u) = −s2 J1(u)

H
(1)
1 (u)

[
H

(1)
1 (su)

]2

+ 2sJ1(u)H
(1)
1 (su)− J1(u)H

(1)
1 (u) (39)

has been inserted to Eq. (19)2 which results in
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lim
s1→1

ζ2 =
1

(s2−1)ka1
[J1(2ka1) + iH1(2ka1)]

− 4is

s2−1

∞∫

1

J1(ka1x)H
(1)
1 (ska1x) dx

x
√
x2−1

+
2is2

s2−1

∞∫

1

J1(ka1x)

H
(1)
1 (ka1x)

·
[
H

(1)
1 (ska1x)

]2 dx

x
√
x2−1

(40)

after using Eq. (25). Further, this equation added to
Eq. (33) yields

lim
s1→1

ζ =1− s

(s2−1)ka1
[J1(2ska1) + iH1(2ska1)]

+
2is2

s2−1

∞∫

1

J1(ka1x)

H
(1)
1 (ka1x)

·
[
H

(1)
1 (ska1x)

]2 dx

x
√
x2−1

. (41)

The above formulation is useful for numerical calcula-
tions. The asymptotic formulation for the integral has
been obtained using the following asymptotic expan-
sion (cf. (48))

2is2
J1(u)

H
(1)
1 (u)

[
H

(1)
1 (su)

]2

=
2s

πu

{
− exp(2isu) + i exp[2i(s−1)u]

}

+
3s

4πu2

{
exp[2i(s−1)u]− i exp(2isu)

}

+O(u−3). (42)

This formulation has been inserted to Eq. (41) and
the stationary phase method has been used (cf. Ap-
pendix 4.). For this purpose, the following substitution
has been applied x2 = 1 + w2 giving

lim
s1→1

ζ = 1− s

(s2−1)ka1

[
J1(2ska1)

+ iH1(2ska1)
]
+

s
√
2

(s2−1)ka1
√
π

·
{
−
(
1 +

3i

8ka1

)
exp{i(2ska1+π/4)}√

2ska1

+

(
i +

3

8ka1

)
exp{i[2(s−1)ka1+π/4]}√

2(s−1)ka1

+O
[
(ka1)

−1
]}

(43)

which represents the asymptotic formulation of the
acoustic impedance of a vibrating annular piston lo-
cated in a flat rigid baffle concentrically around a cylin-
drical circular baffle in the specific case when s1 → 1

and for big values of the wave parameter 1 ≪ ka1. It
is worth noticing that due to applying the well-known
formulation for the acoustic impedance of a vibrating
circular piston located in the flat rigid baffle, the above
expression has been obtained partially in its non inte-
gral exact form.

3. Numerical analysis

As mentioned at the beginning of this study, both
integral and asymptotic formulations are useful for nu-
merical calculations. The integral ones have this fea-
ture that they are valid within the entire range of
acoustic wavenumber k, and the only error results from
the numerical integration procedures used. However,
it is obvious that numerical integration is time con-
suming and therefore the asymptotic formulations have
also been considered.
Figure 4 shows the normalized acoustic impedance,

i.e. the resistance θ (Fig. 4a) and the reactance χ
(Fig. 4b), and the absolute error |∆ζ| (Fig. 4c). The
integral formulations have been used to investigate the
influence of the piston’s geometric parameter s on the
acoustic impedance within a wide band of k. It has
been arbitrarily assumed that S = 0.5 m2 and s1 = 0.5
for the three different values of s for comparison. The
behavior of the piston’s acoustic impedance for all
three values of s is similar to the case of no cylindri-
cal circular baffle, i.e. the number of curve oscillations
per interval k increases with a decrease in s. Gener-
ally, the number of oscillations is slightly smaller than
in the case of no cylindrical baffle due to scattering
on the cylinder (Merriweather, 1969; Thompson,
1971) which applies to both – resistance and reactance.
The absolute value of the error of asymptotic formu-
lations has been estimated as follows. First, both in-
tegral and asymptotic values have been calculated nu-
merically as the functions of k. The integral value has
been used as the reference and the absolute difference
of both values has been regarded as the error order
estimation. Only the modulus error estimation |∆ζ|
has been presented, since |∆θ|, |∆χ| ≤ |∆ζ| and the
resistance and reactance errors assume similar values
to one another within the entire considered interval of
acoustic wavenumber k. Therefore, the quantity |∆ζ| is
useful for estimating the investigated asymptotic for-
mulations errors.
The error assumes the biggest values for the low-

est analyzed value of s = 1.2 and, generally, decreases
with an increase in s. The two dotted horizontal lines
help reading the values of k at which the error falls
below 10−1 and below 10−2, respectively. The most
desirable values of s, from practical point of view, are
those s→ 2 which can be argued as follows. For small
values s→ 1, the vibrating piston becomes a very nar-
row annulus of a vanishing active surface. In this case,
the active acoustic power is negligibly small and con-
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a)

b)

c)

Fig. 4. The normalized acoustic impedance ζ as a function
of the acoustic wavenumber k for s1 = 0.5, S = 0.5m2:
a) resistance θ, b) reactance χ, c) error |∆ζ|. Key: solid
line s = 1.2, dashed line s = 2, dotted line s = 5.

sidering it becomes useless. In the opposite case when
s → ∞ and a1 → 0, we have also that a → 0 which
implies that the radius of a cylindrical baffle and its
scattering surface both vanish. Investigating the influ-
ence of such a vanishing baffle on the radiated acoustic
waves is also useless and in this case the formulations
valid for a vibrating annular piston located in a flat
rigid baffle with no cylindrical baffle should be used
instead (cf. Subsec. 2.3. and Merriweather (1969);
Stepanishen (1974); Thompson (1971)).
The arrangement of curves on Fig. 5 is similar to

the previous figure. Now, the following values of s = 2
and S = 0.5m2 have been fixed and the curves as func-
tions of k have been presented for the three different
values of s1. The curves illustrate the acoustic resis-
tance θ (Fig. 5a), the acoustic reactance χ (Fig. 5b)
and the absolute error of the acoustic impedance cal-

a)

b)

c)

Fig. 5. The normalized acoustic impedance ζ as a function
of the acoustic wavenumber k for s = 2.0, S = 0.5m2:
a) resistance θ, b) reactance χ, c) error |∆ζ|. Key: solid
line s1 = 0.0, dashed line s1 = 0.5, dotted line s1 = 1.0.

culated using the asymptotic formulations (Fig. 5c).
The analysis of the curves allows determining the in-
fluence of the radius of cylindrical circular baffle on the
acoustic impedance. The curves prepared for s1 = 0.0
and s1 = 0.5 are the closest to one another accord-
ing to their shapes. The main difference regards the
shift of oscillations as a function of k. This means that
the cylindrical baffle influences the acoustic impedance
weakly within the interval 0.0 ≤ s1 ≤ 0.5 for s = 2.0.
This situation changes considerably when s1 → 1. The
resistance curve is almost free of oscillations as a func-
tion of k whereas the reactance curve has its oscil-
lations of much smaller amplitudes than for the re-
maining values of s1. The curves are more similar to
the corresponding resistance and reactance curves of
a vibrating cylindrical circular finite piston located on
the infinite cylindrical baffle (Greenspon, Sherman,
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1964; Robey, 1955; Thompson, 1967) than to the
curves of a vibrating annular piston located on the flat
rigid baffle (cf.Merriweather (1969); Stepanishen
(1974); Thompson (1971) and the curve for s1 = 0.0).
This means that within the interval 0.5 < s1 ≤ 1.0 for
s = 2.0 the influence of the cylindrical baffle on the
acoustic impedance is essential. Obviously, the biggest
influence appears for s1 = 1.0 and this case is the most
important when the scattering of acoustic waves on the
cylindrical baffle is desirable. The additional feature of
the presented asymptotic formulations is that their er-
ror decreases relatively fast for s1 = 1.0 which is easy
to notice in Fig. 5c. In this case, the error falls below
10−2 for k equal to about 15 whereas for s1 = 0.0 (no
cylindrical baffle) this occurs for k equal to about 100.

4. Concluding remarks

The results obtained in this study allow claiming
that the influence of the cylindrical circular baffle on
the scattering of acoustic waves radiated by a vibrat-
ing concentric annular piston is essential. The main
effect is that the behavior of acoustic impedance of
such sound source is similar to the behavior for a vi-
brating cylindrical circular finite piston located on the
infinite cylindrical baffle which occurs for the big val-
ues of the radius of the semi-infinite cylindrical baffle
when compared with the internal radius of a vibrating
annular piston. This means that both kinds of sources
are equivalent to one another within the acceptable er-
ror bounds under the assumptions made in this study.
Some of the integrals necessary for numerical cal-

culations of the acoustic impedance have been substi-
tuted by the exact non integral formulations valid for
a vibrating circular piston located in the flat rigid baf-
fle proposed earlier by Stepanishen (1974), Thomp-
son (1971). The remaining integrals have been pre-
sented as the asymptotic formulations valid for big val-
ues of the acoustic wavenumber.

Appendix A. Analysis of the contour integral

The acoustic impedance has been presented in the
integral form in Eqs. (17). In the case of integrating
over the contour L1 it can be formulated as

ζ= lim
R→∞
ǫ→0


−
∫

−−→
AB

+ −
∫

−−→
CD


=− lim

R→∞
ǫ→0


−
∫

y

BC

+ −
∫

y

DE

+ −
∫

−→
EA


, (44)

where the corresponding integrand is analytic on the
contour and inside it. The Cauchy’s theorem and the
Jordan lemma have been used to formulate the follow-
ing limits

lim
ǫ→0

−
∫

y

BC

= πi Res
x=1

2F (s, s1, ka1
√
1− x2)

(s2−1) (1− x2)
= −1,

lim
R→∞
ǫ→0

−
∫

−→
EA

=
2i

s2−1

∞∫

0

F (s, s1, ka1
√
1 + y2)

dy

1 + y2
,

lim
R→∞

−
∫

y

DE

= 0.

(45)

The following expansion terms J1(u) ≈ u/2 and
Y1(u) ≈ −2/πu for u → 0 have been used while cal-
culating the residue in Eq. (45)1 and the substitu-
tion x = −iy has been applied while integrating in
Eq. (45)2. Inserting Eqs. (45) into Eq. (44) results in
the acoustic impedance from Eqs. (19) in the form of
integrals calculated over variable y within the interval
from 0 to ∞.
In the case of integrating over the contour L2 in

Eq. (17), it has been obtained that

ζ = lim
R→∞
ǫ→0


−
∫

−−→
AB

+ −
∫

−−→
CD




= − lim
R→∞
ǫ→0


 −
∫

y

BC

+ −
∫

y

DE

+ −
∫

−→

EF

+ −
∫

y

FA


 .

(46)

The individual limits have been formulated as follows

lim
ǫ→0

−
∫

y

BC

=
πi

2

Res
x=0

[ −2

s2−1
F (s, s1, ka1x)

1

x
√
1−x2

]
=− 1,

lim
R→∞
ǫ→0

−
∫

−−→
EF

=
2i

s2−1

∞∫

1

F (s, s1, ka1x)
dx

x
√
1− x2

,

lim
R→∞

−
∫

y

DE

= lim
ǫ→0

−
∫

y

FA

= 0.

(47)

Inserting Eqs. (47) to Eq. (46) results in the acoustic
impedance in Eq. (19) in the form of integrals calcu-
lated over variable x within the interval from 1 to ∞.

Appendix B. Asymptotic formulations using

the stationary phase method

The following asymptotic formulation valid for
1 ≪ u has been used (Watson, 1944)

H
(1)
1 (u) = −(1+i)

(
1+

3i

8u

)
exp(iu)√

πu
+O(u−5/2) (48)
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for obtaining the asymptotic formulations of integrals
in Eqs. (19). Further, the zero asymptotic expansion
term has been used in the stationary phase giving
(Fedoryuk, 1987)

I =

w0+ǫ∫

w0

f(w) exp[ibS(w)]dw

=
1

2

√
2π

b |S′′(w0)|
[f(w0) +O(1/b)]

· exp{i[bS(w0) + (π/4) signS′′(w0)]}, (49)

where the following values have been assumed b =
2(1−s1)ka1, 2(s−s1)ka1, (s−1)ka1, (s+1−2s1)ka1,
S(w) =

√
1 + w2, f(w) = (1 + w2)−2 and w0 = 0.

References

1. Aarts R.M., Janssen A.J.E.M. (2003), Approxima-
tion of the Struve function H1 occurring in impedance
calculations, Journal of the Acoustical Society of Amer-
ica, 113, 5, 2635–2637.

2. Arenas J.P. (2008), Numerical computation of the
sound radiation from a planar baffled vibrating surface,
Journal of Computational Acoustics, 16, 3, 321–341.

3. Bracewell R. (1999), The Fourier Transform and Its
Applications, McGraw-Hill, New York.

4. Faran J.J. (1951), Sound scattering by solid cylinders
and spheres, Journal of the Acoustical Society of Amer-
ica, 23, 4, 405–418.

5. Fedoryuk M.V. (1987), Asymptotics: Integrals and
Series [in Russian], Nauka, Moscow.

6. Greenspon J.E., Sherman C.H. (1964),Mutual radi-
ation impedance and near-field pressure for pistons on
a cylinder, Journal of the Acoustical Society of Amer-
ica, 36, 1, 149–153.

7. Hasheminejad S.M., Alibakhshi M.A. (2006), Ul-
trasonic scattering from compressible cylinders in-
cluding multiple scattering and thermoviscous effects,
Archives of Acoustics, 31, 2, 243–263.

8. Hashimoto N. (2001), Measurement of sound radia-
tion efficiency by the discrete calculation methods, Ap-
plied Acoustics, 62, 429–446.

9. Kozień M., Wiciak J. (2009), Choosing of optimal
voltage amplitude of four pairs square piezoelectric ele-
ments for minimization of acoustic radiation of vibrat-
ing plate, Acta Physica Polonica A, 116, 3, 348–350.

10. Kozupa M.M., Wiciak J.W. (2011), Comparison of
passive and active methods for minimization of sound
radiation by vibrating clamped plate, Acta Physica
Polonica A, 119, 6-A, 1013–1017.

11. Lee H., Singh R. (2005), Acoustic radiation from out-
of-plane modes of an annular disk using thin and thick
plate theories, Journal of Sound and Vibration, 282,
313–339.

12. Leniowska L. (2008), Influence of damping and fluid
loading on the plate vibration control, Archives of
Acoustics, 33, 4, 531–540.

13. Levine H., Leppington F.G. (1988), A note on the
acoustic power output of a circular plate, Journal of
Sound and Vibration, 121, 2, 269–275.

14. Martin P.A. (2011), Multiple scattering by random
configurations of circular cylinders: Reflection, trans-
mission, and effective interface conditions, Journal of
the Acoustical Society of America, 129, 4, 1685–1695.

15. Merriweather A.S. (1969), Acoustic radiation
impedance of a rigid annular ring vibrating in an infi-
nite rigid baffle, Journal of Sound and Vibration, 10,
3, 369–379.

16. Morse P.M., Ingard K.U. (1968), Theoretical acous-
tics, McGraw-Hill, Inc.

17. Rdzanek W.J. (1992),Mutual impedance of a circular
plate for axially-symmetric free vibrations at high fre-
quency of radiating waves, Archives of Acoustics, 17,
3, 439–448.

18. RdzanekW.P., RdzanekW.J., Różycka A. (2007),
The Green function for the Neumann boundary value
problem at the semiinfinite cylinder and the flat infinite
baffle, Archives of Acoustics, 32, 4 Supplement, 7–12.

19. Rdzanek W.P., Rdzanek W.J., Szemela K. (2010),
Asymptotic approximation of the modal acoustic
impedance of a circular membrane, Journal of Com-
putational Acoustics, 18, 4, 335–362.

20. Rdzanek W.P., Szemela K., Pieczonka D. (2011),
Acoustic pressure radiated by a circular membrane into
the quarter-space, Archives of Acoustics, 36, 1, 121–
139.

21. Robey D.H. (1955), On the radiation impedance of
an array of finite cylinders, Journal of the Acoustical
Society of America, 27, 4, 706–710.

22. Rubinowicz A. (1971), A sharpened formulation of
Sommerfeld’s radiation condition for Green’s functions
of the Helmholtz equation, Reports on Mathematical
Physics, 2, 2, 93–98.

23. Stanton T.K. (1992), Sound scattering by rough elon-
gated elastic objects: I. Means of scattered field, Journal
of the Acoustical Society of America, 92, 3, 1641–1664.

24. Stepanishen P.R. (1974), Impulse response and radi-
ation impedance of an annular piston, Journal of the
Acoustical Society of America, 56, 2, 305–312.

25. Szemela K., Rdzanek W.P., Pieczonka D. (2011),
The total acoustic power of a clamped circular plate lo-
cated at the boundary of three-wall corner region, Acta
Physica Polonica A, 119, 6-A, 1050–1060.

26. Thompson Jr. W. (1967), Evaluation of Robey’s first
reactance integral for small ka, Journal of the Acous-
tical Society of America, 42, 4, 870–872.

27. Thompson Jr. W. (1971), The computation of self-
and mutual-radiation impedances for annular and el-
liptical pistons using Bouwkamp’s integral, Journal of
Sound and Vibration, 17, 2, 221–233.

28. Watson G.N. (1944), A treatise on the theory of
Bessel functions, Cambridge University Press.


