
ARCHIVES OF ACOUSTICS

Vol. 39, No. 2, pp. 277–287 (2014)

Copyright c© 2014 by PAN – IPPT
DOI: 10.2478/aoa-2014-0032

Simultaneous Calibration of Multiple Microphones for Both Phase
and Amplitude in an Impedance Tube
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This paper presents and compares microphone calibration methods for the simultaneous calibration of
small electret microphones in a wave guide. The microphones are simultaneously calibrated to a reference
microphone both in amplitude and phase. The calibration procedure is formulated on the basis of the
damped plane wave propagation equation, from which the acoustics field along the wave guide is predicted,
using several reference measurements. Different calibration models are presented and the methods were
found to be sensitive to the formulation, as well as to the number of free parameters used during the
reconstruction of the wave-field. The wave guide model based on five free parameters was found to be
the preferred method for this type of calibration procedure.
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1. Introduction

Acoustic measurements often require the use of
many microphones simultaneously. For example, ar-
rays of microphones are used for source localisation,
duct mode estimation, or source directivity measure-
ments. The instrumentation needed for multiple mi-
crophone data logging has recently become broadly
available, due to the decrease of the equipment cost
of one microphone acquisition channel. The cost has
been mostly reduced by the use of cheaper and eas-
ier to operate microphones, such as electret or mems
microphones (Humphreys et al., 2003). Additionally,
low cost digital microphone systems have recently be-
come available (Kulka, 2011). The frequency response
of these microphone capsules is not individually spec-
ified, meanwhile it can vary due to manufacturing tol-
erances or due to environmental conditions such as
temperature. The array processing methods, such as
source localisation with beamforming are sensitive to
the phase and amplitude matching of acquisition chan-
nels (Tashev, 2005). It was shown by Yardibi et al.
(2010) that the sensitivity error of the microphones
translates one-to-one into the amplitude error of the
beamforming source level prediction. In connection

with the signal phase error, Yardibi et al. (2010) also
showed that microphone position uncertainty, which
causes a phase shift in the signal, decreases the predic-
tion amplitude, in addition to a small localization er-
ror. Location error with a Gaussian distribution having
a standard deviation of 14.6% of the wavelength (cor-
responding to a phase error of 52.56◦), caused beam-
forming amplitude decrease by approximately 3.5 dB
compared to the true source level. Advanced beam-
forming algorithms are even more sensitive to micro-
phone mismatch (Tashev, 2005). Therefore, for reli-
able measurements, microphone or array calibration is
necessary.
For beamforming microphone arrays, the micro-

phone mismatches can be corrected by the array cali-
bration procedure presented in (Mueller, 2002). This
requires an anechoic environment, and source and mi-
crophone positions need to be known. In case of the ar-
ray is used in a non-ideal acoustic environment, such as
an aerodynamic wind tunnel, or in field measurements,
an acoustically treated enclosure should be used during
the calibration. If the array is not a pre-assembled de-
vice, having known microphone positions, but the mi-
crophone positions can be varied, this type of calibra-
tion is inconvenient, especially when the microphone
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positions are to be measured in an acoustical way, such
as in the work of Raykar and Duraiswami (2004).
In this case pre-calibrated microphones would be eas-
ier to use and would also give a reliable starting point
for method development. Other measurements, such
as in-duct acoustic measurements also need phase and
amplitude calibrated microphones, such as in the work
of Lowis et al. (2010).
Several microphone calibration methods are sum-

marized in the work of Zuckerwar et al. (2006), but
all of them are suitable for the calibration of one mi-
crophone channel at a time. Calibration of many mi-
crophones is time-consuming using these methods.
If the procedure of simultaneous calibration of mi-

crophones is easily available with sufficient accuracy
then the calibration of the microphone channels can
be repeated periodically, yielding to the tracking of
the instrument, which is increasing measurement reli-
ability.
The simultaneous calibration of several sensors

using a multi-port tube calibrator is presented in
(Oldham et al., 2009). This calibration device is pro-
duces the same acoustics field at the end of several
small diameter tubes. One tube is reserved for a ref-
erence microphone and the transfer function (TF) of
the unknown microphones are directly obtained from
their comparison with the reference microphone signal.
The idea can also be used for phase calibration, how-
ever the methodology was evaluated only for amplitude
calibration with an accuracy of ±1 dB up to 4.9 kHz
and ±0.5 dB up to 2 kHz within the confidence level
of 95%. The method can be effectively used for in situ
calibrations of the microphones, but only a few cali-
bration tubes can be attached.
In the special case of in-duct acoustic measure-

ments, when the microphones are uniformly spaced
along the duct, the phase calibration of the micro-
phones can be done in situ, assuming that the duct
modes are mutually incoherent. In this case the phase
difference between the microphones only depends on
the distance between them, and the cross spectral ma-
trix has to have a Töplitz structure (Lowis et al.,
2010). The phase correction factors for the micro-
phones can be determined in order to satisfy this prop-
erty of the cross spectral matrix. A reasonable accu-
racy for the phase lags is achieved by the authors in
(Lowis et al., 2010), however the sensitivity of the
microphones is not determined in this way. A similar
methodology is used for the phase and gain calibration
of linear microphone arrays in the works of (Paulraj,
Kailath, 1985) and (Sng, Li, 2000).
In this paper we present methods to perform both

the phase and the gain calibration of multiple micro-
phones simultaneously using an impedance tube. The
calibrations are based on the estimation and elimi-
nation of unknown model parameters of a waveguide
model, providing a known wave field which is used for

the calculation of microphone correction factors along
the waveguide.
The idea of estimating the acoustic model param-

eters in a waveguide with the help of several measure-
ments is also applied in (Boonen et al., 2009; De
Roeck et al., 2012).
The number of the model parameters depends on

the measurement set-up. Several scenarios can be con-
sidered for microphone calibration. Three of them will
be presented in the following, comparing of their accu-
racies and calculation complexities.

2. Theory

2.1. Acoustic wave propagation in a rigid wall
wave-guide

For a circular waveguide, only plane waves prop-
agate for frequencies lower than the first cut-on fre-
quency of higher modes, fc = 1.84c/2πr, where c is
the speed of sound and r is the radius of the circu-
lar duct. These plane waves can be described by a 1D
damped wave equation for the pressure fluctuation p′:

∂2p′

∂t2
= c2

∂2p′

∂x2
−R

∂p′

∂t
. (1)

The damping strength is represented by R. Similar
equation can be written for the velocity fluctuations v′.
In the frequency domain, the solution of the 1D homo-
geneous plane wave propagation has the following form
for the pressure and the velocity fluctuation (Wylie,
Streeter, 1978):

p′(x, t) = eiωt(Aeγx +Be−γx), (2)

v′(x, t) =
ω

iρc2γ
eiωt(Aeγx −Be−γx), (3)

where ω is the angular frequency, A and B to be de-
termined from the boundary conditions, ρ is the fluid
density, i =

√
−1 and γ = k(i + ζ) is the propagation

constant, including the wave number k = ω/c and the
attenuation constant ζ. This frequency-independent
model of the attenuation is a reasonable simplification
of the propagation constant (Blauert, Xiang, 2008).

2.2. The calibration tube

The previously introduced general description of
the waves is used to describe the fluid motion in the
calibration tube, as presented in Fig. 1.
The calibration device is a rigid walled aluminium

tube having a circular cross section of diameter 42 mm
and wall thickness of 3 mm. The first microphone is
placed at x1 = 180 mm, measured from the end of
the waveguide where the acoustic impedance, Ze, is
mounted. On the opposite end of the tube a loud-
speaker (Sp) is mounted. Along the length of the tube
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Fig. 1. Sketch of the calibration arrangement.

32 microphones can be placed in two rows. The micro-
phones are placed with constant spacing ∆x = 30 mm.
The diameter of the holes for the microphones is
3.0 mm. The microphones, located along the tube, are
denoted by micl (l = 1..32). The pipe length is ap-
proximately L = 3.6 m.

2.3. Boundary conditions

Based on this calibration arrangement, boundary
conditions for the wave propagation equations can be
specified for obtaining A and B. At the tube termina-
tion, x = 0, the acoustic impedance is specified:

p′(0, t)

v′(0, t)
=

(A+B)Za(−1 + iζ)

A−B
= Ze, (4)

where Za = ρc is the characteristic impedance of the
fluid in the tube. On the other end, x = L, a peri-
odic excitation of the pressure is assumed to have the
following form:

p′(L, t) = eiω t
(
AeγL +Be−γL

)
= A0e

iωt. (5)

The amplitude of the excitation is A0. Equa-
tions (4), (5) can be solved to give A and B:

A =
−A0(Zeω + iZacγ)

e−γL(−Zeω + iZacγ)− eγL(Zeω + iZacγ)
, (6)

B =
A0(−Zeω + iZacγ)

e−γL(−Zeω + iZacγ)− eγL(Zeω + iZacγ)
. (7)

In this way the acoustic waves in the calibration
tube are described by Eqs. (2), (3), (6), (7), within
the limits of this steady state, linear oscillation model
with simplified damping. However, there are unknown
parameters to be imposed, or to be determined by mea-
surements, in order to determine the waves at the mi-
crophone positions. These parameters are c, Za, ζ, Ze,
L and A0.
The amplitude of the pressure excitation A0 and

the length of the tube L can be eliminated by consid-
ering pressure ratios along the tube. This defines the
transfer function (TF) Hm,n between two microphones
at position xm and xn:

Hm,n =
p′(xn, t)

p′(xm, t)
. (8)

For the calibration setup in Fig. 1 we compute the
TF using the indices n and m from either sets {1..16}
or {17..32}. (i.e. Two microphones from different sides
of the tube are not used to evaluate transfer functions.)
Substituting A and B into Eq. (2) and simplifying, the
transfer function between microphonesm and n can be
expressed independently of the excitation parameters,
as follows:

Hm,n =
fn(Zeω + iZacγ) + f−1

n (Zeω − iZacγ)

fm(Zeω + iZacγ) + f−1
m (Zeω − iZacγ)

, (9)

where an additional function fa = eγxa is defined for
compact notations. The index a is used to select the
appropriate microphone position in the expression.

3. Calibration methods

Depending on the way the wave guide model is
adapted for calibration, various calibration method-
ologies can be obtained. Every methodology is based
on the determination or elimination of the unknown
parameters by using reference measurements. Because
of the different initial assumptions and measurement
uncertainties, the calibration accuracy can vary from
method to method. In order to examine this effect,
and present the way of choosing the most appropriate
method, three different methods will be discussed and
compared in the following.
Because of the uniform ∆x spacing of the micro-

phones any microphone position xl can be expressed
relative to the first microphone (denoted as mic1 in
Fig. 1), located at position x1:

xl =

{
x1 + (l − 1)∆x if l ∈ {1..16}
x1 + (l − 17)∆x if l ∈ {17..32}

(10)

for the first or second side of the waveguide, respec-
tively. This will be utilized in later equations.

3.1. Transfer function propagation method

A calibration method can be obtained if all the un-
known parameters are eliminated by writing Eq. (9)
for three subsequent microphone positions. The deriva-
tion of the formulation for this method can be found
in Appendix. The transfer function between two mi-
crophones in a row can be directly computed from
two transfer functions at the preceding positions. (e.g.
H15,16 can be computed fromH14,15 andH13,14) In this
way, the transfer functions can be propagated along
the tube and transfer functions of any microphone can
be expressed relative to a reference microphone (e.g.
mic1).

3.2. Parameterized transfer function model

Another method can be formulated as follows. The
closure impedance, Ze, (at position, x = 0) can be ex-
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pressed by the usual two microphone method by using
Eq. (9). Using the transfer function Hl,l+1, formed by
the signals of two subsequent, calibrated microphones
at position, xl and xl+1, Ze can be written as:

Ze=
−iZacγ(−Hl,l+1fl+Hl,l+1f

−1
l +gfl−(gfl)

−1)

ω(−Hl,l+1fl−Hl,l+1f
−1
l +gfl+(gfl)−1)

, (11)

where g = eγ∆x is defined for the sake of compact
notation.
Because Hl,l+1, as a function of ω, is known from a

measurement, the closure impedance depends on five
additional, yet unknown parameters: x1, ∆x, ζ, c, Za.
In order to reduce the number of unknown parameters,
Eq. (11) is inserted into Eq. (9), while substituting
m = q and n = q+1, yielding to the transfer function:

Hq,q+1 =
Hl,l+1(hq,lg − hl,qg

−1) + hl,q − hq,l

Hl,l+1(hq,l − hl,q) + hl,qg − hq,lg−1
, (12)

where the function ha,b is introduced for each pair of
a, b as:

ha,b = faf
−1
b = eγ(xa−xb) (13)

Equation (12) contains a reduced number of un-
known parameters ∆x, c, ζ (the last two are embed-
ded in γ). Note that the parameter x1, which is im-
plicitly defined in Eq. (12) via Eq. (10), (13), is also
unknown. However, Eq. (12) is invariant when xq and
xl are shifted by the same amount shown explicitly
in Eq. (13). Consequently, the parameter x1 can be
chosen arbitrary in this model. Therefore x1 ≡ 0 will
be used for the parameter estimation. This equation
represents the basis of the calibration methodology,
because it connects two transfer functions via the un-
known parameters that are constant for all transfer
functions along the waveguide.
These three unknown model parameter can be esti-

mated by considering that the proper parameter com-
bination should give the smallest difference between a
measured Hq,q+1 and a predicted H

p
q,q+1 transfer func-

tion. The latter is obtained by substituting measured
Hl,l+1 and the estimations of the model parameters
into the right-hand side of Eq. (12).
This type of parameter estimation problem can be

formulated as follows:

Θ = argmin




Nsp∑

o=1

‖Hp
q,q+1(ωo)−Hq,q+1(ωo)‖2


, (14)

where Nsp is the number of samples in the measured
discrete transfer function Hq,q+1, ‖ ‖2 denotes the Eu-
clidean norm. The parameter values, for which the sum
of the norm of the differences is minimal, is returned
by argmin and therefore, Θ is a vector (the mini-
mizer) that contains the estimated parameters. The so-
lution can be obtained with a non-linear least-squares
method, or similar optimization method. In this study

the Levenberg-Marquardt (L-M) iterative algorithm is
used to solve the problem. The algorithm needs the
derivatives of Eq. (12) with respect to the unknown pa-
rameters, which can be analytically computed in this
case. The iteration is started with an initial guess. Due
to the fact that the algorithm computes only the local
minimizer of Eq. (14) the initial guess of the parame-
ters has to be close to the solution. It is reasonably easy
to find a good initial guess, because the parameters are
measurable physical quantities. With the exception of
the damping coefficient, ζ, the parameters can be ap-
proximated with relativity simple measurements. The
estimation is performed simultaneously for both the
real and imaginary part of the transfer function.
The estimation procedure of the unknown param-

eters requires two accurate transfer functions. There-
fore, at least three subsequent, calibrated microphone
signals are necessary. To improve the accuracy of the
results, it is possible to perform the fit simultaneously
for more than two measured transfer functions. How-
ever, this significantly increases the cost of the fitting
procedure. In this work, the estimation algorithm was
stopped when the residual sum of subsequent parame-
ter changes was below 10−5, or the number of iterations
exceeded 60.

3.3. Alternative transfer function parameterization

By following the derivation in Sec. 3, an alterna-
tive methodology for the transfer function parameteri-
zation can be proposed. If the end impedance Ze is not
inserted into Eq. (9) in analytical form, but instead it
is computed from a measured transfer function, Hl,l+1,
the parameters Za and x1 are not eliminated for the fit
of Eq. (12). Therefore, five unknown parameters should
be estimated by the Levenberg-Marquardt algorithm.
In this case, the update of the predicted transfer func-
tion, Hp

q,q+1, is performed in two steps. First, the cur-
rent parameter estimates are used to compute Ze, then
the model TF is computed and the residuals are up-
dated. This method rises the possibility to use averaged
Ze, computed from several measured transfer functions
Hl,l+1, for the parameter estimation.

4. The measurement chain and reference

calibration

The calibration setup is depicted in Fig. 1, with
32 microphones. The calibrations were performed with
Knowles PG-23329 miniature electret microphones,
used by the authors for beamforming purposes. In all
subsequent results, bandpass filters, with a frequency
band of [20 Hz– 20 kHz], have been used. The perfor-
mance of the algorithms is measured by comparing the
deviations of the calibration factors from the calibra-
tion factors obtained by a reference calibration. This
section overview the processing and reference calibra-
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tion methods and presents the general characteristics
of the microphones for which the calibration will be
performed.

4.1. The parameters of the acquisition

The impedance tube was excited with a logarith-
mically swept sinusoid, having variable amplitude in
order to keep the acoustic amplitude approximately
constant in the swept frequency band. Without this
compensation the signal amplitude in the tube would
strongly vary with frequency due to the effect of pipe
resonances. The signal bandwidth was from 100 Hz to
4.8 kHz, and the length of the sweep was 1.5 s. In or-
der to estimate the transfer functions, discrete time
samplings, ỹv , of the microphone signals are consid-
ered at positions, xm and xn. The elements, of each
realization of ỹv (v = 1..V where, V is the number of
time series acquired), corresponds to regularly sampled
signal, with the sampling frequency, fs. The discrete
Fourier transformation is used to convert each block
data v to the spectral domain. The element o of the
Fourier transformed signal yv is computed as:

yvo =
1

NspW

Nsp∑

n=1

wnỹ
v
ne

−i2π n−1

Nsp
(o−1)

, (15)

where o = 1..Nsp and Nsp is the number of samples
in the time series v. The vector of window coefficients
is w, and W is the amplitude correction factor for the
window. The cross spectrum of microphones at xm and
xn then created by averaging procedure:

Cmn =
1

V

V∑

v=1

yv
myv†

n . (16)

The transfer function between the two signals can then
be expressed by

Hnm =
Cmn

Cmm
. (17)

The averaging of V segments of data helps decrease
the contribution of the uncorrelated random noise.
During the measurements the sampling frequency

was set to fs = 65536 Hz. The processing was done
with Nsp = 32768 samples. The data segments ỹv of
the measurement are defined with an overlap of 50%
of Nsp. The Hanning window is applied to each data
segment. The number of averages, V , were 120 in case
of the reference calibration of the microphones and it
was 69 in every other measurement cases.

4.2. The reference calibration methodology

The reference calibration technique is also imple-
mented on the impedance tube setup shown in Fig. 1.
The Ze termination is removed and four electret mi-
crophones and a reference Brüel & Kjær (B&K) 4191

microphone are flush mounted at the end of the tube
using a rigid end plate. The microphones are supposed
to sense exactly the same acoustic field, up to the cut-
on frequency of the first non-planar mode of the tube
at fc ∼= 4.6 kHz. The magnitude and phase charac-
teristics of four microphones can be seen in Fig. 2, as
compared to the B&K microphone.

a) magnitude

b) phase

Fig. 2. Response of the electret microphones, in comparison
with the B&K reference microphone.

Significant discrepancies between the microphone
sensitivities can be observed. The phase plots show the
different time delay of the microphone channels, as in-
dicated by the phase mismatches. Using these transfer
functions, the microphone correction factors are com-
puted and microphone signals are calibrated with re-
spect to one reference. In the present case this reference
microphone is microphone mic1 (Fig. 1).
The modulus and phase of the transfer function

between microphone 2 and 1 is plotted in Fig. 3. The
uncertainties are also indicated. This data is computed
from five measurements with varying signal to noise
ratios and amplifier gain settings. The uncertainties are
related to 95% confidence level. The uncertainty of the
modulus of the transfer function is approximately 2%
in the range of 100 Hz to 4.6 kHz, while the uncertainty
of phase is approximately ±0.6◦.
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a) modulus

b) phase

Fig. 3. Transfer functions and uncertainties with 95% con-
fidence interval, obtained with the reference microphone

calibration. < · > denotes ensemble average.

The reference calibration shows m and n that the
impedance tube can be used to perform accurate mea-
surements up to 4.6 kHz. Rapid change of microphone
amplitude and phase characteristic is shown around
4.4 kHz. This behaviour is also observed in free field
calibration of the microphones, therefore, it is related
to the microphones and not to the reference calibra-
tion method. Because of the possible sensitivity of this
part of the curve to changes in environmental condi-
tions, we restrict our analysis to a maximum frequency
of 4.2 kHz.
Note also, that the time delay between channel 1

and 2 can be approximately estimated from the lin-
ear part of the phase plot. This estimation gives 3 µs
delay between the two channel, which would lead to
about 20◦ phase difference at 20 kHz, therefore phase
calibration is recommended.

4.3. The measured transfer functions

The transfer functions measured between micro-
phone positions 1 and 2 and between 17 and 18 are
depicted in Fig. 4, in the form of the real and the
imaginary part. These transfer functions are obtained
at the same axial position of the tube but the pairs of
microphones are located on opposite sides of the tube.

a) real part

b) imaginary part

Fig. 4. The transfer function measured with calibrated mi-
crophones. Microphone pairs 1, 2 and 17, 18 are located at
the same axial position but at opposite sides of the tube.

Very good agreement between the real and imaginary
parts indicates the accurate microphone positioning on
both sides of the tube, as well as the plane wave prop-
agation in the tube. It also indicates that the micro-
phones reference calibration is not altered during the
assembly into the tube. The plot confirms the previ-
ously mentioned problem of the microphone response
around 4.4 kHz, where microphone characteristics are
not smooth and the difference between the curves be-
comes visible starting from 4–4.2 kHz.

5. Comparison of the parameterization methods

In order to indicate the differences between the
prediction and the measured values, the amplitude
and phase difference is introduced between the trans-
fer function H1,q, measured by calibrated microphones
and the predicted transfer function Hp

1,q. As indicated
by the indexes these transfer functions are always com-
puted by using mic1 (Fig. 1), which is chosen as the
reference microphone for the relative calibrations:

Gerr
q =

|Hp
1,q|

|H1,q|
, (18)
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φerr
q = arg(Hp

1,q)− arg(H1,q), (19)

which give the amplitude and phase errors, as com-
pared to the reference calibrated values. In the fol-
lowing section the calibration accuracy is evaluated at
microphone position q = 16.

5.1. Transfer function propagation

The transfer function propagation method (Sub-
sec. 3.1) does not need estimation of parameters, there-
fore it is the easiest method to use. Using the measured
transfer functions, H1,2 and H2,3, and Eq. (24), (25)
the predicted error is shown in Fig. 5, for the micro-
phone at position q = 16. The prediction error is large,
possibly because the formulation propagates and am-
plifies the initial measurement error in H1,2 and H2,3.

a) amplitude error

b) phase error

Fig. 5. The prediction error at microphone position q = 16
for the transfer function propagation method.

5.2. Parameterization with three parameters

Following the methodology presented in Sub-
sec. 3.2, three unknown parameters are determined
from the measurements. The estimation is based on
two measured transfer function pairs H1,2, H2,3 and
H17,18, H18,19. Therefore, the estimation is performed
for transfer functions on both sides of the tube, by av-
eraging together the measured transfer functions at the

same axial positions. It is shown in Fig. 4 that signifi-
cant mismatches between transfer functions on the op-
posite side of the tube can not be observed. Therefore,
a large part of the frequency range is not affected by
this averaging. The parameter estimation is performed
by using the real and imaginary part of Eq. (12) si-
multaneously. The iterations of the L-M algorithm is
stared with several different initial parameters, and the
resulting parameters those giving the smallest residues
is chosen as the final parameter combination. This
means that a direct search method, combined with
the L-M algorithm is used. Every possible combina-
tion of 8 discrete equally spaced parameter values is
used as an initial parameter for the L-M method from
the intervals of 330 ≤ c ≤ 355, 0.028 ≤ ∆x ≤ 0.032,
1× 10−6 ≤ ζ ≤ 1× 10−1. The resulting fitted parame-
ters are c = 342.7 m/s, ∆x = 0.03021m, ζ = 0.01302.
The estimated transfer function curve can be ob-

served in Fig. 6. The agreement with the transfer func-
tion measured by calibrated microphones is excellent.

a) real part

b) imaginary part

Fig. 6. The measured and fitted transfer function H2,3.

To compute the predicted transfer function,
Eq. (11) and Eq. (10) are substituted into Eq. (9),
and the reference microphone, mic1, position is fixed:

Hp
1,q =

Hm
l,l+1

(
gq−l − gl−q

)
+ gl−q+1 − gq−l−1

Hm
l,l+1 (g

1−l − gl−1)− gl + g−l
. (20)
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In the current set-up, the measured transfer func-
tion, Hm

l,l+1, is the average of H1,2 and H17,18, speci-
fied at the same axial positions, but on opposite sides
of the tube. The averaging was used to try to further
decrease the effect of the small amount of differences
between the transfer functions and the superimposed
noise. However, it was found that this does not signifi-
cantly increase the accuracy of the prediction and does
not reduce the effect of noise, because of the mentioned
very good agreement between H1,2 and H17,18.
The prediction error for the transfer function can

be seen in Fig. 7. The error is significant both in am-
plitude and phase value.

a) amplitude error

b) phase error

Fig. 7. The prediction error at microphone position q = 16.

5.3. Alternative parameterization with five parameters

The calibration accuracy obtained with the alter-
native parameterization (Subsec. 3.3) is verified here.
In order to increase the accuracy, Ze is used as an

averaged value computed from several different trans-
fer functions along the tube. In the present case, two
transfer functions, H1,2 and H13,14, are used for cal-
culating Ze. Due to the increased number of parame-
ters (five instead of three), the convergence of the it-
erative method is more sensitive to the correct choice
of initial parameters. Similarly to the previous fitting
methodology, the iterative algorithm is combined with

a direct search method, by launching the L-M algo-
rithm with several different initial conditions. It was
found that indeed there are more unconverged runs,
meaning that solutions are not obtained for the pre-
scribed tolerance within the 60 iterative steps. This
typically happens when the initial point is far from
the parameter combination result with the smallest
residuals. It was also observed, that performing the
minimization separately on the real or on the imagi-
nary part of the transfer function is slightly more ro-
bust than performing it simultaneously on both. This
behaviour was not observed for the previous estima-
tion methodology with three free parameters. The pa-
rameter estimation is performed with residuals mini-
mized for transfer function H3,4. The obtained param-
eters are the following: c = 340.0 m/s, x1 = 0.1819m,
∆x = 0.02971m, Za = 404.2 kg/m2/s, ζ = 0.00504.
Using these parameters the real and imaginary parts
of the end impedance are plotted in Fig. 8.

a) real part

b) imaginary part

Fig. 8. Computed Ze based on measured transfer functions
H1,2 and H13,14.

The measured and fitted transfer functions are
compared in terms of real and imaginary parts in
Fig. 9.
Finally, the resulting errors at microphone position

q = 16 are depicted in Fig. 10, showing that the errors
are much less than with the three parameter estimation
algorithm.
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a) real part

b) imaginary part

Fig. 9. Predicted H3,4, based on fitted parameters,
compared to the measured transfer function.

a) amplitude error

b) phase error

Fig. 10. The prediction error at microphone position
q = 16, with the prediction method using a computed

value for Ze (shown in Fig. 8).

6. Discussion

The presented algorithms show different calibration
accuracy. The transfer function propagation method is
the easiest to use, because no parameter estimation is
needed. However, it accumulates errors, and at farther
positions from the reference microphone these accumu-
lated errors can be huge and can ruin the calibration.
Prediction accuracy can be improved by using

the parameter estimation method. The calibration
methodology based on three parameters is the easi-
est to converge and gives better calibration accuracy.
It can be observed that the amplitudes of the error
are fluctuating with frequency. The amplitude error is
increases with frequency and for the phase error, an av-
erage bias of approximately 2–5 deg can be observed.
This average constant error is better than a constantly
increasing phase shift for array processing. However,
this level of accuracy is still not acceptable for many
applications, especially for narrowband processing,
where the rapid fluctuation of phase error is a problem.
The calibration method, using five fit parameters

and averaged Ze, computed from two measured trans-
fer functions, gives a much smaller error. Instead of lin-
early increasing error the amplitude has a bias error.
The microphone sensitivity, at all frequencies, is under
predicted by 5–10%. In terms of the phase error, the
average bias is almost disappeared. Below 1 kHz, sig-
nificant oscillatory behaviour can still be observed with
a phase mismatch approaching ±8 deg. Above 1 kHz,
the phase error is smaller than ±3 deg with the excep-
tion of a small peak at 3.9 kHz.
In both parameter estimation methods, especially

in the transfer function propagation method, the cal-
ibration error depends on the relative position of the
microphones used for the parameter fitting and the mi-
crophone to be calibrated. Measurements showed that
the farther they are from each other the higher is the
phase and amplitude error. In the presented cases, the
microphone to be calibrated is at the farthest possi-
ble position (q = 16) from the fitted transfer func-
tion. Therefore, the tests investigate the worst possi-
ble scenario in terms of accuracy, which can happen
on this particular set-up. In the five parameter estima-
tion method the situation is improved, as compared to
the three parameter fit model, because for the Ze cal-
culation, one of the transfer functions is chosen to be
close to the end of the row. This improved the results,
but it has to be noted that the errors of this method
are still significantly smaller when the transfer func-
tions for the Ze computation are chosen from the first
microphone positions of the tube. The five parameter
fit method gives smaller phase and magnitude errors,
which, for example, can be acceptable for beamforming
applications.
The calibration errors also point out that the model

of the wave propagation is not perfectly predict the
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real propagation. The model include neither the un-
intended effects of the microphone mounts along the
tube nor the non-perfect closure of the tube. The clo-
sure impedance at the end of the calibration tube was
not perfectly aligned, because damping foam was in-
serted between the calibration tube and the closure
segment. Therefore, this could cause a slight misalign-
ment of the attached perforated damping tube sec-
tion. Some uncertainty of the measurement may be
introduced as a result of this. Precise closure of the
tube and simpler microphone mounts would have pos-
sibly improve the calibration accuracy of the presented
methods.

7. Conclusion

The paper presents an investigation on the accu-
racy of the simultaneous calibration of several (32)
electret microphones in an impedance tube. The cali-
bration can be performed with different strategies, of
which three are described and compared, regarding
accuracy and processing complexity. The calibration
arrangement allows the calibration of tens of micro-
phones in one measurement.
All the methods are based on the analytical model

of damped plane wave propagation in a duct. The
models contain several unknown parameters, depend-
ing on the assumptions and simplifications made for
the measurement procedure. All procedures require a
minimum of 3 pre-calibrated microphones in order to
obtain two transfer functions along the tube. The pre-
calibration of a few microphones is done in the same
facility, with a small uncertainty, as it has been shown
in the paper.
One of the calibration procedures is a subsequent

transfer function computation method without model
parameters. This method strongly amplifies the mea-
surement errors of the initial transfer functions. This
method is not recommended for practical use.
The other two procedures use the Levenberg-

Marquardt algorithm to estimate the propagation pa-
rameters of the model.
Their comparison showed that the one with five

free parameters gives the smallest calibration errors.
However, the convergence of the algorithm was slightly
more difficult than in the case of the three free param-
eter model. The accuracy of the five parameter model
is improved by computing the averaged Ze from trans-
fer functions measured at the beginning and at the end
of the row of microphones. Therefore, this method re-
quires at least four pre-calibrated microphones. The
calibration phase error was everywhere in the range of
approximately±8 deg, above 1 kHz it is approximately
in the range of ±3 deg. The amplitude mismatch was
approximately 10% maximum, and approximately 5%
above 1 kHz.

Appendix.

Transfer function propagation method

If the distance between the consecutive micro-
phones is the same along the wave guide, all the un-
known parameters can be eliminated and the transfer
function between subsequent microphones can be ex-
pressed from two known subsequent transfer functions.
This technique therefore requires 3 calibrated micro-
phones and no parameter estimation technique. The
method is as follows:

Hl+1,l+2 = g − 1

Hl,l+1
+

1

g
. (21)

The distance between the microphones ∆x can be
written as:

j =
√
a∗, (22)

where

a∗ = H2
l+1,l+2H

2
l,l+1 + 2Hl+1,l+2Hl,l+1 + 1− 4H2

l,l+1,

∆x =
1

γ
ln

(
Hl+1,l+2Hl,l+1 + 1± j

2Hl,l+1

)
. (23)

Substituting Ze and ∆x into the transfer function
Hl+2,l+3 (Eq. (9)) leads to the following expression:

Hl+2,l+3 =
H2

l+1,l+2Hl,l+1 −Hl,l+1 +Hl+1,l+2

Hl+1,l+2Hl,l+1
. (24)

This closed form solution can be used iteratively
on all the subsequent microphones mounted along the
wave guide, to determine the theoretical transfer func-
tion between them. The transfer function, relative to
the first microphone, can be calculated as:

Hp
1,q =

q−1∏

l=1

Hl,l+1. (25)
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